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Chapter one presents a few topics in General Relativity with emphasis on algebraically
special solution especially those of type III and N. The only known type III solutions

(Robinson-Trautman and its ”twisted” up counterpart) are briefly described.

Chapter two gives a classification of gravitational fields in terms of algebraic and
differential invariants. Algebraic invariants divide the algebraically special fields in three

classes; members of these classes are distinguished by specific differential invariants.

Chapter three concentrates on type III space-time, specifically on their description
using differential invariants. An invariant of order one is presented and calculated for the
available exact solutions. It shows that both of them contain directional singularities. An

invariant of order two is also discovered and calculated for Robinson-Trautman solutions.

In Chapter four new type III and type N approximate solutions which are regular
in the linear approximation are shown to exist. For that, we use complex transforma-
tions on self-dual Robinson-Trautman metrics rather then the classical approach. The
regularity criterion is the boundedness and vanishing at infinity of a scalar obtained by
saturating the Bel-Robinson tensor of the first approximation by a time-like vector which

is constant with respect to the zeroth approximation.

The solutions obtained in Chapter four are continued in Chapter five to the second

viil



order. The classical method is employed this time since the previously used theory is no
longer Lorentz invariant. We obtain a partial solution for which the invariant of order
one described earlier is regular. We also give expressions for the coefficients of the Weyl

tensor and show their regularity.

1X



Conventions used in the text

Metric and tetrads
Signature of space-time metric: (+ - - -)

Complex null tetrad: ng, lo, ma, Ma; gap = Naly + lany — M, — MMy

Bivectors
Dual bivector: X}, = 21/=g€abea X ™

Self-dual part: *X,, = % (Xap +1X5); TXE5 = =i X

Anti-self-dual part: ~Xg, = 5 (Xop — i X5); X3 =i X

Weyl tensor
Self-dual part of the Weyl tensor: TCapeq = 3 (Rabea + iR5p0q)
Self-dual bivector basis: Ny, = ngmp — mgny,
Map = naly — lanp + mamy — Mgmy,
Loy = Maly — g
Weyl coefficients: TClupeq = VoLapLeq + V1 (MyyLeg + LapMeq)
+Wy (NapLed + LapNea + MapMeq)

+\Il3 (Nachd + Machd) + \Il4Nachd



CHAPTER 1

SOME TOPICS IN GENERAL RELATIVITY

This chapter presents a few topics in General Relativity which are going to be of interest

later on.

1.1 Null vector fields

In a four dimensional Riemannian space, vector fields are often characterized using prop-
erties of their first covariant derivatives and of some special scalars obtained from these
derivatives. Although scalars can be defined for all types of vector fields (time-like, space-
like and null), we concentrate on null ones since they are going to be of most interest in

future sections.

A vector field n in a Riemannian space endowed with the metric g is called time-
like, space-like or null if it satisfies gun®n® < 0, gun®n® > 0 or gun®n® = 0 respectively;
n is called geodesic if l,l° o l,. Moreover, if the vector field is affinely parametrized the

relation becomes

Lupl” = 0. (1.1)
Physically, a geodesic null vector field represents a vector field tangent to a null congru-
ence of optical rays.

For an affinely normalized geodesic congruence of null rays, Sachs introduced (in

[28]) and studied (in [28] and [29]) three invariant quantities, called optical scalars, in

1
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terms of the vector field n tangent to the rays of the congruence. They are expansion (or

divergence), twist (or rotation) and shear and have the respective expressions

1
0= §na;a, (12)
1 .
w2 = in[a;b]n%ba (13)
1 5 1
00 = §n(a;b)n“’b - Z(n“;a)2. (1.4)

Alternative formulae in terms of a complex null tetrad will be given in the next section.

Obviously a vector field tangent to such congruence of null rays can be charac-
terized be means of these optical scalars; the importance of such characterization will be
apparent later on. At this point we only mention two of the most important uses of it.
First, if the vector field is a preferred one with respect to a particular solution (a repeated
null direction for example), then a characterization of it is actually a characterization of
that solution. Second, existence of a vector field with special properties imposes condi-
tions on the metric itself (for example the Robinson -Trautman metrics are exactly the

ones built around a geodesic, shear-free non-twisting but expanding congruence).

A very simple but useful relation is obtained when evaluating the expression
Ngbe — Nayeb = Rdabcnd (15)

where Rgp.q is the curvature tensor. Contracting and using equations 1.2, 1.3 and 1.4

one obtains
a 2 2 — 1 a, b
f,on® —w”+0°+ 00 = iRabn n (1.6)

where R, is the Ricci tensor. In an empty space (R, = 0), the previous equation

becomes

0,,n" —w? + 0>+ 05 =0. (1.7)
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This last expression shows that there exist no empty space which admits a non-expanding,

shear-free and twisting congruence.

1.2 Complex null tetrads

The standard way of treating general relativity problems before 1960 used to be the
consideration of Einstein field equations in a local coordinate system adapted to that
specific problem. However, in more recent years it has become advantageous to take a
different approach, namely to choose a suitable tetrad basis of four linearly independent
vector fields and project the field equations along these vector fields. This approach is

called the tetrad formalism.

In 1962 Newman and Penrose improved this theory by making a special choice of
the vectors in the basis (they were all chosen to be orthogonal null vector fields, two of
them real and the other two complex conjugated and such that the scalar product of the
two real ones equals 1 and of the two complex ones equals -1). This new approach, called
the Newman-Penrose formalism, proves to be very useful in investigating algebraically
special gravitational fields. This section presents only the features that are going to be
used later on; for a full description of the theory as well applications see [12], [7], [10],
[34].

Let ng, l,, m,, M, as described above, i.e. such that [,n* =1, m, m* = —1 and
all others scalar products vanish. The components of the metric with respect to this null

tetrad are
Gab = Naly + lgny — Mgy — Tgmy,. (1.8)

In terms of this tetrad, one can define the so-called spin coefficients, 12 independent



complex linear combinations of the connection coefficients (see [12]). They are

—K = Ngpm™n’, (1.9)

—p = Ngym"Tm’, (1.10)

—0 = ngpm®m’ (1.11)

—7 = ngpm®l’, (1.12)

v = loyml’, (1.13)

1= lgpmem?, (1.14)

A = lmem, (1.15)

T = lgpm®n’, (1.16)
1 a,,b —a, b

=5 (na;bl n’ — mepmn ) , (1.17)
1 a, b —a, b

—B = 5 (na;bl m’ — mepm®m ) , (1.18)

1 aib — ajb

v = 3 (la;bn " — Mgpm”l ) , (1.19)
1 a—b — a—=b

o= 3 (la;bn m — Mepym"m ) ) (1.20)
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The spin coefficient o has already been introduced by 1.4. Using these and direc-
tional derivatives along the tetrad, one can write a complete set of equations from which
exact solutions of Einstein’s field equations may be found (see [12]) and, although the
number of equations is high, all equations are linear. Another advantage of using spin
coefficients is that the algebraic properties of the tetrad can be easily read if we know
them. For example, the quantities k, p, o are specific to the null congruence defined by

the vector n as follows:

- k is a measure of the congruence being geodesic or not; in fact the congruence

is geodesic if and only if K = 0;

- Rep called dilation (or expansion) is a measure of the rate of contraction of the

bundles of rays;

-I'mp called twist measures the rotation of the rays; the connection between this

p and the previously defined twist 1.3 and expansion 1.2 is

p=—(0+iw). (1.21)

-0 is called the shear since |o| measures the degree of shearing and %arg odefines

the angle of shearing.

For a complete discussion of the spin coefficients and their interpretations see [15] and

[16].
Next, one can define three bivectors
Ngp = ngmy — mgny, (1.22)

Mab = nalb — lanb + mgmy — maml,, (123)

Lap = Maly — L. (1.24)



It can easily be checked that the bivectors and their complex conjugates satisfy

Ny L™ =2, (1.25)

My, M®™ = —4, (1.26)

all other products of this type being zero, as well as

NueN¢y =0, Ng@N3H=0 (1.27)
NacMcb — —1Vab, Nacﬁcb = MeNp + NgMyp (128)
Macﬁcb = lanb + Tlalb + mgmy + Mgmy. (129)

We call a bivector N self-dual if N* = —iN where the star represents the dual taken

with respect to any pair of antisymmetric indices

Wty = %(— 1) eweaW (1.30)
€aveq Tepresenting the Levi-Civita completely antisymmetric tensor defined by €934 = —1
and |g| represents the determinant of g,;,. One can easily see that the bivectors defined
by 1.22, 1.23 and 1.24 are self dual hence they form a basis in the self-dual bivectors
space. The gradient of any one of them is still self-dual hence it can be expressed as a
linear combination with bivectors in any basis. Using the previously calculated one and

two products between bivectors, one finds (this approach was first used by Robinson and

Schild in [21] to generalize Goldberg-Sachs theorem)

Nab;c - NabUc + Mab@ca (131)
Mape = 2N X, + 2L0y0., (1.32)

Lab;c — Mach - LabUca (133)



where U, ©, X are vector fields which satisfy
1

@c = _ZMabNab;c = nama;c (134)
1
Ue= _iNabLab;c = ["nge + M M (1.35)
1
X, = ZLabMab;c = % . (1.36)

It is interesting to know also the expressions of the deviation vector ©. (whose full

properties can be found in [4]) and its analogue U, in terms of spin coefficients. They are

O. = —71n. — Kl. + pm. + oM, (1.37)

U.=2(yn. + ¢l. — am, — fm,). (1.38)
where 7, K, p, 0, 7, €, a, [ are defined above.

The covariant derivative of a geodesic, affinely parametrized null vector field can

be decomposed using the spin coefficients as
Ny = 2Re [(0 + iw) Mgmy, — oTg M) + Mgy + Weny (1.39)

where v and w are null vector fields such that v,n* = w,n® = 0.

1.3 The Weyl tensor

The curvature tensor can be uniquely decomposed as

Rabcd - Cabcd + Eabcd + Gabcd (140)
where
1
Eapea = §(gacsbd + 9aSac = GadSbe — GbeSad) (1.41)
R
Gabcd = E(gacgbd - gadgbc)a (142)

1
Sab = Rab — ZRgab, R= Raa. (143)
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This decomposition defines the completely traceless Weyl tensor Cyp.q. Moreover, all the
tensors that appear in expression 1.40 have the same type of symmetries as the curvature

tensor, i.e. if Xgp.q is any of the tensors R, C, E, GG in the equation 1.40 then

Xabcd - _Xabdc - _Xbacd — Xcdab; (144)

X% = 0 (1.45)

For any of the afore mentioned tensors we can introduce a left dual and a right

dual, depending on which pair of antisymmetric indices we apply the contraction:

1

*Xabcd - 5(_ |g|)1/2€abefoecd (146)
1
X*abcd = 5(_ |g|)1/2€cdefXabfe- (147)

It turns out that for these particular tensors we have

* abed — O*abcd (1 48)
>x<E’abcd - _E*abcd (149)
*Gabcd - G*abcd- (150)

Without any ambiguity, we can introduce the self-dual part and the anti-self-dual

part of the Weyl tensor as

1 .

+Ctabcd — 5 (Cabcd +1 Cabcd) (151)
1 -

" Cabed = 5 (Cabcd —1 Cabcd) (152)

respectively. It is easy to check that *C' is a self-dual tensor while ~C' is an anti-self-dual

one and

Cabcd =" Cabcd + Cabcd- (153)
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The complex space of all self-dual four-tensors with the symmetries similar to those
of the Weyl tensor is 5 dimensional and a basis is given by Ny Nea, NopMeq + Moy Nea,
NowLeq + LapNeg + MopM g, MapLeq + LapMq, LopyLeq where N, M, L are the bivectors
defined in 1.22, 1.23 and 1.24 respectively. In this basis, the self-dual-part of the Weyl

tensor has the following components

+Oabcd = \IIOLachd + \Ill (Machd + Lachd) + \112 (Nachd + Lachd + Machd) (154)

+ \113 (Nachd + Machd) + \Il4Nachd

where U; with ¢ = 0...4 are given by

Uy = Copean®mbnims, (1.55)
o aib._c, d
1 — “abc ) .
Uy = Cupean®l’nm (1.56)
1
U, = 5ca,,c,]maz” (nl* — mm?), (1.57)
Uy = Cupeal®nllm, (1.58)
Uy = CopeqlmI“me. (1.59)

Szekeres gave in [33] the following interpretation for the various terms appearing in the
expression of TC' : in this particular frame of reference, ¥, term represents a transverse
wave in the n direction, W3 term represents a longitudinal wave component and W,
a ’Coulomb” component; ¥, and ¥ terms represent transverse and longitudinal wave

components in the [ direction.

1.4 Algebraically special Weyl Tensor and Petrov Types

Consider the following bivector equations

X="X, X, X?=0 (1.60)
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as well as

X, TCP X = 0 (1.61)
X, TO® Xy = 0 (1.62)
X, TC%y = 0 (1.63)
+Cabs[ch}s = 0. (164)

It is well known that the system of equations formed with 1.60 and 1.61 always has
four solutions called principal null bivectors (or PNB) of the Weyl tensor. They may be
distinct or coincident in various ways; if the Weyl tensor admits a repeated PNB then it
is called algebraically special. The conditions that a solution is a repeated PNB involve
equations 1.62, 1.63 and 1.64 and describe the so called Petrov types of the Weyl tensor

as follows.
Let N be a solution of equation 1.60. Then

-if N satisfies equation 1.61 then it is at least PNB. The Weyl tensor is of Petrov

type (1,1,1,1) or more degenerate;

-if N satisfies equation 1.62 then it is at least a double PNB. The Weyl tensor is

of Petrov type (2,1,1) or more degenerate.

-if N satisfies equation 1.63 then it is at least a triple PNB. The Weyl tensor is

of Petrov type (3,1) or more degenerate.

-if N satisfies equation 1.64 then it is a quadruple PNB. The Weyl tensor is of
Petrov type (4) or more degenerate (here "more degenerate” refers to the only possible

degeneracy left, namely flat space attained for a zero Weyl tensor).

Let M be another solution of equation 1.60. If M and N both satisty equation

1.62 then the Weyl tensor is of type (2,2).
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Note that this characterization does not depend on any particular null tetrad.
However, if we take NV to be defined in terms of an adapted null tetrad by equation 1.22
we can translate all the criteria for the Petrov types in terms of Weyl coefficients ¥; with

1 =0..4 as follows:
- type (1,1,1,1) if ¥y =0, ¥y # 0;
- type (2,1,1) if Uy =W, =0, ¥y # 0;
- type (3,1) if U9 =¥y = Wy =0, V3 # 0;
- type (4) if ¥g =0y =Wy = U3 =0,V #0;
- type (2,2) if U9 =V = U3 =T, =0,V, #0;

-type (-) or flat if all coefficients are zero.

1.4.1 Comment on type (3,1) space-times

For later use, it is interesting to note the following relation between vectors U and O,
defined above by relations 1.31, 1.32 and 1.33, and algebraically special type (3,1) spaces.
We claim that O + U, Oy = 0 if, and only if, the space-time is of type (3,1) or more
degenerate.

To prove this claim we first calculate the second derivative of the bivector N

defined by 1.22 and find

Nab;cd - NabUc;d + Mab@c;d (165)
+ (NabUd + Mab@d) Uc

+2 (NabXd + Lab@d) @c

where we used relations 1.31 and 1.32 for derivatives of N and M respectively. We can
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rewrite this last expression as

Nab;cd = Ng (Uc;d +UUg + 2®ch) (166)
+Map (Opq + UcOy)

+2L440.04
and remark that taking the antisymmetric part on (¢, d) transforms it into
Navsjed) = Nab (Upesa) + 201X ) + Map (O1e;q) + UOq)) - (1.67)

Note that the expression we are interested in is exactly the coefficient of My, in the last

expression. The left hand-side can be written

1 1
Nab;[cd] - 5 (Nab;cd - Nab;dc) — 5 (Napprcd - Nprpacd) (168)

where R is the curvature tensor and we used the fact that N is antisymmetric in (a, b).

We then have
NopR? gea — NopR? g4 = 2Nag (Ujesay + 201X q)) + 2Myq (O + UieOq)) (1.69)

where, for mere convenience, we replaced the index b by ¢q. Contracting this last expression

by N,? and using the fact that NyyN%® = 0 and N, M%), = —N,;, we find
Naprquch =2Ny (@[c;d] + U[c@d}) . (170)

Remark that the (¢, d) pair of indices is just decorative, it doesn’t enter into calculations
at all. In fact, we can denote R,,.q by ﬁpq and view the left hand-side as an operation
between three 2-index objects. Also remark that the self-dual bivector N picks out the

self-dual part of ﬁpq hence this last tensor can be regarded as a self-dual one.

Next we use one important identity from basic algebra of bivectors (see for example

[4]): for any two bivectors F' and G' we have

FoyG% — G2 ™y = (FpyG) 6. (1.71)
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However, we are dealing with self-dual bivectors which have the additional property that

X, = —iXg hence the previous relation becomes
FoyGh + GogFly = (FpgG®) S (1.72)
Using this for the left hand-side of relation 1.70 we find

NNy Ry = N [RigN, + (NuB) 3, (1.73)

= (NuR*) Noy
hence 1.70 becomes
Nap (Ng R cq) = 2Ny, (Opeq) + UieOy) (1.74)
or
NuR*'q =2 (Oq + UOq)) - (1.75)

Taking into consideration that we work in an empty space, we can write the last relation

with the Weyl tensor instead of the curvature tensor
NstCStcd =2 (@[c;d] + U[c@d}) . (1.76)

Again we use the fact that the self-dual bivector N picks out the (left) self-dual part of

the Weyl tensor so we can rewrite the last expression as
Ny Oy =2 (G[c;d} + U[z:@d}) . (1.77)

The claim is now obvious since Ny TC*® .4 = 0 if, and only if, NV is a PNB of multiplicity
at least three (see also relations 1.60 and 1.63 as well as the Petrov classification given

afterwards).
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1.5 Robinson-Trautman solutions
Robinson-Trautman solutions are algebraically special space-times constructed around a

geodesic, shear-free, non-twisting but expanding null congruence. In complex coordinates

p, 0, ¢, ¢, the line element for this class of space-times can be written as (see [22])

2%

ds* = 2dpdo + cdo® — 22-d(dC (1.78)
p
where
p=p(0,¢,Q), (1.79)
P

c:—7m+K—2Hp, (1.80)
m = m(o), (1.81)
H=p'p,, (1.82)
K = 2(ppgc — pepe)- (1.83)

There is only one field equation to be satisfied
AK = 4(m, — 3Hm), (1.84)

where A = 2p*0;0-.

One can choose a null tetrad to be

Ng = O,
1
lo = pra +§ca,a (1.85)
p
me = _Caa
p

The metric can then be written as

Gab = Tlalb + lanb — MMy — Mg My, (186)



In terms of the bivectors

Nab = NgMyp — M Ny,

Mab - nalb - lanb + my,my — MMy,

Lab - malb - lamba

the self dual Weyl tensor is

2m

2+Ctabcd — F (Nachd + Lachd + Machd)

P 1
+ ?Kg (Nap Mg + MopNeq) — ? (pQCc) +¢ NapNeq-

15

(1.87)
(1.88)

(1.89)

(1.90)

Comparing 1.54 and 1.90 we see that for Robinson-Trautman spaces the coefficients of

the self-dual Weyl tensor are

m
\112:—
2
Ip
U, = ——K
11,
vy = T (PPec) o -

(1.91)
(1.92)

(1.93)

We are going to use these expressions later to calculate some invariants for Robinson-

Trautman spaces. Remark that these spaces are of type III or more degenerate if, and

only if, m = 0.

1.6 Solutions with twisting rays

A space-time admits a geodesic, shear-free twisting and diverging null congruence if the

line element can be written in u, r, ¢, ¢ coordinates as (see [6], [3], [24], [36])

ds® = 2w'w? — 23wt

(1.94)
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with
—
wto= 1 p; ¢ = @ (1.95)
w® = du+ Ld¢ + LdC (1.96)
w' = dr+Wd¢+WdC + Hw? (1.97)

where the metric functions satisfy the conditions

2% = p’ (0L —0L), (1.98)
W = —L, (r+i%) +id%, (1.99)
0 = 0;— Lo, (1.100)
H = —r(np) ,u—%ng, (1.101)
K = 2p°Re[0(0lnp—L,)], (1.102)
M = YK +p*Re[00% — 2L,, 0% — %0,0L] (1.103)

and the remaining field equations

d(m+iM) = 3(m+iM)L,, (1.104)
[p (m+iM)],, = pl@+2(@np—L,,)]0I (1.105)

where
[=9@mp-L,)+ @lp-L,)° (1.106)

Remark that all the metric function depend only on the two main functions p and
L; this means that finding solutions of this sort is equivalent with finding functions p and

L satisfying the field equations.

By the introduction of a potential V' for the function p (see [23])

Vi=p (1.107)
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the field equations 1.103, 1.104 and 1.105 formally simplify to

[p% (m+iM) —0000V],, = —p ' (OL),,(9L) (1.108)
d(m+iM) = 3(m+iM)L,, (1.109)
p *M = ImddoL (1.110)

respectively. Kerr introduced in [6] p = 1 gauge in which the field above equations take

the form

[((m+iM)+000L] ., = —(0L),u(0L) (1.111)
d(m+iM) = 3(m—+iM)L,, (1.112)
M = ImdJoL. (1.113)

We are going to use p = 1 gauge and the form of the field equations in this gauge in

Chapter 5.

As an interesting fact, we remark that the Robinson-Trautman solutions, de-
scribed in the previous section, are a special case of the twisting ones: they are obtained

by putting L = 0 in the metric functions and the field equations written above.

In terms of the function 7, defined in 1.106, the remaining components of the Weyl

tensor take the form given by Trim and Wainwright in [36]

Uy = ¢y’ (1.114)

Uy = ¢§p’ +Yip’ + Yop' (1.115)
1 1 1

Uy = Pip+ Z1p° + 5 2P + 5 Zsp” + < Zup' (1.116)

2 3 4



where p = —H% is the complex expansion and
Y9 m+iM
vy = —p°ol
Yi = 2p(0-3Lu) ¥y
Y, = —3Nuy
vy = pPoul
A 2(0—4L,,) (plbg)
Zy = 2(0—4L.) (pY1) + 4Ny
Z3 2(0 = 5L,y ) (pY2) + 6NY;
Zy 8NY,
N 2ip (0 — 3L,, ) X.
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(1.117)
(1.118)
(1.119)
(1.120)
(1.121)
(1.122)
(1.123)
(1.124)
(1.125)

(1.126)

The degree of algebraic specialty of these solutions depends on the degree of nullity

of these components (which can be seen from 1.4). For example a solution of type (3,1)

is one that has m +iM = 0 and 0I # 0.

Also remark that ¢ = 0 (algebraic type (3,1) or more degenerate) implies that

Y1 =Yy =73 =7y =0 and if ¢ = ¢ = 0 (algebraic type (4) or flat) the only nonzero

coefficient is 9.



CHAPTER 2

CLASSIFICATION OF GRAVITATIONAL FIELDS BY MEANS OF INVARIANTS

This chapter describes a classification of algebraically special gravitational fields by means
of algebraic and differential invariants. The only two algebraic invariants of the Weyl
tensor are given in Section 1.1; they achieve only a partial characterization of algebraically
special Weyl tensor. To obtain a complete one, one has to turn to differential invariants.

This is done systematically in Section 1.2.

It is worth remarking that we are considering only expanding space-times (p # 0
where p is the complex expansion). This approach makes sense since it has been shown
in [1] and [19] that the differential invariants of any order vanish for type III and type N

space-times with zero expansion.

The importance of these invariants exceeds the classification purpose: they also
provide a measure of the amplitude of the gravitational field. And for the (2,1,1) case,
the null tensor A defined below provides a measure of the deviation of the solution from

a (2,2) one.
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2.1 Algebraic Invariants

There are only two algebraic invariants that one can form from the self dual Weyl tensor,

namely
1
I= fcabcdmabcd, (2.1)
1
J = g+ wped Oy TCT, (2.2)

Higher order combinations of *C' will linearly depend on I and J. This is best seen in

terms of the 3x3 symmetric complex matrix () associated with the Weyl tensor as follows.

It has long been known (see for example Synge’s ” Special relativity” [32]) that for

any given vector t, and any bivector Fy;, one can define
E, = Fyt (2.3)
B, = F;t (2.4)
with the obvious conclusions that E,t* = 0 and B,t* = 0 and the not so obvious one
that

trt" Fop = 2E oty — 2° (Baty)) - (2.5)

The converse is also true: given E, B and t satisfying E,t* = 0 and B,t* = 0 one can
define the bivector F' by equation 2.5. Hence, modulo the vector ¢, one has a 1 to 2
correspondence between the space of bivectors and the 3-dimensional space of vectors

orthogonal to t.

Next, consider £ to be a unit time-like vector and suppose F' is self-dual i.e.
F = *F (note that F has to be complex in this case). But this implies that F* = —iF

hence

E, =iB, (2.6)
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which implies further that the 1 to 2 correspondence mentioned earlier becomes a one-to-
one correspondence. So, modulo ¢, we have achieved an isomorphism between self-dual
bivector space (TA?) and 3-dimensional complex vector space (V). This implies that the

spaces of homomorphisms of the two are also isomorphic
hom(*A?) ~ hom (V). (2.7)

Remark that an element of hom(TA?) is a four-index tensor which is antisymmetric and
self-dual on the pair of indices (ab) and (cd); the explicit isomorphism can be written in

terms of
Eqe = Fapequu (2.8)
as
— Fuped = Qo Byatic) + JaieEap — GoieEda + iapesuuie By’ + icegeruup By’ (2.9)

(more details about this isomorphism can be found in [2]). Let () be the matrix associated
with the self-dual part of the Weyl tensor via this isomorphism. It is easy to see that
the matrix ) is symmetric (Qq = Qpa) and trace-free (Q,* = 0) hence it has 5 complex

independent components.

We have
2 1y +red
Q = 5 abed ' C ef (210)
1
Q3 — Z-i— ade+CCdef+Oefgh, (211)
and so on, which implies
trace@Q = TCp® =0 (2.12)
1
traceQ? = Z+C'abcd+0‘lb0d =1 (2.13)

1
traceQ® = §+ wbed C% oy 7O (2.14)
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The characteristic polynomial of @ is (see [16])
p=62>—3Ix—2J (2.15)

and from Hamilton-Cayley theorem we have p(Q)) = 0 which doesn’t allow independent

higher powers of Q).

Next, let 1, 9 and x3 be the eigenvalues of the matrix (). Relations 2.12, 2.13

and 2.14 translate into

.Z‘1+.'L‘2+.Z'3 =0
i+ as+a; = 1 (2.16)
o+ +al =

Cubing the first relation and subtracting three times the product of the first two we find
J = 3.1'1.’172.1‘3 (217)

which means the scalar J is proportional to the determinant of the matrix @); using this

last relation along with the cube of the second one in 2.16 we find
13 — 6J2 =2 (.1'1 — .1'2)2 (.’172 — .1'3)2 (.’173 — .’171)2 (218)

which implies that two or more of the eigenvalues of the matrix ) coincide if and only
if I* = 6J2%. The coincidence of these eigenvalues is in close relation with the algebraic
types of the Weyl tensor (more details can be found in [16]): we can distinct three classes

of solutions
- I3 # 6.J? containing solutions of type (1,1,1,1);
- I3 = 6J% # 0 containing solutions of type (2,1,1) and (2,2);

- I = J = 0 containing solutions of type (3,1), (4) and (-) or flat.
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This is the best classification one can get using algebraic invariants alone. To
distinct between different types that fall under the same class, one has to use differential

invariants.

2.2 Differential Invariants

To complete the classification we need one differential invariant to distinct type (3,1)
from more degenerate ones, another one to distinct type (4) from flat space-times and
yet another one to distinct type (2,1,1) from (2,2). This will be done in the following
subsections. It is interesting to remark that these distinctions can all be expressed in
terms of null, or type (4), tensors and therefore they can be expressed in terms of type

(4) invariant
abcd T rsgmefghit
Jp = Fabcd;rsF ’ d;tuFefgh; Fe o (219)

where F' is a null 4-tensor. Remark that Jp is the invariant J in [14]. We are particularly

interested in J4, Jp and J+c where
Aabcd - IBabcd - J+Oabcd (220)
1 1
B®,, = §+O“bm+C”Cd — gmgg (2.21)
where T0gpeq = % (Gad9ve — Gacbd — Mabed) » N being the Levi-Civita tensor.

Although all the quantities defined above are independent of any coordinate sys-
tem, it is easier to understand their role if we look at them from the point of view of an

adapted null tetrad as defined in Chapter 1.
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2.2.1 (3,1) case

A type III, self-dual Weyl tensor can be written as (see 1.54)
T Cuped = V3 (Nap Mg + MapNeg) + ViNgyNeg.- (2.22)
Making use of the products NyyN® = 0, My, M = —4 and the fact that I = 0 we get
1 2
Baped = ~3 (2U3)” Ny Neg. (2.23)
To calculate Jg we first remark that
1

Babcd;rsBade;tu = 5 (2\113)4 (Nab;rNab;thd;sNCd;u + Nab;rNab;uch;sNCd;t) (224)

Then, since N, N, = —40,0,, we find

Bapedrs B, = (495)' ©,0,0,0, (2.25)

hence
Jp = 405 (0,08")". (2.26)
However, ©,0 = —pp,where p is the complex expansion of the principal null direction,

so the final expression for Jp is

Jp = |4Tsp|° . (2.27)

Remark that Jg # 0 < V3 # 0 <= (3,1). If Jg = 0 the Weyl tensor degenerates into a

(4) or a (-) type.
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2.2.2 (4) case

A type N, self dual Weyl tensor is
TCabed = V4Nap Neg. (2.28)
Remark that, as before, we are dealing with a null tensor. Consequently we find
“Copeasrs O = 207 (Natr Nt Noass N + Nar N Neais N ) (2.29)
hence
TCpedrs T C = (804)° ©,0,0,0, (2.30)
which implies
Jec = 804" (0,8")" (2.31)
or
Jec = |80sp?|" (2.32)

where p, as before, is the complex expansion of the principal null direction. Obviously,

Jic #0 <= U, # 0 < at least type (4). If J+c =0 we have flat space-time.

2.2.3 (2,1,1) case

A type (2,1,1) Weyl tensor can be written as

+Ctabcd - \112 (Nachd + Lachd + Machd) +

U3 (NopMeg + MapNea) + Wi NopNeg. (2.33)



Again, making use of the various products between bivectors, one calculates

+C’abrs+cﬂ15cd - Q\IJ% (Nachd + Lachd - 2Machd)
_2\112\113 (Nachd + Machd)

+4 (U0 — U3) NoyNeg

which, along with

#6% = NusLea + LasNea = 5 Mo Mo,
and
I =6V;
implies
Bayea = —V5 (NapLeg + LapNeg + MapMeq)

_\112\113 (Nachd + Machd)

+2 (W Wy — ¥3) NopNea.
This last expression and the fact that J = —6W3 implies that

Agpea = 6U2(3Wo Wy — 2W3) Ny Ny
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(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

This null tensor A can be viewed as a measures of deviation of a (2,1,1) solution from a

(2,2) one. It is easy to see now that

Ja = 603300, — 202) %"

(2.39)

We can simplify this expression by performing a complex transformation on N, M and

L bivectors which preserves all the algebraic properties of the space-time. The three
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bivectors are fixed up to

L — L+ puM + y?N

M — M +2uN (2.40)
N —N
where g is an arbitrary complex parameter; and if we choose p = —;’73{2 the coefficient of

NM + MN in the expression of TCy.q vanishes. So without any loss of generality we

can take W3 = 0 in 2.33, 2.38 and 2.39 above. The simplified expression of .J, is
Ja = 183w, %" (2.41)

it is then easily seen that J4 # 0 <= ¥, # 0 <= type (2,1,1). If J4 = 0 we have a

(2,2) space-time.

2.3  Conclusion

For space-times admitting an expanding congruence we have achieved the following clas-

sification:
-BA£6J2,T#0,J#0:(1,1,1,1);
S =6J2#£0,J4#0: (2,1,1);
P =6J2#£0,J1=0:(2,2);
-I=J=0,J#0:(3,1);
-1=J=0,J5=0, Jec #0: (4);

—]:J:O,JBZO,J+CZOI(—).



CHAPTER 3

TYPE III SPACE-TIMES: INVARIANTS AND REGULARITY

The local properties of the gravitational field can be described by the curvature tensor
and its covariant derivatives to different orders. These properties will show up in scalars
formed from them by contracting their tensor products. In particular, the appearance
of singularities in such scalars is an indication of a local singularity in the field. The
converse is not true: the mere absence of singularities in these scalars is no proof of
regularity of the field. For example the C-metric describes a space-time which is singular

although all the known invariants are regular.

This chapter focuses on type III space-times from the point of view of invariants.
One invariant was already given in Chapter 2 where it was used to classify algebraically
special gravitational fields. However, this invariant is neither the simplest nor the only
one that it exists. In Section 2 we show the construction of an invariant of order one
(i.e. using only first order derivatives of the Weyl tensor) and its expressions for the
known solutions available. It will immediately be apparent that they contain singularities.
Section 3 discusses another invariant of order 2, some comments being made about the

expression of it for a Robinson-Trautman type III solution.

3.1 An invariant of the first order

Let ng, lq, mq, Ty be a null tetrad, as described in Chapter 1, and N, M, L the self-

dual bivectors defined from it. The self-dual part of a type III Weyl tensor has then the
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following expression

T Cuped = V3 (NapMeq + My Neg) + VaNopNeg. (3.1)

All scalars formed using undifferentiated *C' alone will vanish. To obtain a nonzero

quantity we have to use the first covariant derivative

+Oabcd;s - Nachd (\114,3 + 4\II3XS + 2\II4U5)
(Nachd + Machd) (\113,5 + \II3U5 + \11463) (32)
+ 2Us My M q©O

+ 2\113 (Nachd + Lachd) 65

where we used relations 1.31 and 1.32 for first order derivatives of the fundamental

bivectors N and M.

Using the fact that N, L% = 2, M,,M® = —4 and that all other products of this
sort are zero, we find that the contraction of this first derivative and the undifferentiated
+C will vanish. Next, try contracting TCypeq.s by TC%?,: because of the M,,M,.; and

NapLeg + Loy Neg terms this will be a nonzero quantity. We find
FClupedss TC, = 6 (473)% ©,0,. (3.3)
Contracting next by its complex conjugate we find
Jy = 6% |40,]* (0,8°)". (3.4)
Next recall that

O, = —Tn. — Kl + pm. + om, (3.5)
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where 7, k, p, o are four of the twelve complex Newman-Penrose spin coefficients. Then,

in general,
0,0 =78 + 7k — (pp + 07) . (3.6)

However, n is geodesic and shear-free, which implies that K = 0 and ¢ = 0 which

transforms the last relation into
0,8 = —pp = —|pl’. (3.7)
The invariant .J; takes then the form
Ji = 62 |4pUs[* . (3.8)

Remark that, for expanding space-times, this invariant might as well be used instead of

J 4 to distinct algebraic type (3,1) of the Weyl tensor from more degenerate ones.

3.1.1 Robinson-Trautman type III spaces

Robinson-Trautman spaces were described in Chapter 1 section 1.5 as being those con-
structed around a geodesic and shear-free, non-twisting but expanding null congruence.
From the expression 1.90 of the self dual Weyl tensor, one can see that a necessary and
sufficient condition for these spaces to be of type III (or more degenerate) is m = 0.
All the other quantities involved in the definition of the space-time depend then on the

function p alone.

The only known type III spaces of this sort are given by p = (F —1—7)3/2 |F<|71

where F' = F((,u) is an arbitrary analytic function. Recall that

Ip
U, = - K 3.9
3= 5l (3.9)
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where K = 2(pp<z — pgpz). Plugging in the expression for p one finds
K=-3(F+F) (3.10)

hence

1/2
3 —3/2 [ F¢

Uy =—=p*(F+F = . 3.11

3 2P ( ) ( Fz) ( )
The calculation of the invariant .J; is now easy. We find

Ji=[6(F+F)p*". (3.12)

Using Liouville’s theorem one sees that the function F' cannot be bounded, hence, at

least at some point, the invariant will blow up.

3.1.2 Twisting type III spaces

The only known type III space-times built around a twisting, geodesic and shear free
null congruence are those obtained from ”twisted up” Robinson Trautman solutions as
described in [25] or [8]. Since there is only one class of such Robinson-Trautman solution
we have one corresponding twisting solution given by p = (¢ +()*?, L,, = 0. In this case

we have (see [8])
Uy = —p’p?0l (3.13)

where I = 001np+ (5 In p)2 . Since p doesn’t depend on u, the expression for I simplifies

to become [ = p% which implies
Vs = —p*p (ppee; — Peeic) - (3.14)
Substituting p = (¢ + ¢)*/? in this last expression we find

Wy = (0 (3.15)
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hence the invariant .J; is

1=+ 10 . (3.16)

The resemblance between formulae 3.12 and 3.16 is not random. It appears as a conse-
quence of the way the twisted solution is derived from the Robinson-Trautman one. As

before, we can make the immediate remark that .J; is singular.

3.2 An invariant of the second order

This chapter doesn’t investigate systematically invariants for type III space-times. Be-
sides the invariant of order one presented in the previous section,we suspect there is a
large number of invariants of order two already. Invariants of higher order become too
complicated to be useful. However, in this section we present another invariant of order
two and calculate its expression for the simple case of a Robinson-Trautman solution.
Why bother with this new one when we have already shown the singularity of these

solutions? For the simple reason that it gives a different type of information about them.

We work in the same null tetrad in which the Weyl tensor is given by
T Cubed = V3 (NapMeg + Moy Neg) + Uy Ny Neg. (3.17)
Using, as before, relations 1.31, 1.32 and 1.33 we find

+Oabcd;s = achd (\114,5 + 4\II3XS + 2\II4U5)
+ (Nachd + Machd) (\113,5 + WU, + \11495) (318)
+ 2Ws My M .4O

+ 2\113 (Nachd + Lachd) 65
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and

TCueasst = NavNea[Varst +4 (V3X,) oo +2 (VU)o +2U; (Vg5 + 43X, +204U,)  (3.19)
+4X, (Vs + U3U,s + 0,0,)]
+ (NapMeq + MapNea) [(Vss + UsUs + ‘1’495);,5 + 0y (Uy s + 4V X, + 20, U5)
+Up (U35 + U3U, + U,40,) + 3X, (20;30,)]
+MopMeq (2‘11395);t + 20, (U3, + V35U, + ¥40,)

+ (Machd + Lachd) 3@15 (2\11395) .
Let D,s be defined by
D, =" Cabcd;r+cab0d;st- (320)

Substituting the expressions for *Cgpeg;s and T Copeg;sr we find

Drst = _96\113®s®t (\113;7" +\II3UT‘ + \11467“) (321)

+ 96,0, [(%@s);t + 0, (Us,, +03U, + 2\11495)] .
Next calculate

D[rs}t = —192V; (\113;[7" 65] + \II3U[T®S}) O (322)

+ 96W30,0,);.

and recall that for type (3,1) space-times we have U, O, = O, (see section 1.4.1) which

eliminates the vector U completely from the expression of Dj,.g.

We obtain

Dy = —19295 (¥30y,) ) O + I6T5O Oy (3.23)
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To get an invariant one has to contract the expression for Dy, by its complex conjugated

[rs]t

Jy = DjpuD (3.24)

The general expression for Js is not a nice one. However .J; can be computed for simple

space-time; we carry on this calculation in the next section.

3.2.1 Robinson-Trautman type III spaces

The calculation of the invariant .J, for Robinson-Trautman solutions was done with the
help of GRTensor run under MAPLE V Release 4 on a Windows machine. The output
is included at the end of this thesis as Appendix. The approach was to calculate the
invariant in terms of a general W3 coefficient then to plug in the expression 1.92 for it
and get the final result by hand calculations. All calculations were performed in real

coordinates.
Robinson-Trautman in real coordinates is obtained via

(=—7(E+in), (3.25)

2

Sl

so that the new coordinates are r, o, &, n. We will start with the case p = p(£), since the

calculations are easier to follow ; the general one p = p (&,1,0) will follow.

Case p=p(§)

The invariant J; depends only on the real quantity W3 and it is found, using GRTensor
(see Appendix), to be

4608
Jo = 7‘113 [U2ppee + (Uape)® + 2 (pTa,e )* — dppe T3 Tae | - (3.26)

Substituting

Uy = —— K, (3.27)
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and using the field equation K¢ = 0 we find
Pt
o = T2 7 KK (3.28)

Remark that this invariant can be written in terms of invariants obtained in [22] as

I\’ K
where [ = %f—;Kg. This will no longer be true for the general p = p(&,n, o) case.

Case p=p(&,1n,0)

In this case W3 is the complex function
Uy = —== (K¢ —iK,). (3.30)

The expression for .Jy, found in Appendix using GRTensor , is

4608
2 2 - - —
— 2ppe | Vs|* e —2ppy [Ws]” ,y —2ip* (¥, V3,6 —Ps,e Us,y )

— 2ippe (V3Vs,, —U3,, U3) — 2ipp, (U, U3 — U336 )] (3.31)

9216 — _
5 [l [P (Wag Wy + W3 ) =20 ]

J

Usl* [|Ws]* p (pec + pon) + [¥s]” (02 +p}) +2p° (| W3¢ + 5., [7)

which is obviously a real expression which reduces to the previous one if we restrict p to
p = p(§). Substituting ¥ from 3.30 into it is a tedious but straightforward calculation.
We find

(24)2174 2 o |1 2 2 2
Jo = rl4 (K£ + Kn) g (K§ + Kn) K+p (Kén B K&K?m) (3-32)
9 pt

2
+ 3 (K2 + K27 .

Unlike the other known invariants, this one contains a o derivative of KZ + K?. This

means it offers a different type of information about the space-time which it describes.
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In fact, one can conclude that while J; and Jg depend only on the geometry of each
individual light cone, the invariant .J; also depends on the rate of change of the geometry

from one light cone to another.



CHAPTER 4

LINEAR APPROXIMATION

This chapter is concerned with the existence of type III approximate solutions which
are bounded and asymptotically flat in the linear approximation. The method we use is

different from the classical one.

Any real solution of a Lorentz invariant theory can be transformed, via a complex
Lorentz transformation, into a complex solution. When dealing with linear solutions such
as the results of a linear approximation to a gravitational field, the real and imaginary
parts are, in principle, new solutions of the theory [35], [32]. When the additional require-
ment of preserving the algebraic type of the original electromagnetic field or gravitational
field is considered, a complex Lorentz transformation is insufficient. Recall that the alge-
braic type of the Weyl tensor is a property of the self-dual and anti-self-dual parts taken
separately. Algebraic integrity is maintained between the real and complex solutions if
one proceeds by performing a complex Lorentz transformation on the self-dual solution
and then adding its complex conjugate to obtain the real part. This keeps the algebraic
structure of the Weyl tensor and in particular any null bivectors which are coincident
remain coincident. At this point note that with the self dual and anti-self-dual solutions
defining the principal null congruence, the geometry of the principal null congruence has

not been preserved.

It is known that a linear approximation to self-dual Robinson-Trautman solutions

can produce solutions with twisting rays. However, this method has its limitations.
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First, one cannot get the most general solution by this means simply because the twisting
congruence obtained via the complex transformation is not the most general one. Second,
the resulting solutions may not be in a surveyable form which makes impossible the

comparison with the known ones.

In any case, we carry out this procedure explicitly to obtain the most general
solution built around what might be described as a generalized Kerr congruence. In
addition, this solution is studied by means of an invariant constructed by saturating its
first order Bel-Robinson tensor with a time-like vector field which is constant with respect

to the zeroth order.

4.1 Self-dual Robinson-Trautman spaces

We can complexify the Robinson-Trautman metric, in a purely formal way, by taking
the coordinates p, o, C, Eto be independent complex variables and the defining functions
m(c) and p(a, ¢, C) to be complex. We are looking for restrictions on the metric functions

such that the Weyl tensor becomes self-dual (this means that its anti-self-dual part will

be zero). The first obvious condition is
m=0 (4.1)

since the function m comes up in both self-dual and anti-self-dual parts. The remaining

components of the Weyl tensor can be written in terms of the complex function
J =0 (4.2)
p

as

3
P 1
+Ck;lmn - ?JZ(Mklen + Nklen) + ? |:pp2JU - (p4JZ)<:| Nklen- (43)
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The conditions for self-duality are now

!74 =0 and (4.4)
Jo=0 (4.5)
J = J() (4.6)

This last condition may be strengthen, via a coordinate transformation (see [24]), to
J=0 (4.7)
so that

p=A(0,¢) +(B(0,). (4.8)

where A and B are arbitrary functions of ( and o. The line element is then given by

2 Po 2 202 ~
ds® =2dpdo + | K — 2p— ) do” — —QdCdC (4.9)
p p
K =2(AB. — A(B), p=A+(B (4.10)
The Weyl tensor is
1
Cklmn — 2L;2K§(Mklen + Nklen) - 2—p2(p2KC)CNklen (411)
p2 1
+ ?(p Pcc)o NetNon
where
_p
N = =do NdC(, (4.12)
p

2
M =do Adp—Zd¢ ndC. (4.13)
p



4.2 Change of coordinates
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It is worth remarking that, at least in a special case, one can put this line element into the

standard form for one with twisting rays. The special case is defined by p = A(C) +gB(§).

The transformation

p=r—12

(=2

Z:r—i-?az‘
r—1a

where 3 = aw and P = A(z) + zZB(z) transforms the metric 4.9 into

ds”? =2 \v — 2up
where
A =do+2Ldz
=P (r—iY)dz,
n= P (r+i%)dz,
v=dr+i(3,dz —Xzdz) + %K)\.
and L = %"5.

In the new coordinates, the bivectors N and M are given by

r—a
Ny = iEN’I”’
2PKL
My = My, > Ni,
where
N =XAp

(4.14)

(4.15)

(4.16)
(4.17)
(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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Making this transformation on the flat space line element

dos? = 2dpdo + 2kdo* — QP—’fdng (4.24)

p=1+ kCC, (4.25)

writing Z for 2 and putting o = u — ia? with ]03 =14 kzZ we get
2(r? +32)

P2
0

ds? = 2A\(dr + iS,dz — iS5dZ + kA) — dzdz (4.26)

where A\ = du + ia]OD_Z(Zdz — 2dz) and ¥ = aﬁzg, a being a real parameter.

4.3 Linear Approximation
We now examine perturbations of the line element 4.9 by writing
p=p+ep (4.27)
0 1
and working to an accuracy of the first order in ¢. It is convenient to take

119 =o¢ + B¢+ kZ(COég — 2a), (4.28)

where o = (0, () and = (0, () are arbitrary functions.

The Weyl is given by

%’klmn =0, (429)
1
lemn — ;%)(I)(Mklen + Nklen)
1/, 1 .
) p ¢ ¢ — —P \Ilp—|— @Gg Nklen (430)
pe \o Po 0

where & = BCC and ¥ = Qccto-

Next we transform to the coordinates u, r, z,Z, restrict ourselves to the space-

time in which u and r are real, z and Z are complex conjugates and we consider the line
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element ds? = 6%82 + 5d152 + 5d1§2. Then, using our transformation of bivectors and our

expression for C' in the linear approximation we get

Oklmn =& [X(Mklen + Nklen) + YNklen] + c.c. (431)
where
P
X = d 4.32
(r —ia)(r —i¥) ( )
P 2kZ(r + 1a) . :
Y =— &+ PO, —VP(r—12) —®, zZl. 4.33
(r—ia)? p— + (r—iX%) (r+ia)z (4.33)
The Bel-Robinson tensor can then be written as
1P ="TC O™
5 abed — 1 amnc 1 b d
= 4|0 [MNaAoAeva) + 3A@AoticTig)]
+ 4FZ)\(aAbAcﬁd) (4.34)
+ 4FA)\(a)\b)\c,U/d)
+ |AP AadoAcAd
where
r—1ia
r=X 4.35
r—i3’ ( )
2XPKL(r — ia) r—ia\’
A = Y . 4.36
(r —iX)? <r—i2> (4.36)

4.4 The generality of the solution obtained

We saw earlier that, with our choices of p and p given by 4.27 and 4.28, the first approx-
0 1

imation of the Weyl tensor is (see 4.30)

1
lemn — ;%)@(Mklen‘i‘Nklen)

1 1 .
B {; <10’2‘1’> ¢ b <‘Pg + %C)] NN (4.37)
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In this section we show that this is the most general self-dual type III Weyl tensor that
one can have for a Robinson-Trautman metric. To do that we take any linear combination

of two fundamental Weyl tensors and see what degree of freedom Bianchi identities allow.

The first of the two fundamental tensors (denoted by IIly,,) is obtained by

taking o = 0 and B¢ = 1 in the expression 4.37 above. We find

1 2
IIIIclmn - ?%(Mklen + Nklen) - ;%ﬂga( Nklen (438)

The second one (denoted by Nipy,) is obtained by taking ceccr = 1 and S = 0 in the

same expression 4.37. We have
L,

Any Weyl tensor of the type we are interested in can be written as a linear combination

of 111, and Ngjm, and can be written in terms of two arbitrary functions ® and T as
Cklmn - (I)I]Ik;lmn + TNk;lmn- (440)

The Bianchi identities for a self-dual Weyl tensor simplify to (a proof is included at the

end of the section)
" Crimn” = 0 (4.41)
and since 111, and Ny, already satisfy it, equation (4.41) reduces to
O I Tiimn + T,* Niggmn = 0 (4.42)
or

1 2 1
?]gq),k (M Ny + NigMipy ) + —?7313,4 o +E€2T,’“ NN, = 0. (4.43)
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Contracting by M™" and using that M,,, M™ = —4 and N,,, M™ = 0 we find ®* N;; =

0 which means
® = D(o,(). (4.44)
Using this last relation, equation (4.41) becomes
%CI),’“ My + ggT,’f Ny = 0. (4.45)

which reduces further to the following system of equations

P’Te = &, (4.46)
0
D = T, (4.47)
This is solved by
1 (P,

0

Equations (4.44) and (4.48) represent the highest degree of freedom that one can have for
a type III self-dual Weyl tensor for a Robinson-Trautman metric; and they give exactly
the coefficients of lemn from 4.37 which means we have obtained the most general type

IIT first order solution built around Kerr’s congruence.

Proof. The Bianchi’s Identities Rypjcq4,) = 0 can be written using the Hodge dual

as
Rrebed ;= 0. (4.49)
Using the fact that Ry, = 0 we find

crabed ;= (4.50)
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or
Foebed =0 (4.51)

since the left and the right duals for a Weyl tensor coincide. Taking the dual of this
last relation and remarking that the dual commutes with the covariant derivative we find

that
**Oabcd;d — _Oabcd;d =0. (452)
Equations (4.51) and (4.52) imply now that

toobed ;= 0. (4.53)

4.5 An auxiliary metric and the gravitational density

To study the gravitational field one can look at the differential invariants obtained from
the Weyl tensor. However, as we pointed out early in the text, this method is not
very practical in showing regularity of space-time; and, if there exist another method of
evaluating the gravitational field, the other method should be preferred. In this particular
case, the preferred method is the evaluation of the sum of the squares of the Weyl tensor

using a positive definite auxiliary metric.

Let
Yab = Qtatb — trtrgab (454)
where ¢ is a timelike (unit) vector. We have (see [27])

+Cabcd7 Crstu’}/ar’)/bs '}/Ct'}/du _ (tr tr ) 2 Pabcdtatbtctd ] (4 55)
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This expression usually depends on ¢t and is of no interest, but in the linear approximation
we can take ¢ to be constant with respect to the background (Kerr metric in this case).
The easiest way to find such a vector field is to go to Cartesian coordinates. This is

accomplished by the transformation given by Robinson et al. (see [24])

rzz

= Ut 4.
U=u+ Iz (4.56)
V= % + ku (4.57)
Z=" ;‘”z (4.58)

where the capital letters represent the Minkowski coordinates. Any constant timelike one

form, i.e.
COdU + CldV + CQdZ + Egdz (459)

¢; = const.(i = 1,2,3) such that coc; — e2C > 0, represents a constant timelike one-form

in Kerr coordinates.

4.6 Discussion

(a) For k = 0 a constant tetrad is

v=v (4.60)
=+ zv (4.61)
X =\+7Zu+ 20 + 2zv. (4.62)

A convenient timelike one form is 7 = A + v; let t be the vector field associated with it.

We have

1
§Pabcdt“tbtctd = {4|T + 42T — (1 + 22) A"} (1 + 22)?, (4.63)
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and
®
[= ——, (4.64)
(r —ia)
A — Y|k;:0
1
= N (D, — VU(r —ia) — P, (r +ia)Z]. (4.65)
One can get nonsingular and asymptotically flat solutions by setting & = ﬁ with
n>1and ¥ =_—- with m > 1.

(o)™

(b) If £ > 0, a constant timelike one form is 7 = kA 4+ v. We have

1
5 Pabeat 814" = 4k [P + A (4.66)
For a = 0 we have
P
= ﬁtb, (4.67)
A= Y|a:0
P — —
=—-= 2kz® + PP, — UV Pr — ®,1Z] (4.68)
r

The situation is similar to the null case, directional singularities being unavoidable.



CHAPTER 5

SECOND APPROXIMATION

In the previous chapter we have obtained pure radiation approximate solutions which
are regular in the linear approximation. We want to extend this search to the second
order. However, the method applied there cannot be continued because, in the second
order, the theory cannot be treated as a Lorentz invariant one. Anything beyond linear
approximation has to be done the classical way, i.e. by putting approximations for the
main functions p and L into the line element of the general type III space-time. However
the previous calculations are very useful in finding If ; rather then starting over and
solving the field equations for the first approximation, we use the solutions we already

found and continue those to the second order. For simplicity, we work in the p = 1 gauge.

The solution obtained here is a partial one; that is to say we don’t have an
expression for % but for its first derivative with respect to the zeroth approximation Q%
There is still some useful information that one can extract from it. We show that the
invariant of first order that we obtained earlier is regular for these solutions by showing

the regularity of \gg. We also calculate and show regularity for \%14.

The search for singularities is limited; the expression for the second order invariant
that we have cannot be calculated without the calculation of the full tetrad which we do

not have.

48
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5.1 Preliminaries

We write down power series for the main functions p and L of the metric in terms of a

dimensionless small parameter ¢ as follows

p = prept+eip+ ... (5.1)
0 1 2
L = %—1-8[114-62%4-.... . (5.2)

Obviously we can write such expressions for all functions of the space-times defined in
Section 1.6. It is particularly interesting what happens with the 0 operator defined in

the same section. It can be written as

0=0+ed+e*0+ .. (5.3)
0 1 2
where
0 = 09— Lo, (5.4)
0 = —Lo, Vi>1. (5.5)

For the zeroth approximation we take as before

L =i (5.6)
p = 1+ kCC (5.7)

initially. However the solutions found in Chapter 4 are regular for £ = 0 hence, for

continuation, we are going to put p = 1 (and also use p = 1 gauge which will imply p =0
0 i

for any i > 1) later on.

For later convenience it is useful to know zeroth order derivatives of 0 = u — i(( :

0o = —2iC (5.8)

do = 0. (5.9)
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5.2 First order approximation

The most general Weyl tensor associated with the linear approximation of a type III

solution built around Kerr’s congruence was previously shown to be

1

lemn - ?g(l)aa(Mklen‘i‘Nklen)
kC 1
— —2p—§<1>m, + =Y | NetNom (5.10)
op 0 P

where ®,, = ®,,(0,() and T = —%@Cw—l—@%quﬁgw, ¥ = ¥((,0). From the expression
0

1.54 of a general self-dual Weyl tensor we see that

1
Uy = —pd,,, 5.11
) p223 (5:11)
1[(D,,, 1
\Ij4 — C —+ \Ija'a'a' + O <—2> . (512)
1 p p p

0
Comparing these with the first approximation to the general expressions 1.115 and 1.116

for U3 and ¥, one finds the following equations for {

oI = p *®,, (5.13)
01 0
I _(I)zrmr
T = ooy, (5.14)
L p
0

Integrating the second expression twice with respect to o and checking with the first one,

one finds

+0,,. (5.15)

Putting approximations to the first order in the definition of I found in [8]

[=9@mp—-T,)+ @hp-T,)° (5.16)
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one finds
I = (p_28p> " (5.17)
0 0
L = 0y—pp? (5.18)
1 0 0

where Inp =1Inp +v,, .
0

The last two expressions and 5.15 are greatly simplified in the p = 1 gauge which

is going to be used from now on. They become

= 9L, (5.19)

i ]

= (Dyy + Vo (5.20)
For the special case ® = ®(o) and ¥ = U(o) we can integrate the last equation and find

L= &+ =V (5.21)

Next we remark that these solutions can be written as superpositions of solutions
with & £ 0, ¥ = 0 and solutions with ® = 0, ¥ # 0. The former are solutions of type
N and it has been shown elsewhere (see [11]) that they can be regularly continued to

the second order of approximation. Therefore, we are going to investigate only solutions

with ® #£ 0, ¥ = 0.

Recall now that this first order approximation was shown in Chapter 4 to be

regular for a function & = (Ufiz.)n with n > 1 for example!. Hence a quite general type

IIT solution regular to the first order is given by

= g
L = z(+m, n>1 (5.22)

p = L (5.23)

In > 0 is enough for the regularity of the first approximation but not for the second one.
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5.3 Second order approximation

To calculate % we use the real field equation
(000L) ,,= — (OL) ,, (OL) ,u - (5.24)
To the second order this gives

(aaﬁ + 000L + OIL + aaa_L) = — (zg_g,u ) (%u ) (5.25)

0002 0101 1001 0011

which, although complicated, is a linear equation in % However, we were not able to

integrate it completely in order to obtain its exact solution.

We are going to investigate the coefficients of the Weyl tensor for regularity. A
singularity in any of them would show up as a singularity in a differential invariant, hence
a singularity of the space-time. However, the regularity of both of them means only a

good choice of the coordinate system.

5.3.1 Regularity of U3

We need to calculate U3 to the second order or, since

1
P ——261, (5.26)
P
01 to the second order. We have
0l =0l +01 (5.27)
2 11 02

and while ?{ is obviously regular from the expression of { , the same is not true for Qg .

Remark that

0l = —00L,, (5.28)
02
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expression which is fairly easy to calculate from 5.25. We have

A (n+1)(n+2) 4in*(n + 1) 4in (n+1) (n+2)
900L,, = 2n42 — | N2 242 — N 12n — | 3 (5.29)
0002 lo — i (T +1) lo — 1| (@ +1) lo—i|™ (7 + 1)
which can be integrated to
— 2in(n+1)(n+2) nn+1)(n+2)1 1
agoL,, = - S = = -5 ———  (5-30)
002 lo —i|™ (T +1) (n—1) Clo—1i| (T +1)

_ 2n(n+1) = _
=il Ly TAO?

At first look this expression seems singular because of the % factor. However, the function

of integration A may be chosen so that the singularity is removed (for example take

— 2n+11 1
A= )

The remaining field equation
ImdIOL = 0 (5.31)

does not impose any condition on the integration function A. As a matter a fact, to the

second order, we have

N AR (n+1)?
(099T) .. = I

(5.32)

The expression in the right side is a real continuous function with respect to u, ¢, ¢ hence

integrable; the field equation then says that the integration function is real.

An immediate conclusion of the regularity of W3 to the second order is that the

first order invariant J; described in section 3.1 and given by
Ji = 62 [4pWs)* (5.33)

is also regular to the second order.
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5.3.2 Regularity of ¥,

The expression of ¥, for a type III space-time was shown in [36] to be

U, =Yip+ Z1p* + %ngQ (5.34)
where

Zy = 2(0—4L,) (V%) (5.35)

Zy = 4Nty (5.36)

and N =2i (0 —3L,,) (0L — OL).
To the second order, they have the following expressions

Zy = 2<8w§+8w§—4L,m§> (5.37)
09 Ly [

2

Zy = 0 (5.38)
2
and the regularity follows from the expressions for ¥3 and V3.
1 2

The regularity of ¥, depends then only on the regularity of 0,1 to the second

order or, since

T=L2+LL,u,—0L,,, (5.39)
2 1 T 7] 02

on the regularity of Q%,uu. To calculate this last expression, we integrate 5.30 and find

_n(n+1)(n+2) 1

oL, - ¢

a5 n—1 Clo—i™ 2@+ (5.40)
in(n+1) 1 1

n—1 Z2 |O' _ i|2n72 (E I Z,)g (5.41)

+A((,7)¢ + B((, 7). (5.42)

Remark that since ‘%‘ = 1, both the first and the third terms are regular while the

function B can be chosen to make the second one regular (for example take B((,7) =

Jin) 11
n—1 ¢2 (g+i)> T/
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