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ABSTRACT: We examine the development of instability for a shear �ow made up of two distinct immiscible

�uids, taking into account their disparate densities, viscosities and the possibility of tension acting on the interface

that separates them. The most unstable mode found by linear theory is believed to explain the instability of

breakup at its onset. We also �nd a second mode, which can be most unstable in certain situations of interest.

Direct numerical simulations are performed for a range of densities, viscosities and Reynolds numbers. At early

times, simulations recover the amplitude growth predicted by linear theory, verifying the applicability of the

numerics for breakup simulations; at later times, the models show the development of elongated structures and

the subsequent breakup of the heavier �uid into drops.

INTRODUCTION

This study examines the instability of liquid breakup at early times. In the atomization process, there is a

general picture which traces the initial growth of wave-like disturbances into more elongated sheets of heavier

�uid penetrating into the lighter �uid. Out of these sheets, ligaments, or �ngers, grow and ultimately break into

droplets [1].

Numerically, we simulate this process over a wide range of densities and viscosities, verfying the code by

comparison with linear theory. We use an existing algorithm (SURFER) of the Volume of Fluid type with

Piecewise Linear Interface Construction (VOF/PLIC), which is designed for accurate simulations of �ows with

tense surfaces [2].

parallel �ow examined here. The lower layer is denoted by the index i = 1, which will be taken to represent the

more dense �uid, and will sometimes be referred to as the �liquid� while the upper layer, i = 2, will be referred to

as the �gas.� The densities, �i, and the dynamic viscosities, �i will, in general, have di�erent values in the di�erent

layers. The layer interface, represented by the horizontal line separating the two regions, is initially �at. At the

top and bottom of the domain are rigid walls, while we will assume periodicity in the x, or down-stream direction.

The velocity, a classic parallel �ow, varies only in the y, or cross-stream, direction, and is continuous across

across the interface. The y-derivative of the velocity, however, will experience a discontinuity whose magnitude is

proportional to the ratio of the viscosities, as demanded by the continuity of tangential stress across the interface.

Further aspects of the �ow will depend on the particular choices of the functions Ui(y) given below.
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Figure 1: A schematic representation of the shear �ow under study.
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Figure 2: Most unstable mode growth-rates for air-water (left) and the simulation case (right). Shown are the

values of �ci plotted as a function of the wavenumber �. The horizontal line at y = 0 separated the unstable

modes, above the line, from the damped modes below. Two calculations are superposed: with no surface tension

(x's) and for We = 100 (diamonds).

LINEAR THEORY

The incompressible Navier-Stokes equations are our basis for linear perturbation theory. Special interface condi-

tions are used, since surface tension may act, and gravity may be felt there.

Basic state

The two-layer system is linearized around the basic state given by:

U2(y) = U�2 erf(y=Æ2) y > 0 (1)

U1(y) = U�1 erf(�y=Æ1) y < 0 (2)

This �ow represents a laminar boundary layer �ow in each layer, having characteristic thickness scale Æi and

characteristic velocity U�i far from the interface. In the limit Æi ! 0, the boundary layer thicknesses approach

zero, and the velocity pro�les approximate that of the classic Kelvin-Helmholtz layer, or vortex sheet, but in a

bounded viscous �ow.

Linear results in the air-water and model regimes

To solve the linear eigenvalue problem, we represent the eigenfunction by an expansion in Chebyshev polynomials

and employ a collocation method to arrive at a linear system for the expansion coe�cients. This technique is

known to give very accurate eigenvalues for many parallel �ow problems, using a minimal spectral resolution [3].

Since the problem we are most interested in �the breakup and atomization of a liquid layer� is also realized in

the air-water regime, we will take the air and water case as a reference point for the calculations performed here.

We also calculate the properties of two nonexistent �uids whose density and viscosity ratios are more modest than

those of air and water, and which are ideal when making direct numerical simulations. Results in both cases will

initially be presented in tandem.

We have veri�ed that the nature of the instability is not dependent on the presence of walls by varying the

positions of the walls and verifying the robustness of the unstable modes, a characteristic also alluded to by

Hooper and Boyd [4]. The walls are maintained in order to have compatibility with the numerical simulations to

be performed later.

Parameter values

Calculations here are con�ned to a small subset of possible parameters as follows: � is varied between zero and

2�, Re = 400, Fr =1 and We = 100. Furthermore, n = 1 for all calculations here. For the air-water problem,

we adopt the actual density ratio: r = 0:0012; and the actual viscosity ratio: m = 0:012. For the simulations we

use the more modest values: r = 0:1, and m = 0:1. We have neglected the presence of gravity (Fr =1), having

veri�ed its negligibility on the results when Re = 400.

In Fig. 2 we show the growth-rates (�ci) of the most unstable modes over a range of � for Rel = 400. We

show results with and without surface tension in both cases, as explained in the �gure. What is most noteworthy

is the fact that there are two unstable modes coexisting at small values of �, for both parameter sets.
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Figure 3: Mode crossing for �xed � = 1 and variablem, plotted in spectral coordinates here. The interfacial mode

and vortical mode occupy the same regions as before, but here, as m ! 1, the growth-rate of the vortical mode

moves down, always decreasing, while that of the vortical mode moves to the left in the �gure, �rst increasing

and only later decreasing. In the intermediate range, the vortical mode is more unstable.

For brevity, we refer to the more unstable of these two modes as the interfacial mode and to the other the

vortical mode. Miesen et al. [5] and Hooper [6] have also noted the presence of two modes in related problems,

though the exact nature of their distinction is still not well accounted.

Up to wavenumbers � in the range 1:5�2:0, the e�ect of surface tension is slight. At higher wavenumbers, its

e�ective stabilization of the most unstable modes is apparent in Fig. 2. More importantly, it leads to an upper

cuto� for instability which falls within the accessible dynamic range of the numerical simulations. The stabilizing

e�ect of surface tension seems to be more e�ective on the more unstable of the two modes, the interfacial mode.

Boundary layer vorticity distribution

By varying parameters, the growth-rates of the of the interfacial and vortical modes will vary such that either of

the two modes can be the most unstable over a range of �. The e�ect that leads to such mode crossings in this

problem is linked to the relative distributions of the vorticity in layers, but especially in the liquid layer.

The viscosity ratio seems to be (and has been previously identi�ed as [6]) the dominant factor of the instability

in this context, but this dependence arises indirectly. Recall that the vorticity is discontinuous if the dynamic

viscosity is not the same for the two �uids. For �xed boundary layer thicknesses, the viscosity ratio is therefore

linked to the vorticity gradient of the �ow. There are particular combinations of parameter choices that can lead

to equivalent vorticity distributions, and therefore to equivalent modal behavior, for that part of the spectrum

which depends on the vorticity distributions. This is more simply expressed by noting that the following relation

must hold for the con�guration we have adopted: U�2 =U
�

1 = n=m.

It is therefore possible to demonstrate the e�ect of altering the relative vorticity distribution by altering the

viscosity ratio m, the layer thickness ratio n or the velocities. Mode crossing is especially evident in spectral

coordinates: in Fig. 3 we show a variation of m from 0:001 (the bottom-most point of the interfacial mode track

and the left-most point of the vortical mode track) to a value of 0:1 (the opposite end of both tracks). Over a

certain range of intermediate values, the vortical mode remains the most unstable.

The mode crossing Fig. 3 �gure illustrates that the two modes have a di�erent physical character, but does

little to illuminate the nature of that di�erence. Instead, we can look at the distribution of the work integrand

associated with the Reynolds stresses through the �ow (Fig. 4).

P (y) =

Z hg

�hl

�
du

dy
dy (3)

where � (y) = �rDy�i � �iDy�r.

In a real �ow, there is typically a development of the boundary layer, possibly involving �ow reversals, which

could lead to explosive growth of either mode.

Raynal [7] has identi�ed the existence of two modes and argued that the gas mode is dominant. We argue that

the so-called liquid mode has a growth rate (work integrand) that depends sensitively on the ratio of viscosities

and/or the ratio of boundary layer thicknesses, and so can overpower the interfacial mode in cases.
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Figure 4: Reynolds-stress work integrand P (y) vs. y for the interfacial mode (left), and vortical mode (right).

Integrated across the channel (left to right here), this gives the growth rate of the mode.
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Figure 5: Comparison between amplitude growth as extracted from the simulations (points) vs. the predicted

growth-rates of linear theory (solid lines). The three lower curves re�ect three di�erent values of the density ratio,

r = 0:05; 0:01; 0:005 from bottom to top, while the uppermost curve is for r = 0:02, representative of the SEP

Vulcain rocket engine; note that there is a di�erent characteristic time-scale in this case.

NONLINEAR RESULTS

The SURFER algorithm is well documented [2], so we mention here just that the so-called spurious current,

introduces numerical error that we wish to verify the insigni�cance of here. In all model runs we have used a

mesh of 128 grid points square (veri�cation runs were performed up to 512-square resolution), and the same �ow

parameters as for the linear theory, given above.

Simulations in the linear regime

Initial perturbations of two types were used: in one case, an simple noisy initial condition was used while in the

other case, a perturbation having the structure of the most unstable eigenmode was used.

When beginning the calculation with a superposition of the unstable eigenfunction found from linear theory

and the basic state �ow, we see an initial adjustment period. This apparently results from the inability to resolve

the variations of the interface position of arbitrarily small magnitude when the entire variation is smaller than

one mesh point. In �tting the growth rates, the behavior of the amplitude in this adjustment phase is ignored.

Following the adjustment, the instability subsequently grows as a pure exponential, following the predicted

linear growth-rate over approximately two orders of magnitude in amplitude.

It is also worthwhile to perturb the basic state �ow in such a way that the most unstable eigenfunction

appears naturally. To do this, we form an initial noisy perturbation from a superposition of all modes resolvable

on the numerical mesh, and randomize their phases in both spatial dimensions (similar to initial conditions often

employed in two-dimensional turbulence decay simulations). After an initial transient resulting from the decay of

the many superposed damped modes excited by the initial condition, the most unstable mode appears immediately

and begins its exponential growth.
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Figure 6: Evolution of the two-phase �ow, as before, but here r = 0:02 and the initial condition visible in the

top right frame shows the vorticity of the noisy initial condition.

Its rate of growth sticks to the value predicted by the linear theory, again over approximately two orders of

magnitude in the amplitude, but typically more. In Fig. 5 we show the comparison between the growth-rates that

appear in the simulations and those calculated by linear theory. For the purpose of verifying the e�cacy of the

code at stronger density ratios, we have repeated this check for a range of densities, as given in the �gure. Since the

agreement of numerical simulations and linear theory is very good over several orders of magnitude (these �gures

employing a Log10-scale) for even the more challenging density ratios, we conclude that the numerical method

is valid in these regimes. We also note that previous discrepancies between the growth-rates of simulations and

from linear theory were mostly a consequence of the comparison to a particular linear theory (inviscid, piece-wise

continuous velocity pro�les) that does not remain valid in the viscous code long enough to follow several orders of

magnitude of amplitude growth � viscous boundary layers form and grow even at the largest simulation Reynolds

numbers, and the resulting �ow evolution implies a variable growth-rate of the most unstable mode.

Simulations in the nonlinear regime

Pictorially, we see the evolution of the initial wave as it steepens and develops asymmetry in both the x and y

directions. The larger velocities in the upper �uid make its momentum comparable to that of the lower �uid,

despite the lower density.

Rather than roll over and break back onto the surface, as might happen in another parameter regime, here the

acceleration of the liquid layer results in the development of an elongated structure. Such structures are always

observed in the laboratory, at the early stages of atomization. Here we con�rm their identity as the earliest

strongly nonlinear structure in numerical experiments.

In actual experiments, it is at this stage that three dimensional structures typically form: ligament, or �nger

shaped protrusions develop from these liquid sheets, penetrating into the less dense �uid, and subsequently

breaking into droplets. The breaking up of a single ligament is well described by Rayleigh's classic analysis. In

these two-dimensional experiments, the sheet must break into arti�cial two-dimensional �drops� of in�nite extent

in the direction perpendicular to the page. This two-dimensional drop formation is a reduced dimension version

of the usual Rayleigh mechanism, so although our experiments are arti�cial in their dimensionality, some validity

remains because the physical breakup mechanism is the same.
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