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Philip Yecko
Biosphere 2 Center, Columbia University, Oracle, Arizona 85623-0689

Abstract
This work examines the growth of disturbances in a two layer two-phase shear flow with interfacial tension on the
boundary between the phases. Instability in this system ultimately leads to drop formation we have been motivated by
the need to explain a common three dimensional feature of primary atomization, namely the formation of streamwise
ligaments. Accordingly, three-dimensional disturbances are studied in a fully viscous temporal framework, based on a
matched pair of viscous boundary layer flow profiles which additionally permit the examination of flow non-parallelism
effects. Motivated by recent work on single phase shear flows, we calculate transient amplification of non-modal
disturbances; numerical calculations use a Chebyshev collocation method. Optimal disturbances are found to have
weak streamwise variability and O(1) spanwise wavelengths, consistent with ligaments. The maximum growth factors
scale with both the Reynolds number (as in single phase flow) and the density ratio. Transient growth properties
closely approximate those of single phase boundary layer flow in spite of the dominant presence of the interface
and unstable interfacial modes. The effect of a non-parallel cross-stream base flow component on the disturbance

properties is not significant for the parameters examined here.

Background
In the presence of high velocity gas, a liquid layer un-

dergoes a process of deformation and breakup known as
atomization. In nature, strong wind can generate waves
on the surface of a body of water, steepen waves crests
and even strip droplets from the surface, forming a nat-
ural spray. In industry this process, known as airblast
atomization, is critical to a number of applications, in-
cluding fuel combustion. From observation and experi-
ment a general picture of the initial stages of breakup, or
primary atomization, has emerged:

(a) a laminar two-phase flow emerges from a nozzle;
(b) a wave-like instability develops on the interface;
(c) wave crests steepen;

(d) and are pulled out into liquid sheets;

(e) a three-dimensional instability develops;

(f) ultimately forming liquid ligaments; and, finally,
(g) these ligaments fracture into droplets.
Atomization ultimately leads to the disintegration of

the liquid into a droplet cloud, or spray. Atomization can
be thought of as the transition to turbulence of an interfa-
cial two-phase flow. Transition is a fundamental problem
of fluid mechanics that remains incompletely understood
in spite of over a hundred years of study. To unravel
the process of transition, it has become conventional to
study infinitesimal disturbances. An eigenvalue problem
can then be defined by assuming the disturbances have
a modal character. Two-dimensional modes in parallel
flows are described by the Orr-Sommerfeld (OS) equa-
tion (for three-dimensional disturbances, the OS equa-
tion is supplemented by the Squire equation). Exponen-
tially growing modal solutions imply instability and were
assumed to be a prerequisite for transition.

Boundary layer flows exhibit such a modal instability,
in the form of Tollmien-Schlichting (TS) waves, above the
critical Reynolds number Re, ~ 520. Experiments care-
fully prepared to minimize the influence of free stream
turbulence (FST) clearly show the growth of TS modes
above Re.. In other laboratory cases, most notably with
high levels of FST, boundary layer flows are found to
become turbulent at smaller Reynolds numbers, exhibit-
ing features during transition that do not resemble TS
modes. It was therefore believed that some mechanism
operating in boundary layer flows allowed turbulence to
occur in a way that bypassed the traditional path involv-
ing the exponential growth of modes [1]. One such mech-
anism that has been proposed is transient amplification,
a growth process possible in shear flows that was first
described by Orr [2] and later elaborated on by Ellingson
and Palm [3], Landahl [4] and others [5],[6],[7], [8], [9];
some recent reviews are also available [10],[11], [12].

Transient amplification is a consequence on the fact
that the linear operator for disturbances in shear flow is
not self adjoint (its eigenfunctions are not orthogonal);
for this reason transient growth is a generic property of
shear flows. Calculation of transient amplification factors
can proceed in the form of initial boundary value problem
of linear stability theory. A problem’s linear operator is
used, along with a suitable energy norm, to calculate an
amplification factor G(t) of arbitrary infinitesimal ini-
tial conditions. In eigenvalue stable problems G — 0
as t — oo. Still, G(t) can reach relatively large maxi-
mum values at intermediate times — large enough, it has
been advanced, to induce eigenvalue instability or non-
linear instability in the flow. In single phase flows the
kinetic energy norm is sufficient to calculate transient



amplification factors, but in two-phase flows this same
norm leads to non-convergence [19], [25],[17]. An ap-
propriate norm must account for the movable interface,
it is believed. But this issue is not yet completely re-
solved. In the calculations of Olsson & Henningson [18],
for example, the norm included only the energy result-
ing from surface tension; this was sufficient for numerical
convergence. Both Renardy [17] and South & Hooper
[25] considered two-phase configurations which had no
potential energy (because of equal densities) nor surface
tension energy (zero surface tension coefficient). In those
cases it was clearly inappropriate to include a potential or
surface tension energy in the norm. Still, without some
measure Ej, oc [ |h|*dy of the interfacial displacement,
non-convergence was always encountered.

Another feature of transient growth in shear flows is
that the greatest amplification is typically achieved by
three-dimensional disturbances (in contrast to eigenvalue
instability where Squire’s theorem ensures that the most
unstable modes are two-dimensional).

In recent years it has become increasingly clear that
transiently amplified disturbances may be a critical in-
gredient in the transition to turbulence of a variety of
sheared flows. It is the point of this work to investigate
the role of transient amplification in primary atomiza-
tion. It is noteworthy that both numerical and laboratory
observations of turbulence and transition exhibit features
strongly resembling the most amplified transient distur-
bances (also known optimal perturbations [7]). There is
not yet a complete theory offering linear and nonlinear
self-sustaining processes that explain transition in terms
of transient growth. But some approximate models have
been advanced ([13]) and direct numerical simulations
(DNS) have revealed the explicit connection between
transiently amplified disturbances and universal features
of turbulent transition, such as streamwise streaks [14].
Streamwise streaks have been linked to flow structures
is single-phase shear, such as horseshoe or hairpin vor-
tices, which bear strong resemblance to the ligaments of
two-phase flow.

Base flow

To describe two-phase flow we use the incompressible
Navier-Stokes Equations; to refer to the separate phases
we use subscript i where ¢ = L, G to distinguish liquid
and gas phases. These equations are:
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where d; is a distribution on the interface, u = uZ + v+
wZ, and the notation is otherwise standard. Scaling has
been performed using velocity scale U} and length scale
d0;; (dynamic) viscosity p; and density p; are assumed
constant within each phase. The Reynolds number in
each phase is based on the boundary layer thickness and

is given as Rej = p;U;d;/pi; the Weber number in each
phase is We; = p;(U)%5; /0.

The flow examined here is essentially the same as that
which we have used previously to study temporal modal
instabilities [21]. Quantities in the more dense lower layer
fluid are identified by the subscript ¢ = L, for liquid,
while the in the less dense upper layer fluid subscript G,
denoting gas, is used. The basic state flow is

U=U(y)z+V'y
with
Ui(y) = U erf(y/dr,c).

The above U profile is the solution of the First Stokes
Problem and has characteristic thickness scale §; and con-
stant velocity U} far from the interface where

i = 20"/ pit/ pi = 3.67/ puit/ pi.

since from the error function we find U = 0.99U* for
n* = 1.8. There is, in principle, no restriction that U} >
U} (as in airblast atomization) and fast liquid into slow
ambient gas is also allowed. A transverse component
V* preserves the First Stokes solution as long as V* =
constant; positive V*, sometimes called blowing, is used
here to mimic the expansion of the developing boundary
layer and in order to examine the effect of this type of
non-parallelism on the properties of disturbance growth.

Velocity is continuous across the interface but the
y-derivative of the velocity experiences a discontinuity
whose magnitude is proportional to the ratio of the vis-
cosities, as demanded by the continuity of tangential
stress: 7, = pp(dUL/dy) = 7¢ = pa(dUg/dy) at the
interface. Error functions are exact, although not steady,
solutions of the Navier-Stokes equations for parallel flow
(see Schlichting & Gersten [24] for details). Our base
flow, like other boundary layer flows, develops in time.
The base flow should be thought of as a snapshot of the
flow in which disturbances grow, considering that they
may well grow faster than the viscous downstream evo-
lution of the flow profile.

The parallel base flow here is meant to capture essen-
tial elements of a two-fluid mixing layer inspired by flows
leading to atomization and flows used experimentally to
study atomization and interface breakup. Flows leading
to breakup are typically generated by preparing two sep-
arate nearly-uniform flows and at some point —typically a
splitter plate or nozzle exit— bringing them together. The
exact flow at and immediately after the meeting point is
not precisely known from either theory or experiment,
making the use of a more appropriate base flow very dif-
ficult.

Assuming that the base flow evolved directly from an
initial step function (or Kelvin-Helmholtz) profile, the
boundary layers will satisfy

5a/0r =/ (na/pc)t/ N/ (pe/pL)t = /m/r.




while stress continuity further requires 1/y/mr = U /U
In the above we have introduced parameters for the den-
sity ratio r = pg/pr and the viscosity ratio m = pg/pr.-

Disturbance Equations

The Navier Stokes equations (1)-(2) are perturbed
away from the base flow. Following convention, the result
is cast as an equation for the velocity component v; :
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and a second equation for the the y vorticity, (; :
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where the perturbation normal vorticity is:

Oui _ Ow,
0z Oz’

G =

while the prime’ denotes y-differentiation. These equa-
tions are supplemented by the boundary conditions:

V; zavi/ay: Cz ZO

in the far field, y — +o0.
Because the streamwise and spanwise directions are
uniform, perturbations are assumed to have the form:
U; (1‘7 Y, z, t) = @7,(y7 t)ei(az+ﬁZ) )
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The resulting equations that govern the behavior of the
perturbations v;, (; are:
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where k% = o? + 3%, D = d/dy, and the boundary con-
ditions now appear:

by =Dy =( =0

in the far field.
An eigenvalue problem is formed by assuming
—iwt
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giving one equation for the eigenfunction v;:
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which is essentially the Orr-Sommerfeld equation but
with an additional term in the cross-stream flow V. A
second equation is found for the normal vorticity eigen-
function (;:

! (D* - k*) =0,
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which is known as the Squire equation (again with an
additional term in V). The boundary conditions are now

o =Dt = =0

in the far field.

The conditions that must hold at the interface of two
viscous fluids are that the normal and tangential veloci-
ties are continuous:
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both evaluated on y = 0. The normal and tangential
stresses must also be continuous at y = 0, giving:
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The above conditions are applied at the perturbed in-
terface, whose position is described by the quantity

y = h= ilei(aac—i-ﬁz—wt) ,

where the kinematic condition gives

v

ial —iw
The interface displacement h is an essential component of
the total “eigenfunction” of the two-phase flow, supple-
menting the normal velocities v; and normal vorticities
¢; in each layer.
To simplify the above interface conditions, the
Reynolds and Weber numbers were assumed to be based



on the liquid layer quantities. The resulting Weber num-
ber that appears above is then the liquid Weber number:
U;z)?s
We :WeL = 7PL( L) L,
o

even though it is more customary when treating strong
density ratios to consider the gas, or aerodynamic, Weber
number. In this work the two Weber numbers are simply
related as follows:
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In calculating temporal stability of disturbances, «, 8
are assumed to be purely real while w is complex; a mode
having Im(w) < 0 will be temporally unstable. Insta-
bility in strongly developing flows —such as atomizing
interfaces— is often described using spatial theory since
unstable modes are known to grow as they propagate
downstream. Spatial and temporal results can be simply
related using Gaster’s transformation, but only in the
neighborhood of neutral stability. Transient growth may
also be approached temporally or spatially. For single
phase boundary layer flows, optimal disturbances found
using spatial theory are nearly identical to those found
using temporal theory (see, eg., [7],[16],[15]).

Transient Amplification

An initial boundary value problem (IBVP) is formed,
closely following the method of Schmid and Henningson
[12], by defining initial conditions ¢;(t = 0) = ©;(0),
Gi(t = 0) = ¢;(0) and h(t = 0) = 0. It is convenient
to also define q; = @;e~* where & = (9;,(;, hs)T. Then
the IBVP can be written
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and the matrix elements are:
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Using the above, the eigenvalue problem can be rewrit-
ten:

Lg; = iwMg;
or

iwq; = M_lLfli =£L1q; ,

defining the matrix operator £1. The disturbance prob-
lem in this form is used below to calculate transient am-
plification. But first we describe the numerical technique.

A Chebyshev collocation code developed in previous
work [21] was used to evaluate the stability problem de-
fined above. Transient amplification calculations were
implemented according to the method given by Reddy
and Henningson [9]. To facilitate the expansion, the lin-
ear problem is mapped to the interval [—1,1] on which
the Chebyshev polynomials are orthogonal. The eigen-
functions can then be written as an expansion in a finite
number N of Chebyshev terms T, (y) with unknown ex-
pansion coefficients, where IV is the number of polynomi-
als used, typically 100 or less. Derivatives of eigenfunc-
tions are evaluated using the recurrence relations based
on linear combinations of lower order Chebyshev polyno-
mials. Because of the infinite domain a continuous spec-
trum is present in addition to the finite discrete spec-
trum. In the calculations performed here, the infinite
domain was approximated by a sufficiently large domain,
a method known to be effective [7]. In practice, the do-
main extended to approximately sixteen boundary layer
thicknesses in +y.

The eigenvalue problem is transformed into a corre-
sponding 2N + 1 x 2N + 1 matrix problem for the expan-
sion coefficients, with additional rows added to include
the boundary conditions. Since the matrix M is often
singular, a QZ algorithm is used.

Transient amplification in shear has been known since
Orr [2], and is now understood to be an effect of the
properties of a system’s eigenvectors, showing that study
of the eigenvalues is incomplete. When a system’s eigen-
vectors are not orthogonal, arbitrary initial conditions
can experience significant transient growth. A very clear
geometric explanation of this effect has been given by
Schmid and Henningson [12]. Following the formulation
used in that work, let G(t) represent the maximum possi-
ble energy amplification at time ¢, where G is optimized
over all possible initial conditions for each instant in time.
Then define
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where qg is an initial disturbance, £; is the linear op-
erator defined above, and A is the diagonal matrix of
eigenvalues: {w1,ws,...}. The matrix exponential is eas-
ily evaluated using a series expansion of e*.

Critical to the accurate calculation of G(¢) is the use of
an energy norm || - || appropriate for the problem. Origi-
nally, Renardy [17] defined a norm (the “h-norm”) which
accounted for the displaced interface via a term of the
form h*h, where the * denotes complex conjugate. Even
in the absence of interfacial potential energy terms (when
there is no gravity and no surface tension for example) it
was found that an interface term of this kind was needed
in the norm to ensure numerical convergence. South and
Hooper [25] later verified this, using the h-norm, for a
problem with no interface potential energy. On the other



Figure 1: Maximum amplification factors Garax of three-
dimensional disturbances in two-phase shear flow with r =
107, m = 1072,We = 100 and Re = 100.

hand, when a potential energy is present, the inclusion
of the relevant potential term (which is typically of the
form h*h) in the energy norm has also been found to en-
sure convergence [18], [20]. Since we consider non-zero
surface tension here, an energy norm of the form

1 e 2 2 2 2 k4 2
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Optimal Disturbances

Two-phase flow consisting of matched error function
profiles exhibits strongly amplified disturbances of truly
three-dimensional character in the parameter range char-
acteristic of atomization of water by air. In this prelim-
inary work the density ratio is fixed at either r = 0.1 or
r = 0.001, the viscosity ratio at m = 1072, the Weber
number Wer, = 100 and the Reynolds number Rer, = 100.
We are faced with a vast parameter space to explore, so
it is necessary to restrict attention to specific ranges of
interest.

In looking at the largest value Gyax achieved by the
function G(t), it is possible to identify (see Fig.1) a
largest or peak Gyvax ~ 50 falling in the vicinity a ~ 0
and 3 = 4. Such a disturbance has weak streamwise vari-
ation but a strong spanwise variation, consistent with the
nature of a three-dimensional disturbance needed to ini-
tiate ligament growth. For stronger density contrasts,
the peak amplification factors increase dramatically. In
Fig.2 the peak Gyax ~ 5000, but still occurs near § = 4
and a ~ 0. Note the change of scale of the axes, effected
to show detail in the contour lines.

Discussion

The structure and large growth factors that can oc-
cur for three dimensional disturbances in two-phase shear
flow suggest that transient growth may play an impor-
tant role in the highly three-dimensional ligament form-
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Figure 2: Maximum amplification factors Garax of three-
dimensional disturbances in two-phase shear flow with r =
107%,m = 1072,We = 100 and Re = 100.

ing phase of primary atomization. The structure of the
amplification factors strongly resembles those of single-
phase shear flows, in particular boundary layer flows.
This suggests that while the initial modal instability is
primarily a consequence of the interface (it is of Kelvin-
Helmbholtz type), non-modal disturbance growth results
mainly from the boundary layer character of the flow
profiles flanking the interface.

In remains to examine, most likely by direct numeri-
cal simulation, the impact of transient amplification in
atomization flows. Of primary interest will be the identi-
fication of transient growth and verification of its growth
factors. Following this we will investigate the interplay
of transiently growing modes with the unstable interface
mode.

Conclusions

The complex processes leading to the formation of
droplets and sprays are poorly understood. Yet it is
widely acknowledged that the characteristics of inter-
face breakup at all stages, even the ultimate formation
of a spray, are strongly dependent on the nature and
properties of the initial linear instability (see Lefebvre
[26], Lasheras and Hopfinger[23], Lin and Reitz [22],
Liu [27]) and the formation of ligaments that lead to
the fragmentation of the first droplets. Motivated by
shear-driven breakup of interfaces, this study has concen-
trated on three-dimensional disturbances and the possi-
bility and nature of significant transient amplification of
such disturbances. A formalism including a transverse
non-parallel velocity component is presented. Prelimi-
nary tests have showed no significant difference in the
properties of disturbances when this non-parallel effect is
included. We have found that transient amplification is
not only possible but exhibits large amplification factors,
especially for strong density contrasts. The structure
of the peak amplification factors in wavenumber space



strongly resembles that of single-phase boundary layer
flows, implying that it is the flow profiles rather than the

interface itself that determines the nature of transient
growth.
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