
ILASS Americas 17th Annual Conference on Liquid Atomization and Spray Systems, Arlington, VA, May 2004

Optimal Disturbance Structure and Development on a Sheared Interface

P. A. Yecko
Department of Physics and Astronomy

Arizona State University, Tempe, AZ 85287
and

Department of Astronomy
Columbia University, New York, NY 10027

Abstract
We present here flow fields –including three-dimensional velocity fields and interface deformations– associated with
optimal disturbances in a two-phase shear flow. Optimal disturbances (OD) are a consequence of the transient growth
dynamics fostered by the non-self-adjoint nature of the linear operator, in this case a generalization of coupled Orr-
Sommerfeld and Squire operators. The base state consists of an initially flat interface with tension, across which
the density, viscosity and mean velocity all change. In the immediate vicinity of the interface, boundary layer flow
profiles match the tangential stress and velocity. In this work we focus on parameters characteristic of atomization
in cryogenic rocket engine injectors, namelyRe = 1000, We = 150 (based on liquid boundary layer thickness),
density ratior = 0.02 and viscosity ratiom = 0.025. The OD of this two-phase flow show some similarity to OD
in ordinary boundary layers; among the important differences is the effect of transient growth on the shape of the
interface. We show that strong up-flows and down-flows characterize the OD in the vicinity of the interface, that these
up- and down-flows are present in both phases and appear to be coupled across the interface, leading to relatively
large, streamwise-oriented interface deformations. Increasing the density difference or the viscosity difference leads
to greater growth.

Introduction
When the onset of liquid breakup in the atomization

regime can be observed in detail, three dimensional pat-
terns are commonly seen on the deforming interface sep-
arating the two phases. Many such patterns involve re-
markable finger-like structures, oriented approximately
along the direction of flow, that emerge from the liquid.
These streamwise-oriented ligaments (SOL) are often the
immediate precursors of drop formation and, most im-
portantly, their 3D nature defies an explanation in terms
of a 2D stability analysis (although drop size predic-
tions based on 2D theories have certainly been applied
to cases where SOL are active). Complicating matters,
SOL often co-exist with the more familiar 2D Kelvin-
Helmholtz (KH) type instability, whose development can
lead through wavecrest elongation to ordinary ligaments,
oriented normal to the plane of the flow.

Streamwise patterns, not precisely SOL, are seen in
high speed jets injected into quiescent air, as demon-
strated by Hoyt and Taylor [1] and are also seen in planar
jets as shown in [2], [3] and [4]. Sarpkaya and Mer-
rill [5], however, see SOL in similar planar jets. On
smaller scales, thin sheets such as those created by pres-
sure swirl atomizers may also exhibit both streamwise-
oriented patterns and SOL, even for experimental con-
figurations ranging from flat to annular to conical sheet

geometries; see, e.g., [6] and [7].
Streamwise oriented ligaments in disintegrating liq-

uids are most commonly seen when the ambient medium
is co-flowing at high velocity. Good examples in the case
of coaxial jets can be found in [8] and [9]. The airblasted
planar layer studied by Raynal [10] clearly showed SOL
in a simpler geometry. Lozano et al. [11] perform a rig-
orous investigation of SOL in airblasted sheets. Note that
the thin sheet studies cited above also included airblast-
type regimes and that these also exhibited streamwise
oriented patterns.

Much of the work on coaxial jets concerns the
formation of sprays in cryogenic rocket engines. In
the regimes typical of this problem, the lengthscales of
waves and patterns are small compared to the jet diam-
eter, allowing the use of planar layers separated by an
interface as a proxy for the coaxial jet geometry. Indeed,
Hopfinger [12] and Yecko, Zaleski and Fullana [13] have
pointed out that the relevant lengthscales are not those
of the configuration, rather those which characterize the
viscous boundary layers of the fluids. Related stud-
ies (e.g. Ref. [14]) have benefitted by using a plane
mixing-layer configuration to study 3D structure forma-
tion. These works have also confirmed that 3D patterns
are tightly linked to streamwise aligned vortices, at least
for fluids of near equal density.



More recently, streamwise-oriented vortices and
streamwise oriented structures have been intensely ex-
amined for their role in the transition to turbulence in a
wide range of ordinary (one-phase) shear flows, includ-
ing boundary layers, mixing layers and channel flows
(i.e. Poiseuille, plane Couette). It is now clear that
streamwise vortices in boundary layers are responsible
for the high- and low-speed streaks ubiquitous at mod-
erate Reynolds numbers. (A low speed streak is formed
as the vortex lifts up slow fluid from the boundary layer
into the free stream.) The streamwise vortices are not a
modal instability, rather they are the consequence of the
transient growth of special initial disturbances. Amplifi-
cation factors for such disturbances can be large in any
problem whose eigenfunctions are not orthogonal, even
when all modes are damped. The disturbance which am-
plifies the most is called theoptimal disturbanceand can
be thought of as a function which is not well “fit” by
the eigenfunctions of the problem. The poor fit generally
means that several coefficients will be very large in a su-
perposition based on the eigenfunctions. In this way, as
the eigenfunctions individually decay, the superposition
can experience large transient growth.

In recent work [15]-[16] we have explored the pos-
sibility of strong 3D transient growth in a two-phase
mixing layer configuration, concentrating on the growth
factors and preferred wavenumbers. In that work, opti-
mal disturbances were shown to be streamwise uniform,
but to vary rapidly in the spanwise direction, consistent
with the structure of many examples of SOL. Also in
that work, parameter values such asRe and density ra-
tio were not well suited to typical examples of primary
breakup. Previously [13] we have also analyzed the 2D
modal stability properties of this flow. The main purpose
of the present study is to examine the actual optimal dis-
turbances, in light of the possibility that by their nature
(streamwise oriented) they may lead to a theory for the
formation of streamwise-oriented ligaments. In this work
we also present results of 3D modal stability calculations
(NB: while it is possible to apply Squire’s transformation
– Squire’s theorem, ensuring that 2D modes are most un-
stable, does not hold for this problem). Throughout this
work, parameter are given values that are realistic for the
injector atomization in cryogenic rocket engines.

There are relatively few 3D investigations of tran-
sient growth or optimal disturbances in a two-fluid shear
flow with an interface. Notable exceptions are found in
Refs. [3], [17]. Olsson and Henningson [18] examine 3D
transient growth in watertable flow, where the less dense
layer is neglected. In addition, some 2D studies have
been done, such as [19] and [20]. These works stress
that the computation of growth factors is non-convergent
unless a proper energy norm is used (see also [21]) and
concentrate on flows far removed from the atomization

regime.
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Figure 1. Base flow velocity (left) and velocity gradient
(right).

Base Flow and Control Parameters
The starting point of this work is the incompressible
Navier-Stokes Equations (subscriptj is introduced to
distinguish bwtween the two fluids):

∇ · uj = 0 (1)

and

∂uj

∂t
+uj ·∇uj = −∇pj

ρj
+

1
Rej

∇2uj +
1

Wej
κnδI (2)

whereδI is a distribution on the interface,u = ux̂ +
vŷ + wẑ, and the notation is otherwise standard. Scal-
ing has been performed using velocity scaleU∗

j and
length scaleδj ; viscosityµj and densityρj are assumed
constant within each fluid. The Reynolds number is
based on the boundary layer thickness and is given as
Rej = ρjU

∗
j δj/µj while the Weber number isWej =

ρj(U∗
j )2δj/σ.
Without loss of generality, we assume the lower

layer consists of more dense fluid; quantities in this
layer are thus identified by the subscripti = L, for liq-
uid, while in the less dense upper layer fluid subscript
i = G, denoting gas, is used. The basic state flow is
pj = P = constant andU = Uj(y)x̂ where

Uj(y) = U∗
j erf(y/δL,G) . (3)

The aboveU profile is the solution of theFirst Stokes
Problem and has characteristic thickness scaleδj and
constant velocityU∗

j far from the interface whereδj =√
µjt/ρj . In addition, the interface is assumed to be ini-

tially flat, y = f(x, z, t = 0) = 0. There is no restriction



that U∗
G > U∗

L (as in airblast atomization) and fast liq-
uid into slow ambient gas can also be described by this
solution.

Velocity is continuous across the interface but its
derivative experiences a discontinuity whose magnitude
is proportional to the ratio of the viscosities, as de-
manded by the continuity of tangential stress:τL =
µL(dUL/dy) = τG = µG(dUG/dy) at the interface.
Note that the velocity derivative is the negative of the
base vorticity,dU/dy = −ζ = −∇ × U . Continuity of
velocity and the vorticity jump are clearly seen in Fig. 1.

This base flow is meant to capture essential elements
of a two-fluid mixing layer and is somewhat idealized.
For example, anerf(y/δ) profile is not a steady Navier-
Stokes solution: the boundary layer thicknessδ devel-
ops in time (or space). A stability analysis is thus per-
formed on a snapshot of the profile at a particular time,
under the assumption that any instability, to be relevant,
must grow more quickly than the boundary layer de-
velops. Assuming that the base flow evolved directly
from an initial step function (or Kelvin-Helmholtz) pro-
file, the boundary layers at timet must satisfyδG/δL =√

(µG/ρG)t/
√

(µL/ρL)t =
√

m/r , while stress con-
tinuity requires1/

√
mr = U∗

G/U∗
L. Note the intro-

duction of parameters describing the density ratio,r =
ρG/ρL, and the viscosity ratio,m = µG/µL.

Disturbance Equations
The base flow (3) is perturbed by adding an infinites-

imal disturbance(uj, pj). These linear perturbations can
be assumed to have the form:

(uj, pj) = (ûj(y, t), p̂j(y, t)) ei(αx+βz) (4)

The resulting equations that govern the behavior of the
perturbations can be written in terms of the normal ve-
locity vj and normal vorticityηj = iβ uj − iα wj :

∂

∂t
(D2 − k2)v̂j + iαUj(D2 − k2)v̂j

−iαD2Uj v̂j −
1

Rej
(D2 − k2)2v̂j = 0 , (5)

∂

∂t
η̂j + iαUj η̂j + iβDUj v̂j

− 1
Rej

(D2 − k2)η̂j = 0 (6)

wherek2 = α2 + β2, D = d/dy, and boundary condi-
tions: v̂j = Dv̂j = η̂j = 0 hold far from the interface.

By assumingq = q̃(y)e−iωt, an eigenvalue prob-
lem can be rewritten:

iωMq̃j = Lq̃j (7)

whereq(y, t) = (v(y, t), η(y, t))T and

M =


D2 − k2 0 0 0

0 1 0 0
0 0 D2 − k2 0
0 0 0 1

 ,

L =


OSG 0 0 0
RG SQG 0 0
0 0 OSL 0
0 0 RL SQL


and the matrix elements are:

OSj = iαUj(D2 − k2)− iαD2Uj −
1

Rej
(D2 − k2)2,

SQj = iαUj −
1

Rej
(D2 − k2) , and Rj = iβDUj

Using the above, we can define the matrix operatorL:

M−1Lq̃j = Lq̃j (8)

Boundary and Matching Conditions
On the interface, a number of matching conditions

must also hold, in particular, the normal velocityv is
continuous:

vG = vL , (9)

the streamwise velocityu = ik−2(αDv − βη) obeys:

(ω − αU) [α(DvL −DvG)− β(ηL − ηG)]

= k2(DUGvG −DULvL) , (10)

and the spanwise velocityw = ik−2(βDv + αη) conti-
nuity can be written:

β(DvL −DvG) = α(ηG − ηL) . (11)

There are also conditions on the stress components; con-
tinuity relations of the tangential stressesτxy, τzy can be
reduced to:

m(βD2vG+βk2vG+αDηG) = βD2vL+βk2vL+αDηL

(12)
and

mDηG = DηL . (13)

The normal stress relation introduces the Weber number:

r(ωDvG + αDUGvG)− (ωDvL + αULvL)

+
m(D3vG − 3k2DvG)

iRe
− (D3vL − 3k2DvL)

iRe
(14)

= − k4

iWe
f
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Figure 2. Growth rates (thin lines) and neutral curves
(thick lines) for the interface mode (top) and first viscous,
or shear, mode (bottom)

where the (scalar) free surface functionf can be directly
related to the interface velocity using the kinematic con-
dition:

df

dt
= (∂t + U∂x)f = vG(0) = vL(0) = v . (15)

The disturbance problem in this form is used below
to calculate: (i) the complete spectrum of eigenfunctions;
and (ii) disturbances built from the eigenfunctions which
experience the greatest transient amplification as a func-
tion of time and wavenumber. First we describe the nu-
merical technique.

A Chebyshev collocation code developed in previ-
ous work [13] was used to evaluate the stability problem
defined above. Transient amplification calculations were
implemented according to the method given in [22]. To
facilitate the expansion, the linear problem is mapped to
the interval[−1, 1] on which the Chebyshev polynomials

are orthogonal. The eigenfunctions can then be written
as an expansion in a finite numberN of Chebyshev terms
Tn(y) with unknown expansion coefficients, whereN is
the number of polynomials used, typically 150 or less
per equation (600 total). Derivatives of eigenfunctions
are evaluated using the recurrence relations based on lin-
ear combinations of lower order Chebyshev polynomials.
Because of the infinite domain a continuous spectrum
is present in addition to the finite discrete spectrum. In
the calculations performed here, the infinite domain was
approximated by a sufficiently large domain, a method
known to be effective [23]. The eigenvalue problem is
transformed into a corresponding4N ×4N matrix prob-
lem for the expansion coefficients including the bound-
ary and matching conditions.
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Figure 3. Normal velocity (vn, top row) and normal vor-
ticity (ηn, bottom) profiles iny for the two most unstable
eigenfunctions (n = 1, 2, 3, left to right); Re = 1000,
We = 150, r = 0.02, m = 0.025 and (α, β) =
(1.0, 0.001); (v1, η1) is the interfacial (KH) mode.

Computing Transient Growth
Following the formulation of transient growth used

in [25], let G(t) represent the maximum possible energy
amplification at timet, whereG is optimized over all
possible initial conditions for each instant in time. To
measure the energy we require an appropriate norm; in
this problem we use:

||q||E =
1

2k2
[
∫ 0

−L

(|DvL|2 + k2|vL|2 + |ηL|2)dy

+r

∫ L

0

(|DvG|2 + k2|vG|2 + |ηG|2)dy

+
k4

We
|f |2]
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Figure 4. Spectrum of eigenvalues atα = 0.001, β = 1,
based on Chebyshev polynomial resolutionN = 120;
horizontal line segments denoteωi values below which
numerical error corruptsG(t) calculations.

in which the interface makes a contribution propor-
tional to surface tension (σ ∝ 1/We). Renardy has
pointed out [21] and South & Hooper have verified [19]
that even in the absence of an interfacial energy (e.g.
σ = 0, r = 1) the interfacial displacement must appear
in the energy norm for the transient growth calculations
to converge. This is discussed in more detail below.

We then define the growth factor:

G(t) = sup
q(0) 6=0

||q(t)||2E
||q(0)||2E

= ||eiLt||2E , (16)

where q0 is an initial disturbance andL is the lin-
ear operator defined above. This quantityG(t) rep-
resents the maximum possible energy amplification
at time t, optimized over all possible initial distur-
bances. The maximum or optimal growth is defined
as Gmax = supt≥0 G(t), while a peak value GP ≡
supα,β Gmax(α, β) can also be computed. Note that
Gmax is associated with a particular initial disturbance
which reachesGmax at a specific timetmax such that
Gmax = G(tmax). Similarly, there is a specific timetp
related toGP .

The quantityG(t) is obtained as follows. Assume
that the eigenvalues of (7) are sorted in order of decreas-
ing imaginary partωi. G(t) can be approximated by
computing the maximum possible energy amplification
at timet, optimized over all possible initial combinations
of theK eigenfunctions associated with theK least sta-
ble eigenvalues. In this case, it is possible to transform
the energy norm of the matrix exponential (16) to an or-
dinary 2-norm via the following equation

||eiLt||2E ≈ ||Fe−iΛtF−1||2 , (17)

whereΛ is a K × K diagonal matrix with the firstK
eigenvaluesω1, ω2, ..., ωK along the diagonal andF is
obtained by Cholesky factorization ofK ×K Hermitian
matrixM = FHF which is calculated using the inner
product of the firstK eigenfunctions, the inner product
used being the same as the one defining the norm ().

The approximation of (17) is a result of the finite
numberK used in the expansion. Following Reddy,
Schmid and Henningson [24],K is chosen such that
convergence is achieved. In practice,K must generally
be large enough that near-degenerate eigenvalues of the
spectrum are included in the approximation (this is dis-
cussed in more detail below in connection with modal
results).

The 2-norm on the RHS of (17) can then be eval-
uated using SVD. This procedure gives bothGmax and
the K expansion coefficients of the disturbance associ-
ated withGmax [22, 23]. Note that, since eigenfunc-
tions have been expressed as an expansion in Chebyshev
polynomials, all calculations are ultimately performed in
terms of the Chebyshev expansion coefficients. In par-
ticular, the energy norm () and the weight matrixM are
easily recast in terms of the expansion coefficients us-
ing the properties of Chebyshev polynomials and their
derivatives (for details see Ref. [24]).
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Figure 5. Transient growth factorG(t) as a function of
time t showing the occurrence ofGmax = 89200 at t =
138; noteK = 280 eigenfunctions were used here.

Modal Properties
Neutral Curves: We rapidly present in this section the
three-dimensional neutral stability curves (see Fig. 2) for
the flow parameters:Re = 1000, We = 150, r = 0.02
andm = 0.025, based on rocket engine conditions for
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primary breakup of coaxial LOX-GH2. These values are
taken from [12] and are based, like this study, on the use
of liquid quantities for scaling. In particular, the liq-
uid boundary layer thickness and velocity are taken as
the characteristic length scale and velocity scale, respec-
tively and used with the density and viscosity in form-
ing the Reynolds and Weber numbers given above, from
[12]. One can certainly make Squire’s transformation
from the 3D stability problem to a 2D problem, but, in
the case of two sheared fluids, Squire’s theorem is not
necessarily valid. Note that the above parameter values
also place the flow far from the marginal state that is the
focus of Squire’s theorem. We must therefore anticipate
that 3D modes might be more unstable than 2D modes.
In Fig.2, however, we see that the largest growth rates of
the two least stable modes are found for 2D modes; in the
figures 2D modes are found along the vertical (α) axis.

The dominant feature of Fig. 2 is the large region
of wavenumber space (i.e. theα − β plane) unstable to
Kelvin-Helmholtz type instability thanks to the viscosity
stratification of the base flow. In much of the literature,
the KH mode is called the “interface mode,” a convention
that we continue here. Note the small region of Tollmein
Schlichting (TS) type instability simultaneously present,
visible in the bottom panel of Fig. 2.

Transient growth, if it is to be important, should ap-
parently be found outside these eigenvalue unstable re-
gions and, in addition, should exhibit amplification fac-
tors that can compete with the most unstable modes in fi-
nite time. Below, we find exactly these transient growth

properties; but first, it is helpful to present a few more
properties of the modal spectra.

Eigenfunctions: Like its better-studied Blasius boundary
layer cousin, the single fluiderf() profile has both a dis-
crete and a continuous spectrum made up of an infinite
number of eigenvalues and eigenfunctions. Because our
numerical technique is based on an expansion in a finite
numberN of Chebyshev polynomials, this spectrum is
only found approximately. In practice we useN = 600,
giving a sufficiently accurate and detailed spectrum. For
completeness, we present here (see Fig. 3) the profiles of
the two most unstable eigenfunctions atα = 1, β = 0
for the flow parameters given above. For these wavenum-
bers the interface mode is unstable and the viscous mode
is stable, as can be verified in Fig. 2. Mode 2 in Fig. 3,
however, is not the viscous mode – rather it is a liquid
Squire mode, as is apparent from the normal vorticity
eigenfunctionη2(y). Even though we have restricted the
spectrum to 2D modes by choosingβ = 0, we find that a
Squire mode appears as the second most unstable mode
after sorting the eigenvalues (NB: a pure Squire mode is
always damped, however, even if weakly so). In anab
initio 2D formulation of the stability problem, a Squire
equation is not solved and no Squire modes are found.
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Figure 7. Level curves ofGmax in theα− β wavenum-
ber plane (thin lines) in the vicinity of the interface mode
neutral curve (thick line, see also Fig. 2).

Spectrum: In principle, transient growth is a property
of disturbances constructed from the entire modal spec-
trum. A numerical solution provides only a finite approx-
imation of this spectrum, but in practice, an even smaller
number of eigenfunction are needed to find a good ap-
proximation of transient growth. In Fig. 4 we present
a portion of the computed spectrum atα = 0.001,
β = 1; at these wavenumbers all modes, even the inter-
face mode, are stable and large transient growth factors
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(see below) are found. On the scale of Fig. 4 many famil-
iar details of the eigenvalue spectrum of a shear flow are
condensed beyond easy recognition at the top of the fig-
ure. What Fig. 4 clearly shows is the onset of numerical
inaccuracy, which takes the form of scattered eigenval-
ues and branches from the vertical and can be see only
below the horizontal segments (these were added to the
figure by hand). The number of eigenfunctionsK used to
compute transient growth should include as much of the
spectrum as possible, but not include any modes from the
numerically inaccurate region. We have generally used
K = 200 or smaller and obtained good results. This is
discussed in more detail in the next section.

Transient Growth
To get a complete picture of transient growth, it is

necessary to compute theG(t) and find its maximum
Gmax for every value (α, β) in the wavenumber plane.
Before doing this, we examine theG(t) function at a
particular point,α = 0.001, β = 1 (the same point at
which the spectrum of Fig. 4 is found). In Fig. 5 we
showG(t) computed withK = 280 eigenfunctions, the
largest number possible if numerically inaccurate values
are shunned. Because it is computationally costly to cal-
culate the time evolution of all possible combinations of
these280 functions, then find the best growth at every
time t and then find the maximum over allt, we prefer to
useK < 280.

In Fig. 6 we plot the maximum valueGmax (for the
conditions corresponding to Fig.5) as a function of the
number of eigenfunctions used to represent the distur-
bances. It is clear from the figure that (a) convergence
is achieved asK is increased; and (b) accurate values of
Gmax are found already atK ≈ 180. In the remaining

calculations, we adoptK = 200. We point out, too, that
the growth factors are quite large,Gmax ∼ O(105). Re-
call that in ordinary transient growth theory,Gmax scales
asRe2. It is not yet known whether this scaling is pre-
served in two-fluid shear flow with an interface.

Next, in Fig. 7, we show a very small region of the
wavenumber plane where transient growth is strongest.
Unlike in ordinary shear flows, transient growth of a
sheared two-fluid interface must always compete with an
unstable interface mode. In Fig. 7 we see that the re-
gion of largestGmax values directly adjoins the interface
neutral curve (see also Fig.2). Recall that for transient
growth in ordinary shear, peakGmax values are usually
found along theβ axis (i.e. they have no streamwise vari-
ation); the same is true here.

Finally, since the peak growth occurs forα = 0, we
show in Fig. 8 the largest growth factorsGmax in theβ−
Re plane, for streamwise uniform (α = 0) disturbaces.

Optimal Disturbances
Finally, we present in Fig. 11 the full 3D flow fields

and interface positions of the optimal disturbance for
Re = 1000, We = 150, r = 0.02 andm = 0.025;
hereα = 0.001 andβ = 1. The panels of the top row
show the vectors of normal and spanwise velocity(v, w)
in the planex = 0, looking downstream. The interface is
centered aty = 0 in all the plots. The structure of the OD
att = 0 has several noteworthy features. First, highly fo-
cused up-flows are found in the(v, w) field in vicinity of
the interface. These up-flows extend through the inter-
face and are (partly) balanced by weaker, more diffuse
down-flows, located halfway between each up-flow. In
theu field att = 0 (bottom left panel) we find relatively
small velocities (and therefore energy). By the time of
maximum growth (t = tP ), however, theu velocities
have amplified tenfold, developing into strong stream-
wise jets, located just above the interface. At the same
time the(v, w) field has changed dramatically (top right
panel). While up-flows and down-flows are still present,
the disturbance velocity in they − z plane is now con-
centrated in the liquid.

The interface displacement functionf (middle row
panels), which shows a doubly-periodic structure att =
0, develops into a nearly streamwise-uniform pattern by
t = tP . Note that theGmax field in Fig. 7 does not
show a clear maximum value outside the interface mode
neutral curve. What we here call the optimal disturbance
is thus somewhat different than the conventional defini-
tion. Still, it is clear from Fig. 7 that the largest growth
is found for β ∼ O(1) and vanishingα ≈ 0. In the
interest of generality we have chosenα = 0.001 and
β = 1 to depict the OD in Fig. 9. The non-zero value of
α leads to interface deformations (Fig. 9 center row) that
are slightly skewed away from exact streamwise orienta-



tion. At α = 0 the OD would align precisely with the
streamwise direction.

Density Ratio and Viscosity Ratio Effects
We have seen in the previous section that att = tP

the (kinetic) energy of the optimal disturbance appears to
become concentrated in the strong streamwise jets (see
Fig. 11, bottom left panel) located mainly in the upper,
less dense layer. We can argue that for a larger density or
viscosity ratio (corresponding to more closely matched
values between the two layers) we expect to see weaker
transient growth. This can be justified on the physical
grounds that: (i) such a change in density or viscosity
ratio implies a smaller fraction of thebase flowenergy
is found in the upper layer; and so (ii) this weaker up-
per boundary layer flow will less effectively amplify the
streamwise jets which closely correspond to the distur-
bance energy at maximum growth. This argument is con-
firmed by Fig. 9, although we admit that more rigorous
calculations are required for proof.
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Figure 9. Dependance of the growth functionG(t) on
a small change made to the density ratio (dotted) and to
the viscosity ratio (dashed).

Conclusions
In this study we have presented a complete 3D cal-

culation of the modal and transient growth properties of a
two-fluid sheared interface flow typical of injection pri-
mary atomization in cryogenic rocket engines, leading
ultimately to a detailed picture of the optimal disturbance
and its development in time. Several of the characteris-
tics of this OD are in good agreement with the charac-
teristics of streamwise oriented ligaments often seen in
coaxial and airblast primary breakup. We therfore ad-
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Figure 10. Interface displacement amplitudef(t) such
thatf(0) = 1 for the optimal disturbance energy growth
shown in Fig.5. Note that while peak energy growth oc-
curs att = 138, the interface displacement peaks much
more quickly, beforet = 1; for comparison, an iden-
tical calculation but withr = 0.01, a stronger density
ratio, for which interface displacement peaks later but at
greater value.

vance, on the basis of these results, a new model for
the formation of streamwise-oriented ligaments, claim-
ing that ligaments result from transient growth and are
the nonlinear continuation of an optimal disturbance. We
emphasize that predictive models for drop sizes in pri-
mary atomization are critically important in spray mod-
eling applications. As yet, there is no fundamental the-
ory for streamwise ligament formation even though this
process is known to dominate drop formation in many
cases. The model presented here cannot be conclusive
until full 3D direct numerical simulations are performed
which show transient growth and its role in the formation
of streamwise oriented liquid ligaments.
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Figure 11. Optimal disturbance flow fields att = 0 (left column) and att = tmax (right column); shown are the
vectors(0, v, w) looking downstream (top row), the interface (center row, magnified ten times), and the downstream
velocityu (bottom row).


