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Summary. A theory is developed to explain all positional voting outcomes that
can result from a single but arbitrarily chosen profile. This includes all outcomes,
paradoxes, and disagreements among positional procedure outcomes as well as
all discrepancies in rankings as candidates are dropped or added. The theory
explains why each outcome occurs while identifying all illustrating profiles. It
is shown how to use this approach to derive properties of methods based on
pairwise and positional voting outcomes. Pairwise voting is addressed in the
preceding companion paper [15]; the theory for positional methods is developed
here.
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1 Introduction

This paper continues the development of an approach which characterizes, ex-
plains, and illustrates all positional and pairwise voting outcomes generated by
a single but arbitrarily chosen profile. To recall, positional procedures assign
points to alternatives according to how a voter positions them on the ballot. Fa-
miliar choices are the plurality vote where a single point is assigned to a voter’s
top-ranked candidate and zero to all others, and the Borda Count (BC) where
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n − 1, n − 2, . . . , n − n = 0 points are assigned, respectively, to a voter’s first,
second,. . . , nth ranked candidate. The candidates are ranked according to the
sum of assigned points. A “pairwise vote” is a majority vote election of two can-
didates. The preceding paper(Saari [15]) describes the importance and difficulties
of this project.

Recall; instead of the traditional axiomatic method, the approach introduced
here develops a “coordinate system” for profile space. Profiles from a specified
direction – and only these profiles – affect particular classes of procedures. Thus
this “profile coordinate system” significantly simplifies the analysis of voting
procedures to something resembling elementary vector analysis. The companion
paper (Saari [15]) describes the profile coordinate directions for pairwise out-
comes and “kernel” profiles (i.e., profiles with no effect upon any pairwise or
positional method; see Section 4.1). It remains to characterize the profile direc-
tions causing all positional election difficulties over all subsets of candidates; this
is done here.

With this full profile coordinate system, we can, for instance, determine,
explain and illustrate all changes in positional outcomes caused by adding or
dropping candidates. To illustrate how bad the situation can be, consider the
subsets of candidates{c1, c2, . . . , cn}, {c1, c2, . . . , cn−1}, . . . , {c1, c2} obtained
by dropping a candidate at each stage. Choose a ranking for each subset; select
them randomly or to deliberately create a particularly perverse example. For each
set, choose a positional procedure – they can agree (e.g., use the plurality vote
with each set), or change with the set. With the specified information, a profile
exists so that the assigned procedure’s election outcome for each subset is the
chosen ranking (Saari [8]). Thus, for instance, there is a ten-candidate profile
with the plurality rankingc2 � c3 � c4 � · · · � c10 � c1 even though the same
profile’s plurality rankings of the other eight subsets agree withc1 � c2 � c3 �
· · · � c9. Eight election rankings supportc1 as the candidate of choice, but, by
admitting what appears to be an “essentially irrelevant candidate”c10, c1 falls to
the bottom. The combined results of this paper and [15] allow all such examples
to be described, illustrated with profiles, and explained.

In another direction, we now can describe, explain, and illustrate all paradoxes
where a profile’s election rankings radically change with the method. This is a
serious issue because, as proved in (Saari [11]), a ten-candidate profile exists (and
I indicate in Section 5.5 how to construct one) which generates millions upon
millions of different election outcomes with different positional methods. Each
alternative “wins” with certain procedures, but is bottom-ranked with others.

So, by using this approach, one way to analyze these types of issues (which
reflect central concerns of choice theory) is to determine the components of a
specified profile; these components identify all associated paradoxical or positive
behavior. Conversely, to create a profile with particularly perverse outcomes,
just add the appropriate profile components which cause the outcomes of certain
procedures to deviate as wildly as desired from the outcomes of other procedures.
Examples are provided to help develop intuition and understanding.
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1.1 Explanations

The decomposition relies upon theBasic profiles(Section 4.2) where all positional
procedures and pairwise votesshare the same election ranking and even the same
(normalized) election tallyfor all subsets of candidates. No conflict of any kind –
caused by dropping candidates or using different methods – occurs on the Basic
portion. Consequently, all voting difficulties are caused by profiles which are
orthogonal to the space of Basic profiles. These components are called “profile
deviations” to reflect that they, and only they, cause outcomes to deviate from the
idyllic electoral setting of Basic profiles; they create all possible election oddities.
While it will be arguable that the deviation profiles should cause completely
tied election outcomes, this is not the case; instead, all election paradoxes and
inconsistencies occur when procedures deny this conclusion.

While these comments suggest that no procedure is reliable, this is not the
case. A fundamental conclusion is thatthe BC outcome for all n-candidates is
the unique ranking which avoids all of the indicated problems.This result follows
from the unexpected fact (Saari [15]) that the BC applied to alln candidates is
the only procedure which ignores all profile deviations – its ranking is strictly
determined by the Basic component. (This assertion doesnot hold for the BC
rankings of subsets of candidates (Saari [8, 15]).) Consequently, all differences
in the election rankings of other procedures and subsets of candidates are caused
by the deviations ignored by the BC ranking of alln candidates. In particular,
differences in tallies between other procedures and the BC measure the affect of
each profile deviation.

An explanation for an important class of paradoxes is given in Section 8 of
Saari [15] and Saari [14]. The idea is that while each voter has complete, strict
transitive preferences, a procedure which emphasizes only subsets of candidates
loses this crucial rationality information. Then, anonymity (where the outcomes
do not depend on the identity of the voters) prevents the procedure from dis-
tinguishing between profiles representing a heterogeneous but rational society
and those representing a society where voters are only partially transitive. Thus,
inconsistent rankings of subsets of candidates – even those ranked with the BC
– partially reflects how information about the individual rationality of voters is
ignored.

To indentify the source of other profile deviations, suppose after an election
leading to the ranking ofA � B � C � D , it is discovered that each voter
marked the ballot completely opposite of what had been intended. It is reasonable
to assume that the correct ranking is the reversedD � C � B � A. As an
example, profile

Number of voters Ranking Number of voters Ranking
1 A � B � C � D 1 D � C � B � A
2 A � B � D � C 2 C � D � B � A
3 A � D � C � B 3 B � C � D � A

has the plurality rankingA � B � C � D with tally 6:3:2:1. But when each
ranking is reversed (to find the new tally, compute the number of times each
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candidate is bottom ranked in this listing), the plurality rankingremains A�
B � C � D with the identical 6:3:2:1 tally. To explain this phenomenon, notice
that because each row has a ranking and its reversal with the same number of
voters, anonymity ensures that the profile and its reversal are the same. It is
reasonable to expect such pairing of “opposites” to force a cancellation of the
voters’ votes. But, if a positional procedure cannot recognize this informational
symmetry, it provides an outcome different from the natural tie. This captures
the general behavior;all profile deviations reflect some procedure’s inability to
recognize certain kinds of informational symmetry.

To use this brief description, return to the above described behavior (from
Saari [8]) allowing the rankings for any specified positional methods – even the
BC – to change with the subsets of candidates. It turns out that two kinds of de-
viations are involved where the first (Saari [15]), the Condorcet profiles (Section
4.3), changes the rankings of pairsand of all positional methods in an identi-
cal manner for eachproper subsetof candidates. (It does not affect positional
rankings for the set of alln candidates.) This deviation type reflects how the
profile information ignored by procedures weakens the individual rationality as-
sumption. The second type, based on the above “reversal type symmetry,” affects
all non-BC positional procedures. A consequence is that all non-BC positional
procedures admit more kinds of paradoxical outcomes than the BC. Another
surprising consequence is that the BC variation of rankings of subsets (from
the Condorcet portion) is sufficiently natural that we should worry about choice
procedures which donot exhibit similar variations in rankings as candidates are
added or dropped. These assertions contradict widely accepted beliefs where the
last one contradicts a central research objective.

1.2 Outline

After notation and earlier results are briefly reviewed (Section 2), I develop
the structure of positional voting methods (Section 3). (In doing so, I describe a
surprisingly easy way to geometrically determine and quickly display all possible
positional election outcomes admitted by a four-candidate profile.) An interesting
aspect of this vector space structure is how it proves that the election outcomes for
certaink-candidate positional procedures are uniquely and completely determined
by the positional outcomes of certains-candidate procedures,s < k. Whenever
this occurs, we must expect, and it is true, that these procedures admit fewer
election oddities and more consistency with election relationships. Moreover, the
vector space structure makes it easy to identify the procedures exhibiting these
consistency properties. There are surprises; some of the new election relationships
counter intuition about what can or should occur, so they identify large classes
of new paradoxical behavior.

The profile decomposition starts (Section 4) with a brief review of the sur-
prisingly large space of Kernel profiles which have no effect on any positional
or pairwise method. I then review the properties of the (n−1) dimensional space
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of Basic profiles which experience no faults. The first space of deviation profiles
is the (n − 1)!/2 dimensional space of Condorcet differentials mentioned above.

To avoid certain undesired properties, a
(

n−1
2

)
-dimensional subspace is defined.

As these profiles affect only pairwise outcomes, they simplify the analysis.
In the Introduction, I mentioned that a profile can be constructed where dif-

ferent procedures have radically different election outcomes. Indeed, an example
constructed by Borda in his seminal paper [2], where the plurality and BC out-
comes differ, started the academic study of choice theory. In fact, it is reasonable
to believe that most papers on this topic (e.g., see Kelly [5]) worry about how and
why procedures can yield different outcomes. We now have an answer; different
procedures use different aspects of information about the profile. The promi-
nence of this issue justifies creating a special profile decomposition (Section 5)
to handle all possible positional outcomes for then-candidates with all possible
associated pairwise outcomes, to explain the behavior by identifying the different
types of information, and to derive new conclusions.

The general setting, which describes what happens to all subsets of candidates,
is in Section 6. Applications and implications of the profile decomposition are
described in Section 7 where a matrix is given to compute the four-candidate
different profile deviations for any profilep. A higher dimensional version of
Basic and Condorcet profiles is introduced in Section 8. Most proofs are in
Section 9.

2 Preliminaries

The notation is as in Saari [15]. List, in any manner, then! transitive ways to
strictly rank then ≥ 3 candidates{c1, c2, . . . , cn}. Each ranking defines avoter
type; a profile specifies the number of voters of thej th type, j = 1, . . . , n!. The
n candidates define 2n − (n + 1) subsets of two or more candidates; list them in
some manner asS1, S2, . . . , S2n−(n+1) where |Sj | is the number of candidates in
Sj . To represent theSj election tally as a vector inR|Sj |, assign eachR|Sj | axis to
a Sj candidate in increasing order of the subscripts. So, forSj = {c2, c4, c5}, the
(4, 23, 13) ∈ R3 vector tally defines the rankingc4 � c5 � c2 with the 23:13:4
tally.

Denote aSj positional voting method byvoting vectorwSj = (w1, w2, . . . , w|Sj |)
wherew1 = 1, w|Sj | = 0, wj ≥ wj +1 ≥ 0 for j = 1, . . . , |Sj | − 1. This normal-
ized choice (ofw1 = 1 and w|Sj | = 0) simplifies the comparisons of proce-
dures and results. Converting a voting vector into its normalized form is trivial;
e.g., a four-candidate subset tallied with (7, 3, 2, 0) has the normalized version
( 7

7, 3
7, 2

7, 0). Similarly, if the plurality method is used with{c1, c3, c4} and the
BC with {c2, c3, c4, c5}, then the normalized voting vectors are, respectively,
(1, 0, 0) and (1, 2

3, 1
3, 0). To tally ballots withwSj , assignwj points to a voter’s

j th ranked candidate,j = 1, . . . , |Sj | and rank the candidates according to the
sum of assigned points.
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The system voting vector, Wn = (wS1, . . . , wS2n−(n+1)) specifies thatwSj is
used to tally theSj election, j = 1, . . . , 2n − (n + 1). Let F (p, Wn) and
F̃ (p, Wn) be, respectively, the lists of election tallies and rankings of all subsets
of candidates defined by profilep with system vectorWn. To illustrate with
S1 = {c1, c2}, S2 = {c1, c3}, S3 = {c2, c3}, S4 = {c1, c2, c3}, the system vec-
tor W3 = [(1, 0), (1, 0), (1, 0), (1, 0, 0)] requires the pairs to be tallied with the
majority rule (voting vector (1,0)) and the triplet with the plurality vote (vot-
ing vector (1,0,0)). The fifty-voter profilep where three voters have preferences
c1 � c2 � c3, 24 havec3 � c1 � c2, and 23 havec2 � c1 � c3 defines the
election rankings

F̃ (p, W3) = [c1 � c2, c1 � c3, c2 � c3, c3 � c2 � c1] (2.1)

which exhibit conflicting pairwise and plurality rankings. All such inconsistencies
are characterized and explained.

2.1 Words

The numbers and kinds of admissible election inconsistencies — paradoxes —
are staggering. To illustrate, Eq. 2.1 lists the election ranking for each subset of
candidates coming from the specified profile — call such a listing aword (Saari
[12]). Different profiles can define different plurality words so the number and
kinds of words measures the complexity and randomness of a procedure. It turns
out that the plurality vote admits 351 different words forn = 3 candidates and
over a billion (1,041,048,450) forn = 4 candidates. Namely, there are over a
billion different ways to list rankings (many involve ties) for the six pairs, four
triplets, and the set of all four candidates, and each listing is the sincere plurality
election outcome for some profile. These numbers overwhelm any naive belief
that the election rankings of the pairs and triplets must agree with that of all four
candidates. (If this naive wish were true, only 50 plurality words could occur.
Of these, 4! = 24 have no ties, the rest have at least one tie vote.) The following
assertion (which concerns all subsets of candidates rather than just the nested
sets considered in [8]) demonstrates the severity of the problem.

Theorem 1. (Saari [12]) For n ≥ 3 candidates, suppose all subsets of candidates
are tallied with the plurality method. For each subset, choose a ranking. As these
rankings can be selected randomly, there need not be a relationship among them.
There exists a profile so that the voters’ sincere plurality ranking of each subset
of candidates is the selected one.1

So, there is a profile where its plurality rankings of subsets with an even
number of candidates matchc1 � c2 � c3 � · · · � cn, but the plurality ranking

1 To use Theorem 1 to compute the number of four-candidate plurality words, notice that there
are three ways to rank a pair (including ties), thirteen ways to rank a triplet, and 50 ways to rank
four candidates. Thus, the total number of words is 36 × (13)4 × 50. Similarly, the number of
plurality words – election paradoxes – for five candidates escalates over ten million billion fold to
310 × (13)10 × (50)4 × 630 = 3.21× 1025.
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for subsets with an odd number of these candidates is reversed. A more disturbing
conclusion is to use a random number generator to select the ranking of each
subset and be assured that (Theorem 1) there is a profile where the voters’
sincere plurality election ranking of each set agrees with the randomly generated
rankings. This is not a ringing endorsement for our standard tool of democracy.

2.2 Other procedures

This plurality electoral nightmare is shared by most methods. The next result
uses the fact thatWn ∈ Rν(n), ν(n) = 2n−1(n − 4) + n + 2. (The derivation of
ν(n) is in Section 9.) InRν(n), an algebraic setis a lower dimensional subset
representing the zeros of a particular collection of polynomials.

Theorem 2. (Saari, [12]) With the exception of an algebraic setαn ⊂ Rν(n), all
other system vectors in Rν(n) have the same property as described for the plurality
vote in Theorem 1.

Only the highly exceptionalWn ∈ αn tallying procedures offer consistency in
outcomes with election relationships. Theαn entries and election relationships
are described.

3 Division of voting vectors

As stated, it will be shown that paradoxes manifest how procedures treat different
profile deviations. In turn, each subspace of profile deviations defines a subspace
of positional procedures which react to this particular type of profile information.
This dual decomposition uses the linearity ofF (p, Wn) in each variable.

To illustrate F ’s linearity with respect to the voting vector, suppose a
four-candidate election is tallied with both (5, 2, 1, 0) and (2, 1, 0, 0). Because
(9, 4, 1, 0) = 2(2, 1, 0, 0) + (5, 2, 1, 0), the (9, 4, 1, 0) election tally is the same as
adding twice each candidate’s tally from the second election to her tally from
the first one. In normalized form, the computation is (1, 4

9, 1
9, 0) = 5

9(1, 2
5, 1

5, 0) +
4
9(1, 1

2, 0, 0). Implications follow.

3.1 Procedure hull

A n-candidate voting vector is a convex combination of the (n−1) voting vectors
{vn

j }n−1
j =1 wherevn

j ’s first j components are ones and the rest are zeros. (So,vn
j

represents then-candidate election where we vote forj candidates.) Clearly, the
convex hull defined by{vn

j }n−1
j =1 includes all (normalized) voting vectors forn

candidates. Denote thisn-candidate pyramid of voting vectorsby

P n = { wn =
n−1∑
j =1

λj vn
j |λj ≥ 0,

n−1∑
j =1

λj = 1}. (3.1)
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The P n dimension of (n − 2) reflects then − 2 weights needed to define an-
candidate voting vector. The BC vectorbn = 1

n−1

∑n−1
j =1 vn

j is at theP n barycen-
ter.

To illustrate with the ten-voter profile

Number Preference Number Preference
2 A � B � C � D 2 C � B � D � A
1 A � C � D � B 3 D � B � C � A
2 A � D � C � B

(3.2)

the v4
1 = (1, 0, 0, 0), v4

2 = (1, 1, 0, 0), and v4
3 = (1, 1, 1, 0) respective tallies

are (5, 0, 2, 3) where A is the winner, (5, 7, 3, 5) where B is the winner, and
(5, 7, 10, 8) whereC is the winner. AP 4 voting vector is expressed as

∑3
j =1 λj v4

j ,
so its election tally for the profile isλ1(5, 0, 2, 3) +λ2(5, 7, 3, 5) +λ3(5, 7, 10, 8).
All election tallies are in the triangle (called theprocedure hull, Saari [11]) with
vertices defined by the three{v4

j }3
j =1 election tallies; e.g., theb4 outcome of

(5, 42
3, 5, 51

3), with D as the winner, is at the barycenter (where allλj = 1
3).

Notice how this innocuous ten-voter profile allowseach candidate to “win”
with one of these commonly used procedures.Similarly, there is a ten-candidate
profile p where itsprocedure hull– the F (p,−) image ofP 10 – has over 84
million different election rankings as the tallying procedure changes (Saari [11]).
This significantly extends earlier results (e.g., a well known one is in Fishburn
[4]) asserting that profiles exist which admit two different outcomes.

3.2 Basis

For reasons that will become clear, it is convenient to represent voting vectors
with an orthogonal basis centered at the barycentric pointbn.

Proposition 1. For n ≥ 3 candidates, letEn
j be the vector with unity in the j th

component and zero in all others. All voting vectorswn can be expressed as the
sum

wn = bn +
n−1∑
j =2

αj En
j (3.3)

for appropriate choices ofαj .

Proof. vn
k = bn +

∑n−1
j =2 αj En

j whereαj = 1− n−j
n−1 for j = 2, . . . k andαj = − n−j

n−1
for j = k +1, . . . , n−1. Because eachvn

k has the indicated Eq. 3.3 expression and
because eachP n vector is a convex sum of{vn

k}n−1
k=1 , all voting vectors have

the Eq. 3.3 expression. ut
The barycentric location ofbn creates a natural, orthogonal coordinate rep-

resentation for voting vectors. To compute thewn = bn +
∑n−1

j =2 αj En
j tally for a

profile, first compute the normalized BC outcome. Then, for eachj , addαj times
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the En
j tally. (The En

j tally for ci is the number of times voters rank her inj th
position.) The importance of this representation comes from the fact (illustrated
next) that thebn tally is determined by the pairwise votes. Consequently, Eq. 3.3
indicates how and why the tallies for non-BC procedures differ from pairwise
outcomes. (See, for instance, Eq. 2.1.)

To see this BC relationship forn = 3, note that a voter with preferences
c1 � c2 � c3 votes as follows in the three pairwise elections.

Candidates {c1} {c2} {c3}
{c1, c2} 1 0 −
{c1, c3} 1 − 0
{c2, c3} − 1 0
Total 2 1 0

(3.4)

The sum of votes this voter gives a candidate over all pairs equals what he assigns
her in a BC election. Thus (along with neutrality and the fact that each pair is
tallied with the same voting vector) a candidate’s BC election tally is the sum
of the two pairwise election tallies she receives in contests against candidates in
the same subset; the normalizedb3 tally is half this.

As the Table 3.4 summation property extends to define the BC vector
for n candidates, the normalizedbn outcome is the sums of pairwise out-
comes divided by (n − 1). To illustrate, the pairwise tallies of Table 3.2 for
{A, B}, {A, C}, {A, D}, {B, C}, {B, D}, {C , D} are, respectively 5:5, 5:5, 5:5,
5:5, 4:6, 5:5, so the BC vector tallies for all candidates are (5 + 5 + 5, 5 + 4 + 5, 5 +
5 + 5, 5 + 6 + 5)with a b4 tally (5, 42

3, 5, 51
3). Similarly, theb3 tally for {A, B, C}

is 1
2(5 + 5, 5 + 5, 5 + 5) while that for{B, C , D} is 1

2(5 + 4, 5 + 5, 6 + 5).
TheE4

2 andE4
3 tallies are, respectively (0, 7, 1, 2) and (0, 0, 7, 3), so according

to Eq. 3.3 thew4 tally is

(5, 4
2
3
, 5, 5

1
3

) + α2(0, 7, 1, 2) + α3(0, 0, 7, 3). (3.5)

So, aw4 with a largerα2 value assistsB, while one with moreα3 emphasis
helpsC .

3.3 Graphing election outcomes

I now use this Eq. 3.2 profile and Eq. 3.5 to introduce a new, easy way to de-
termine all possible election outcomes resulting from the same profile. Note that
the Eq. 3.5 election tallies are expressed in terms ofα2, α3; i.e., in terms of the
positional method. By plotting theα2, α3 values causing ties between different
pairs, we determine all election outcomes (the 18 different strict outcomes is the
maximum number (Saari [11])) generated by this profile. For instance, aB ∼ C
outcome occurs if and only if a procedure satisfies 42

3 + 7α2 = 5 +α2 + 7α3, or if
6α2 − 7α3 = 1/3. So, for instance, allw4 = b4 + α2E4

2 + α3E4
3 procedures where

6α2 − 7α3 > 1/3 have the relativeB � C outcome for this profile.
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Figure 1. Positional hull

The results of these computations are graphed in Figure 1 where the bulleted
center point is the BC. The regions for three strict rankings are indicated; to
find the 15 others, reverse a pairwise ranking when crossing the appropriate
indifference line. In this way we discover, for instance, that onlyD avoids being
bottom ranked by some procedure. Any four-candidate profile can be similarly
analyzed to find all outcomes with all associated positional methods.

3.4 Connections

Of particular importance, relationships similar to that between the BC and pair-
wise elections hold between thewk

λ election tallies and certainP s entries for
s > k (Saari [13]). Namely, a summation argument identical to that used for
Table 3.4 shows that when the samewk is used with allk-candidate subsets, it
defines voting vectors for subsets with more candidates. For instance, the plurality
election outcomes over all three-candidate sets uniquely determine the (3, 1, 0, 0)
four-candidate outcome, while (1, 1, 0) determines the (3, 3, 2, 0) election rank-
ings.

To show the (1, 1, 0) and (3, 3, 2, 0) relationship, compute the number of
points a voter with preferencesA � B � C � D assigns each candidate with
(1, 1, 0) over the four three-candidate elections. As shown in Table 3.6, this is
(3, 3, 2, 0).

A B C D
{A, B, C} 1 1 0
{A, B, D} 1 1 0
{A, C , D} 1 1 0
{B, C , D} 1 1 0

Total 3 3 2 0

(3.6)

This summation approach, then, associates the three-candidate plurality vectorv3
1

with the four-candidate voting vector13(3, 1, 0, 0) = (1, 1
3, 0, 0) andv3

2 = (1, 1, 0)
with (1, 1, 2

3, 0). So, because the Eq. 3.2 plurality tallies for{A, B, C}, {A, B, D},
{A, C , D}, {B, C , D} are, respectively, (5, 3, 2), (5, 2, 3), (5, 2, 3), (2, 3, 5), the
(3, 1, 0, 0) tally of (5 + 5 + 5, 3 + 2 + 2, 2 + 2 + 3, 3 + 3 + 5) isfound by adding a
candidate’s tallies over her three three-candidate plurality elections.

More generally, the summation approach defines a mapping
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gk : P k−1 → P k , k = 3, . . . , n. (3.7)

Heregk(wk−1) is thek-candidate voting vector for setS defined by the number of
points a voter assigns each candidate inS by usingwk−1 over all (k−1)-candidate
subsets ofS. Becausegk is a linear mapping, we have forwk−1 =

∑k−2
j =1 λj v

k−1
j

that

gk(wk−1) = gk


k−2∑

j =1

λj v
k−1
j


 =

k−1∑
j =1

λj gk(vk−1
j ).

In turn, this identifies the class ofk-candidate voting vectors that can be
expressed as

wk =
k−2∑
j =1

λj gk(vk−1
j ),

k−2∑
j =1

λj = 1. (3.8)

The only restriction imposed on the scalars{λj }k−2
j =1 in Eq. 3.8 is that they define a

voting vector. (Negativeλj values are admissible.) In turn, the election outcomes
of the Eq. 3.8 voting vectors are uniquely determined by the{λj }k−2

j =1 values and

the {vk−1
j }k−2

j =1 election tallies. These dependencies define valuable ordering and
consistency properties.

Definition 1. Thederived setof voting vectors inP k, denoted byD k, consists
of all voting vectors that can be expressed in the form of Eq. 3.8

The following theorem collects properties of the derived setD k and the
pyramidP k .

Theorem 3. For k ≥ 3, thevoting pyramidP k is the(k−2)-dimensional convex
hull of the k-candidate voting vectors{vk

j }k−1
j =1 . The BC voting vector,bk , is at

the barycenter ofP k.
Thederived setD k is spanned by the vectors

uk
j = gk(vk−1

j ) =
1

k − 1
(k − 1, . . . , k − 1, j , 0, . . . , 0), j = 1, . . . , k − 2,

(3.9)

where the j value is in the(j +1) coordinate position.D k is a (k −3)-dimensional
subspace which includes the BC voting vectorbk. A normal vector for theD k

affine space inP k, called thedeparture vector, is

dk = (0,

(
k − 1

1

)
,−

(
k − 1

2

)
, . . . , (−1)k−1

(
k − 1
k − 2

)
, 0) (3.10)

Figure 2 displays the derived set withinP n. The departure vector, which
is orthogonal to the derived set, points into the portion of the pyramid opposite
that of the plurality vector. In then = 4 portion of Figure 2, it points from the
bulleted barycenter towardv4

2; in the n = 5 portion it points to the side with
v5

2, v5
4.
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Figure 2. Voting pyramidsP n

3.5 Election relationships

A standard difficulty in analyzing profiles is the need to individually compute
the outcome for each procedure. With Theorem 3, no longer is this necessary.

Corollary 1. For a given n-candidate profilep, all possible positional election
rankings for all subsets of candidates are uniquely determined by the pairwise
election outcomes and the departure vectord|Sj | outcomes for each Sj .

The induction proof is immediate. The pairwise outcomes define allb|Sj |

outcomes. As all three-candidate voting vectors can be expressed asw3 = b3 +
µd3, the election outcome for a set is theb3 tally plus µ times thed3 tally.
This determines all{v3

j }2
j =1 tallies, which, in turn, determines theu4

j outcomes.
Theseu4

j tallies, along with the departure vectord4 outcomes, determine all
four-candidate tallies. By induction, all possible outcomes are found.

To illustrate Corollary 1 with the Table 3.2 profile, we already have shown
how the pairwise elections determine allbn tallies. Thed3 = (0, 2, 0) tallies of a
three candidate subset is twice the number of times each candidate is insecond
place (in the three-candidate rankings), while thed4 = (0, 3,−3, 0) outcome is
three times the difference between how often a candidate is in second and third
place. So, the departure vectordn tallies of {A, B, C}, {A, B, C , D} for Eq. 3.2
are, respectively, 2(0, 4, 6) and 3(0− 0, 7 − 0, 1 − 7, 2 − 3).

Because (Theorem 3)D 3 = {b3}, Corollary 1 ensures that all positional
outcomes are weighted sums of thed3 andb3 tallies. For instance, because

b3 − 1
4

d3 =

(
1,

1
2
, 0

)
− 1

4
(0, 2, 0) = (1, 0, 0), (3.11)

the plurality tally of{A, B, C} for Eq. 3.2 is (5, 5, 5)− 1
4(0, 8, 12) = (5, 3, 2). More

generally,w3
s = (1, s, 0) = b3 + 1

2(s− 1
2)d3, so thew3

s outcome is (5, 3+4s, 2+6s).
By varying s ∈ [0, 1], we obtain theprocedure lineof election outcomes.

A similar computation identifies the four-candidate outcomes. Because

v4
2 = (1, 1, 0, 0) = b4 +

1
9

d4 =

(
1,

2
3
,

1
3
, 0

)
+

1
9

(0, 3,−3, 0),

the v4
2 outcome for Table 3.2 is (5, 42

3, 5, 51
3) + 1

9(0, 21,−18,−3) = (5, 7, 3, 5).
All remaining four-candidate outcomes come from the computation of theu4

j
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vertices as determined by the three-candidate tallies. In Figure 1, the outcomes
for procedures in the derived set are on the line through the origin (the BC
outcome) orthogonal to the vector pointing to thev4

2 vertex (the vertex in the
lower right corner). All election outcomes on this line are strictly determined by
appropriate three-candidate tallies; differences in the four-candidate tallies and
outcomes differ are due to the departure vectord4.

An immediate Corollary 1 consequence is that only the BC outcomes are re-
lated to the pairwise tallies. The tallies of all other procedures are distanced from
the pairwise outcomes through the departuredk tallies. This structure provides a
new, conceptually simple explanation for the result thatthe BC outcomes must
be related to the pairwise ranking, but the rankings of any other procedure need
not be related in any manner!(The first part is due to Nanson [6]; the second
part was found, with very different techniques, by Saari [12]. Sieberg [17] also
noted and used this separation effect with a statistical interpretation.)

Theorem 3 helps identifyαn system voting vectors (see Theorem 2) which
enjoy the following election relationships. In this statement, letgk+s(wk) be the
voting vector for subsets with (k + s) candidates defined by thes-step iterative
processgk+s(gk+s−1(. . . (gk+1(wk)) . . . )).

Corollary 2. Let wk be a voting vector,2 ≤ k < n, and let s satisfy1 ≤ s ≤
n−k. When all k-candidate elections are tallied withwk and all (k +s)-candidate
elections withgk+s(wk), the election outcomes satisfy the following relationships.

1. A candidate who is top-ranked in allwk elections cannot be bottom-ranked
in the (k + s)-candidate election tallied withgk+s(wk).

2. A candidate who is bottom-ranked in allwk elections cannot be top-ranked
in the gk+s(wk) election. This candidate isgk+s(wk) strictly ranked below a
candidate who always iswk top-ranked.

3. If all wk outcomes end in a complete tie, than thegk+s(wk) outcome also is a
complete tie.

To illustrate, if a candidate wins all three-candidate plurality elections, she cannot
be bottom ranked in theg4(v3

1) = u4
1 = 1

3(3, 1, 0, 0) election. If all three-candidate
antiplurality elections are tied (usingv3

2 = (1, 1, 0)), the four-candidate election
tallied with g4(v3

2) = u4
2 = 1

3(3, 3, 2, 0) also is tied. (The plurality oru4
1 outcomes

need not be tied.) These assertions hold for a (k + s)-candidate setS and its
k-candidate subsets.

Proof. The proof of this important result, which significantly extends similar
BC assertions, is trivial. A candidate who always iswk top-ranked receives
more than the average number of total votes cast over allk-candidate elections;
consequently, she cannot begk+s(wk) bottom-ranked. The proof of the second
assertion is similar. The third assertion requires the same number of points to be
added for each candidate. ut

A natural way to avoid inconsistencies and election paradoxes, then, is to
avoid procedures which involve departure vector,dk , effects. To do so, tally all
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k-candidate elections withwk , the (k + 1)-candidate elections withgk+1(wk), the
(k + 2)-candidate elections withgk+2(gk+1(wk)), . . . . It follows that the fewest
paradoxes along with the ultimate consistency and the largest number of election
relationships require starting with the smallest value ofk = 2. This is the Borda
Count; this explains why the BC admits more consistency in election outcomes
and more election relationships than any other positional procedure.

3.6 Paradoxes and examples

Theorem 3 and its corollaries provide unlimited opportunities to generate new
paradoxes while explaining why they occur. For instance, a procedure which
rewards a voter’s top-ranked candidate but penalizes his bottom-ranked candidate
is the five-candidate voting vectorv5

1 + v5
4 = (2, 1, 1, 1, 0). Its normalized form

w5 = (1, 1
2, 1

2, 1
2, 0) = 2

3u5
1 − 1

3u5
2 + 2

3u5
3 ensures thatw5 ∈ D 5 and (from Eq. 3.9)

that its outcomes are uniquely determined by the three scalars and the election
tallies of the four-candidate proceduresv4

1, v4
2, v4

3.
The inclusionw5 ∈ D 5 guarantees election relationships, but the negative

scalar (− 1
3) suggests that not all relationships are “positive.” After all, the neg-

ative u5
2 coefficient requires thev4

2 = (1, 1, 0, 0) tallies to besubtractedfrom the
sum of the two other four-candidate elections. Causing further doubt aboutw5 is
that Eqs. 3.8, 3.7 allow a candidate’sw5 tally to be interpreted as coming from the
sums of her four-candidate tallies with the procedure2

3v4
1− 1

3v4
2+ 2

3v4
3 = (1, 1

3, 2
3, 0).

But, (1, 1
3, 2

3, 0) is not a voting vector because this perverse method assigns twice
as many points to a third-place candidate as to a second ranked one. Thus one
of the promised (2, 1, 1, 1, , 0) relationships is topenalizea candidate who often
is second-ranked in four-candidate subsets over a candidate who is consistently
third-ranked. Consequently, a candidate who always is thev4

2 = (1, 1, 0, 0) win-
ner over the four-candidate subsets by virtue of being the voters’ second choice
could do poorly in the five-candidate (2, 1, 1, 1, 0) election outcome.

3.6.1 Helping Condorcet losers

Note thatg5((1, 1
2, 1

2, 0)) = g5( 1
2(1, 0, 0, 0) + 1

2(1, 1, 1, 0)) = 1
2(u5

1 + u5
3) rewards a

candidate if a voter has her top-ranked infour-candidateelections and penalizes
her if she is bottom-ranked. To introduce perversity, modify this procedure by
penalizinga candidate who does well in pairwise elections. Asb5 is the sum
of pairwise votes, one choice is (1, 1

2, 1
2, 1

2, 0) = u5
1 + u5

3 − b5 = w5. So another
disturbingw5 ∈ α5 election relationship is thatw5 punishescandidates who do
well in pairwise elections. Namely,w5 rewards the Condorcet loser while hurting
the Condorcet winner. The derivation of this surprising assertion is not restricted
to w5; once theD k dimension at least unity (sok ≥ 4), any D k voting vector
other thanbk can be expressed as a sum where the Borda point is subtracted. This
allows an argument resembling the one forw5 to be fashioned forany non-BC
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D k voting vector; i.e., the election relationships promised by Theorem 3 can be
negative.

Corollary 3. For a non-BC voting vectorwk ∈ D k , k ≥ 4, there exists a(k −1)
candidate voting procedurewk−1 so thatwk rewards positivewk−1 outcomes at
the expense of penalizing a strong pairwise performance.

Proof. For such awk ∈ D k , there is awk−1 so thatgk(wk−1) is in the interior
of the line segment with verticeswk and bk . Thus there is aµ ∈ (0, 1) so that
µbk + (1−µ)wk = gk(wk−1). The conclusion follows by solving forwk . ut

3.6.2 A useful result

Even more disturbing outcomes are generated by the voting vectorsoff of the
derived setD n. Here the departure vectordn can modify the outcomes in any
manner without regard for the election outcomes of subsets. So, while the out-
comes of a non-BC procedure inD n may subtract each candidate’s pairwise
tallies from the tallies of other procedures, thedk component ignores – hence
can differ significantly from – the outcomes of other procedures. In other words,
procedures which involve a departure term suffer all faults ofαn procedures as
well as encountering new difficulties.

A vector relationship between the pluralityvk
1 and dk leads to Corollary 4,

an important tool introduced as (an unproved) Proposition 1 in [15]. This result,
which asserts that all election pathologies are reflected by the commonly used
plurality vote, plays a central role in the current discussion. LetPlur(p, |Sj |) be
the vector plurality tally of subsetSj for profile p.

Corollary 4. For n ≥ 3 candidates and a specifiedwSk , there are constants a|Sj |

so that thewSk tally of profile p is

∑
Sj ⊂Sk

a|Sj |Plur(p, |Sj |). (3.12)

Proof. The plurality vector (and other{vk
j }k−1

j =1 vectors) is not inD k . (This
follows from the form of theuk

j vectors.) The derived setD k is a dimension
lower thanP k , so normal vectordk is a linear combination ofD k vectors and
the plurality vk

1. (See, for instance, Eq. 3.11.) In turn, a profile’sdk outcome,
needed for Corollary 1, uses the same linear combination of the profile’s plurality
and specifieduk

j tallies. Theuk
j outcomes are determined by the outcomes ofdk−1

andD k−1 entries from (k − 1)-candidate subsets ofSs. But eachdk−1 outcome
is determined from the (k −1) plurality andD k−1 tallies of the specified subsets.
Tracing the obvious induction argument to its base, we discover thatall election
tallies can be obtained from the pairwise and plurality tallies of subsets ofSs.

ut
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3.7 Positive behavior

Corollary 4, along with Theorem 1, motivates the following assertion.

Corollary 5. For n ≥ 3, a necessary condition for a system vectorWn to be in
αn is that at least one of the voting vectors inWn is in a derived set. A sufficient
condition is ifwk is used with all k-candidate subsets of S andgk+j (wk) is used
with the(k + j )-candidate subset S for some j≥ 1.

So, election relationships occur only with the summation process motivated
by Eq. 3.4. This is necessary, not sufficient; e.g., no relationships among theW4

rankings occur if the four-candidate election is tallied with (3, 1, 0, 0) ∈ D 4 while
each of the four triplets is tallied with one of (1, 0, 0), (1, 1

4, 0), (1, 2
3, 0), (1, 1, 0).

On the other hand, should three of the triplets be tallied with the same voting
vector, then restrictions are imposed upon the rankings of the sole candidate in
these three subsets. If this common voting vector is on the plurality side of the
BC, and if this candidate is top-ranked in all two and three candidate elections,
she cannot be bottom ranked in the full four-candidate election.

As a partial summary, we have established and explained the following:

1. The Borda Count offers more consistency of election outcomes over all sub-
sets of candidates than any other positional procedure.

2. Election relationships among rankings require using voting vectors from the
variousD k sets.

Namely,only the BC is spared a negative Corollary 3 conclusion.

4 Profiles

As demonstrated, much more goes wrong with voting outcomes than previously
suspected. All of this perverse behavior is explained with the profile decomposi-
tion. This decomposition usesprofile differentialsintroduced in (Saari [15]; they
are the differences between profiles with the same number of voters. While this
requiresnegativenumbers of voters to have certain preferences, it creates no
problems in computing election outcomes.

The profile differentials are divided into classes determined by how they
effect different procedures. I occasionally use thespace of normalized profiles
where, instead of specifying the number of voters of a particular type, the fraction
of all voters is used. This space is identified with then! −1 dimensional simplex

Si(n!) =


x = (x1, . . . , xn! ) ∈ Rn! |

n!∑
j =1

xj = 1, xj ≥ 0


 (4.1)
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4.1 Universal Kernel

The companion paper [15] identifies theKernelprofile differentials which have no
effect on any pairwise or positional election outcome for any subset of candidates.
In other words, they behave like the profileK n which has one voter for each
of the n! types. A surprising fact is that as the number of candidates increases,
the dimension of the subspace of Kernel profiles rapidly dominates profile space.
Already for n = 5, the Kernel dimension is over half that of profile space, and
when n = 7, it consumes over 93% of the dimensions. The following theorem
was stated and used in [15]; it is proved here.

Theorem 4. (Saari [15]) For n ≥ 3, there exists a n! − 2n−1(n − 2) − 2 dimen-
sional subspaceUK

n of the profile space Si(n!), called the universal kernel,
where ifp ∈ UK

n, then its word for allWn choices is a complete tie for each
subset of candidates.

A characterization of the Kernel profile differentials forn = 3, 4 and a de-
scription of them forn ≥ 5 is in [15].

4.2 Basic profiles

The Basic profiles and their fundamental importance are reviewed next. For
details, see [15].

Definition 2. A n-candidateBasic profile differential for candidatecj , denoted
by Bn

j , has a voter for each ranking where cj is top-ranked and−1 voters for
each ranking where cj is bottom-ranked.

The following [15] result identifies the source of the remarkable Basic profile
properties.

Theorem 5. For each subset of candidates, theBn
j tallies of all normalized posi-

tional voting procedures agree. In particular, for k≥ 2, if cj is in a k-candidate
subset of candidates, she receives(n−1)! points and each of the other candidates
receives− (n−1)!

k−1 points. If cj is not in a k-candidate subset, then all candidates
receive zero points.

The Basic profile differentials define a(n − 1)-dimensional subspace spanned
by any(n − 1) of {Bn

cj
}n

j =1. These differentials satisfy the equality
∑n

j =1 Bn
cj

= 0.

To describe this result in another manner, letτw|S|
(ci , cj ) be the difference

betweenci ’s andcj ’s w|S| election tallies for profilep. If S is the pair{ci , cj },
then useτ2(ci , cj ). Also, let µk = (n − 1)![1 + ((k − 1)!)−1]. For Basic profile for
any subsetS that containsci andcj , and for anyw|S|, it follows from Theorem 5
that

τw|S|
(ci , cj ) = (aB

i − aB
j )µ|S|. (4.2)
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Because Eq. 4.2 holds for any subset of candidates, theci , cj relative ranking
remains the same for all subsets of candidates (including pairs) and for all choices
of tallying procedures.So, Basic profiles avoid the earlier described problems
with non-transitive pairwise rankings, where election outcomes for setS can
change with the choice ofw|S| and where the rankings change when candidates
are added or dropped.

Going beyond ensuring transitive pairwise outcomes, the Basic profiles satisfy
the following strongeradditive transitivitycondition.

Definition 3. (Saari [15]) A profilep satisfiesadditive transitivityif for any sub-
set S= {c1, c2, . . . , ck} of candidates tallied with anywS and for any permutation
of the indices, we have that

τwS

(c1, c2) + · · · + τwS

(cj −1, cj ) = τwS

(c1, cj +1). (4.3)

As a special case, for any collection of candidates{cj , ck , cs}, we have

τ2(cj , ck) + τ2(ck , cs) = τ2(cj , cs). (4.4)

To prove a Basic profile satisfies Eq. 4.4, notice from Eq. 4.2 that the left side
equals (aj − ak)µ2 + (ak − as)µ2 which equals (aj − as)µ2 = τ2(cj , cs). The proof
of Eq. 4.3 is the same.

This additive transitivity condition is satisfied even when candidates{c1, ck+1}
are linked by a “chain” in the sense that for any collection of subsetsS1, . . . , Sk+1,
if c1, c2 ∈ S1, c2, c3 ∈ S2, . . . , ck , ck+1 ∈ Sk , then c1, ck+1 ∈ Sk+1. For anyw|Sj |

assigned toSj , j = 1, . . . , k + 1, the result is thatτw|Sk+1|
(c1, ck+1) is a normalized

sum of the differences in tallies of the chain of pairs connectingc1 with ck+1;
this is true for all choices of subsets and positional methods. In particular,

aB
1 − aB

k+1 =
τw|Sk+1|

(c1, ck+1)
µ|Sk+1|

=
k∑

j =1

τw|Sj |
(cj , cj +1)
µ|Sj |

=
k∑

j =1

(aB
j − aB

j +1). (4.5)

This amazing property is false in general; it fails even for the unanimity
profile.

4.3 Condorcet profiles

The Condorcet profile differentialsare defined in terms ofCondorcet n-tuples.
To construct and define a Concordetn-tuple, attach aranking disk(a disk that
rotates about its center) to a fixed background. Equally spaced along the disk’s
circular boundary place the ranking numbers 1, 2, . . . , n. To represent a ranking
r of the candidates, place each candidate’s name on the fixed background next to
the appropriate ranking number. Rotate the disk in a clockwise direction until the
number 1 points to the next candidate; the new location of the numbers define a
second ranking. Continue this process untiln rankings are defined. The resulting
set of n rankings (this is aZn orbit) defines theCondorcet n-tuple defined by
ranking r which is denoted byRn

r . Let ρ(r ) be the ranking which completely
reversesr ; e.g.,ρ(A � C � D � B) = B � D � C � A.
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Definition 4. The Condorcet profile differential defined by ranking r,Cn
r , is where

one voter is assigned to eachRn
r ranking and−1 voters are assigned to eachRn

ρ(r )
ranking.

For two candidates ci and cj , the ci � cj Condorcet profile differentialis
the sum of allCn

r differentials defined by an r where ci is top-ranked and cj is
second-ranked.

As developed in (Saari [15]), the Condorcet profile differentials are com-
pletely responsible for all problems with pairwise rankings and tallies, and for
all election oddities of procedures using this information. They even cause trouble
with positional rankings of subsets of candidates. The reason is that with Con-
dorcet profile differentials, the pairwise vote discards valuable information about
the rationality of the voters. In particular, the pairwise vote cannot distinguish
whether the data comes from theCn

r transitive preferences, or a large number
of indistinguishable (for the pairwise vote) profiles involving voters with cyclic
preferences where the cycles are “natural” outcomes. The cycles, then, reflect the
attempt of the pairwise vote to meet the needs of non-existent irrational (i.e., a
voter without transitive preferences) voters rather than the actual rational ones.
A similar argument explains many of the positional voting problems.

Most properties of Condorcet profiles are developed in [15]. New results
needed here follow.

Theorem 6. Assume there are n≥ 4 candidates.

1. For a k-candidate subset, the departure vectordk tally of Cn
r is zero if k= n

or if k is an odd integer. If k< n is an even integer, thedk tally need not be
zero.

2. Each ci � cj Condorcet profile differential is orthogonal to the Basic vectors
as well as to alldk vectors for each subset of three or more candidates. Thus,
the set of Basic and ci � cj Condorcet vectors uniquely determine all pairwise
and all BC outcomes. For each subset of k candidates, a positional outcome
based on these profiles agrees with the BC outcome.

3. For the ci � cj Condorcet profile differential, ci beats cj in a pairwise election
with the(n−2)(n−2)! : −(n−2)(n−2)! tally. However, cj beats, and ci loses,
to all other candidates with a(n −2)! : −(n −2)! tally. The pairwise outcome
for any other pair of candidates is a tie where each candidate receives zero
votes.

4. For a k-candidate subset,2 < k < n, the tally of a ci � cj Condorcet profile
differential is the same for all positional methods. If both ci and cj are in the
set, then ci receives(n − k)(n − 2)! points, cj receives the negative of this,
and all other candidates receive zero points. If ci is in the set, but cj is not,
then ci receives−(k − 1)(n − 2)! points while each other candidate receives
(n−2)! points. If cj is in the set when ci is not, then cj receives(k −1)(n−2)!
points and each other candidate receives−(n − 2)! points. For all other sets,
all candidates receive zero points.
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So, the pairwise votes are determined by the Basic (or Borda, see Saari [15])
and Condorcet profile differentials. The Basic profile retains the rationality of
voters for all procedures; the Condorcet portion explicitly drops the individual
rationality assumption for the pairwise vote. The stronger the Condorcet portion
(relative to the Basic part) of a profile, the more the pairwise outcomes reflects
a loss of the assumption of individual transitivity. Part 1 shows that the Con-
dorcet term can alter certain positional outcomes (i.e., procedures defined with
a departure vector). Important for our analysis is the Part 2 assertion that this
difficulty is avoided with theci � cj Condorcet differentials because they have
a zero tally with departure vectors. This prevents these Condorcet terms from
further affecting positional outcomes; indeed, (part 4) the tallies of all positional
methods remain the same. Part 3 shows that theci � cj Condorcet terms divide
into cyclic triplets. In what follows, the “ci � cj Condorcet space” is the space
spanned by allci � cj Condorcet profile differentials; 1≤ i < j ≤ n.

5 All candidates

Starting with Borda’s seminal paper [2], many choice issues compare positional
rankings of alln candidates with the associated pairwise outcomes. For the most
part, results are severely limited by the complexity of the analysis. With an ap-
propriate profile decomposition, however, the analysis becomes fairly easy and
straightforward. To introduce the approach and the appropriate profile differen-
tials, I first identify a problem that re-occurs throughout this analysis.

5.1 Natural coordinates

According to Proposition 1, all positional outcomes can be described in terms
of the pairwise (which determine the BC outcome) and{En

k}n−1
k=2 tallies. This

suggests using the following differentials.

Definition 5. Let E n
k,j be the profile differential with(n − 1) voters assigned to

each ranking where cj is kth ranked and−1 voters to each remaining ranking.

BecauseEn
k only counts how many times a candidate is ranked inkth posi-

tion, E n
k,j emphasizescj by listing her, and only her, in this position. Part 1 of

Theorem 7 shows that the ((n−1)-dimensional) space defined by{E n
k,j }n

j =1 com-
pletely characterizesEn

k outcomes because an orthogonal profile has no effect on
En

k outcomes.

Theorem 7. Assume n≥ 3.

1. If p is a profile differential orthogonal to the(n − 1)-dimensional subspace
spanned by{E n

k,j }n
j =1, then theEn

k tally of p is a complete tie where each
candidate receives zero votes.

2. The space defined in Part 1 is spanned by any(n − 1) of the E n
k,j choices;

these differentials satisfy
∑n

j =1 E n
k,j = 0.



Mathematical structure of voting paradoxes 75

3. TheEn
k tally of E n

k,j assigns(n − 1)(n − 1)! points to cj and−(n − 1)! points
to each remaining candidate.

4. For i /= k, the space spanned by{E n
k,j }n

j =1 is not orthogonal to the space
spanned by{E n

i ,j }n
j =1, nor to the space of Basic profiles. Indeed, while the

pairwise tally ofE n
k,j has a zero-zero tie for all pairs not involving cj , in a

{cj , cs} election, cj receives n(n − 2)!(n + 1− 2k)/2 votes and cs receives the
negative of this. In aEn

i election, i /= k, the outcome has cj bottom ranked
(with a −(n − 1)! tally) and everyone else tied for top-ranked where each
candidate has a(n − 2)! tally.

According to part 4, theE n
k,j profiles are flawed because they influence elec-

tions other than those for thekth ranked candidate. We could adjust for this flaw
if the subsets were ordered in a manner where a profile for each set affects the
election outcomes only of the set and of higher ordered sets, but not any other
set of candidates. (When this is true, to achieve a desired election outcome, first
select profiles for the lower ordered sets. Then, adjust the profiles assigned to
the higher ordered sets to compensate for the effects of already selected pro-
files. This is illustrated with an example after Corollary 7.) As theE n

k,j profiles
do not permit such an ordering, I develop an alternative profile system which
impacts on desired procedures (i.e., eachEn

k ) but not on others (e.g., the other
En

i , i /= k and the pairwise vote). This lack of orthogonality among differentials
is standard; e.g., it arises in (Saari [15]) where the natural Borda profiles affect
pairwiseand positional election outcomes. The Basic profiles, and their strong,
delightful properties, result from choosing an appropriate orthogonal basis.

5.2 Orthogonal basis

I first identify profile differentials which affect a specified class of positional
proceduresbut not pairwise and other election outcomes.This construction shows
that, with the sole exception of the BC, positional and pairwise rankings need
not be related in any manner.

Definition 6. For n ≥ 3 candidates and2 ≤ k < n+1
2 , the kth place Symmetric

profile differential for cj , Sn
k,j , is where one voter is assigned to each ranking

where cj is kth ranked and to the reversal of this ranking;−1 voters are assigned
to each ranking where cj is top-ranked and to the reversal of this ranking. For
k = (n + 1)/2, two voters are assigned to each ranking where cj is kth ranked,
and−1 voters to each ranking where cj is either top- or bottom-ranked.

For 2 ≤ k ≤ n−1
2 , the kth place Alternating profile differentialfor cj , An

k,j ,
is where one voter is assigned to each ranking where cj is kth ranked,−1 voters
for the reversal of this ranking,−(n + 1−2k)/(n −1) voters are assigned to each
ranking where cj is top-ranked, and(n + 1 − 2k)/(n − 1) voters for the reversal
of this ranking. For k= (n + 1)/2, An

k,j = 0.

Fractions are avoided by using (n − 1)An
k,j and 2Sn

(n+1)/2,j . The next result
establishes the Alternating and Symmetric differentials as appropriate building
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blocks for differentials. Indeed, they played a role in the discovery of the depar-
ture profiles in Section 6.

Theorem 8. Assume there are n≥ 3 candidates.

1. The pairwise tally of any pair{ci , cs} with an Alternating or Symmetric profile
is zero.

2. For k /= (n + 1)/2, the (En
k + En

n+1−k) tally of Sn
k,j gives2(n − 1)! votes to cj

and−2(n − 2)! votes to each remaining candidate. The(En
k + En

n−(k−1)) tally
of any other Symmetric or Alternating profile differential assigns zero points
to each candidate. For k= (n + 1)/2, the same assertions hold forEn

k .
3. The(En

k −En
n−(k−1)) tally of An

k,j assigns2(n−1)! points to cj and−2(n−2)!
votes to each of the remaining candidates. The(En

k − En
n−(k−1)) tally of any

other Symmetric or Alternating profile differential is a zero tie.
4. For fixed n and k, we have that

∑n
j =1 Sn

k,j =
∑n

j =1 An
k,j = 0.

Proposition 1 suggests the definition ofn-candidate Positional differentials
affected only byEn

j .

Pn
k,j =




Sn
k,j + An

k,j for 2 ≤ k < (n + 1)/2;
Sn

k,j − An
k,j for (n + 1)/2 < k ≤ n = 1,

Sn
k for k = (n + 1)/2.

(5.1)

A direct computation proves the following assertion.

Proposition 2. For fixed n, k, and j , Pn
k,j assigns

– 2 voters for each ranking where cj is kth ranked,
– −2(n − k)/(n − 1) voters for each ranking where cj is top-ranked, and
– 2(1− k)/(n − 1) voters for each ranking where cj is bottom-ranked.

For n = 3, these differentials are the Reversal profiles of (Saari [10, 16]). The
following statement is central for the rest of this section.

Corollary 6. WithPn
k,j , the pairwise tally of each pair of candidates is a zero-zero

tie.
TheEn

k tally of Pn
k,j assigns2(n − 1)! points to cj and −2(n − 2)! points to

each remaining candidate. TheEn
k tally of Pn

i ,j , i /= k, assigns zero points to each
candidate.

For each k, the n-candidate Positional differentials,{Pn
k,j }n

j =1, define a(n−1)
dimensional space where any(n−1) of the differentials serve as a basis. For fixed
n, k,

∑n
j =1 Pn

k,j = 0.
For any choice of coefficients{βj }n

j =1, En
k has identical tallies for the two

profiles

2
n − 1

n∑
j =1

βj E
n

k,j ,
n∑

j =1

βj Pn
k,j . (5.2)
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This corollary asserts that the Positional differentials have the desired property
of influencing the outcome for only the specified candidate with the specifiedEn

k .
Moreover, because Eq. 5.2 identifies profiles defined in terms ofE n

k,j with those
in terms of Positional differentials, it follows that anyEn

k outcome obtained
with one system of differentials is obtained with the other system. From the
perspective of understanding election outcomes, then, it does not matter which
system is used. But with a choice, the fact the Positional differentials{Pn

k,j } do
not affect otherEn

s or pairwise tallies makes them much easier to use. A minor
cost is that the Positional differentials do not satisfy Part 1 of Theorem 7. (This is
expected; to define an orthogonal system, profiles affecting positional outcomes
must be subtracted.)

Proof. The proof of all but the last two assertions follows from Theorem 8
and the relationshipsEn

k = 1
2((En

k + En
n+1−k)) + (En

k − En
n+1−k); En

n+1−k = 1
2((En

k +
En

n+1−k) − (En
k − En

n+1−k)).
That the Positional differentials span a space of at least dimension (n − 1)

follows from the form of the differentials. The next to last assertion follows from
Part 4 of Theorem 8. The last assertion follows from the linearity of the tallying
process and by using the obvious scaling required by Part 3 of Theorem 7.ut

5.3 New results

A sample of new results or proofs which follow from Corollary 6 follows.

Corollary 7. (Saari [12]) For n ≥ 3 candidates, letwn /= bn. Choose any rank-
ing for the n candidates and any ranking for each of the

( n
2

)
pairs of candidates.

There exists a profile so that the pairwise and thewn rankings are the selected
ones.

When this result from (Saari [12]) was discovered, it was not known how to
find supporting profiles. The following simpler proof outlines this construction.

Proof. It is shown in Saari [15] how to construct a profilep1 so that ranking for
each pair is as selected. With Corollary 6, we can construct a profilep2 which has
no effect on pairwise rankings but which changes thewn ranking to the desired
one. Profilep = p1 + p2 satisfies the assertion. ut

To illustrate Corollary 7, suppose the Basic and Condorcet profiles used to
create the desired pairwise rankings define theb6 tally (10, 5, 6, 3, 1, 0). Although
the Basic profiles influence both pairwise and the positional outcomes (by deter-
mining the BC outcome), the Positional profiles have no effect upon the pairs
so they can be chosen to alter the positional outcomes in any desired manner.
Namely, to alter this profile so that thew6 = (1, 1, 2

5, 2
5, 1

5, 0) = b6 + 1
3E6

2 − 1
3E6

3
outcome is the almost reversedc6 � c5 � c4 � c3 � c2 � c1, selectβk,j

coefficients for
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6∑
j =1

β2,j P6
2,j + β3,j P6

3,j

to have the desired ranking from the tally

10 +
2
3

[5!(β2,1 − β3, 1) − 4!


∑

j /=1

(β2,j − β3,j )


 , . . . , 0

+
2
3


5!(β2,6 − β3,6) − 4!


∑

j /=6

(β2,j − β3,j )





 .

This is easy; e.g., according to Corollary 6, thep =
∑6

j =1 2j P6
2,j coefficients

force theE6
2 outcome to be the desired ranking. As this tally overwhelms the BC

tally, addingp to the original profile creates a desired example without using
P6

3,j terms.
For a more striking illustration, I use Corollary 6 to prove there exists (by con-

structing) a four-candidate profile whereeachcandidate is in top, second, third,
and bottom place with appropriate positional methods. Divide the candidates into
two pairs and assign each pair to aE4

k , k = 2, 3; e.g., assign{A, D} to E4
2 and

{B, C} to E4
3. As theE4

k rankings reflect the ordering of the
∑

βk,j P4
k,j coeffi-

cients, Positional differentials can be designed so one candidate from a pair wins
and the other loses aE4

k election. But changing theαk sign reverses theE4
k rank-

ing (Eq. 3.3) so that the previous loser now wins; this ensures the conclusion. To
be specific, letp2 = 2P4

2,A+P4
2,B +0P4

2,C −P4
2,D andp3 = 3P3,B +P3,A−P4

3,D −2P4
3,C .

The following uses Corollary 6 to simplify the computation ofp = p2 +p3 tallies.

E4
2 tally A B C D E4

3 tally A B C D
2P4

2,A 24 −8 −8 −8 3P3,B −12 36 −12 −12
P4

2,B −4 12 −4 −4 P3,A 12 −4 −4 −4
−P4

2,D 4 4 4 −12 −P3,D 4 4 4 −12
−2P3,C 8 8 −24 8

Total 24 8 −8 −24 12 44 −36 −20

(5.3)

For p = p2 +p3, thew4
α2,α3

= b4 +α2E4
2 +α3E4

3 coefficients require, forα3 = 0
andα2 > 0, the outcomeA � B � C � D (dictated by the ordering of thep2

coefficients), and the reverseD � C � B � A if α2 < 0. Similarly, if α2 = 0,
then α3 > 0 gives theB � A � D � C ranking (from the ordering of thep3

coefficients) whileα3 < 0 procedures reverse this ranking. So,p satisfies the
conditions. All of p’s positional rankings (12 are strict) are in Figure 3a (with a
Figure 1 analysis) while Figure 3b displays 3p2 as computed from Proposition 2.

More generally, we obtain the following new assertion proving that pairwise
and positional rankings can be highly uncoordinated.

Theorem 9. For n > 3 alternatives, there exists a profilep where, with appro-
priate positional methods, each candidate cj is in top, second,. . . , last position;
j = 1, . . . , n.
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Figure 3a,b. Constructing examples.a Positional rankings;b 3p2 = 3[2P4
2,A + P4

2,B − P4
2,D]

Choose any ranking for each of the pairs of candidates. There exists a profile
where the above conclusion holds and each pairwise ranking is the selected one.

As suggested by then = 4 example, the proof (Section 9) assigns a certain
ranking to eachEn

k ; this defines two rankings for positional procedures depending
on the sign of theEn

k coefficient in Eq. 3.3. Ifn is even or odd, this assignment
uses, respectively, onlyn/2 or (n + 1)/2 of the procedures. Consequently, for
n ≥ 6, extra En

k rankings remain free to be chosen so that the above can be
accompanied with even more surprising outcomes.

5.4 More positional rankings

Slight modifications of the above create a surprising number of new positional
rankings. To explain, the Figure 1 analysis finds the plane of procedures with a
pairwise tie for each pair of candidates. As Positional differentials do not affect
pairwise votes, they do not affect the BC outcome. Therefore (according to Eq.
3.3), all planes pass through the BC tally of a complete tie as illustrated in
Figure 3a.

When the BC outcome is not a complete tie, the planes of procedures no long
pass through the BC (as the BC outcome is not tied), so the planes move. Each
plane keeps the same slope (determined by the Positional differential tallies), but
it is translated in a direction determined by which candidate from the pair has the
advantage in thebn tally. This translation forces the planes to cross one another
in a complicated manner, and the intersections create new regions. Each new
region defines a new positional ranking admitted admitted by the profile.

To see this withn = 3, the line in Figure 4a represents the tallies of a Po-
sitional differential. As required, this line passes through the BC outcome of
complete indifference. According to Eq. 3.3, by adding Basic terms (affecting
pairwise and Borda tallies), theb3 outcome translates the procedure line of Fig-
ure 4a. In the unlikely (lower dimensional) case that this BC outcome is along
the original line, the translated procedure line allows (at most) three different
positional rankings. If theb3 tally has any other value, the procedure line is
translated into one of the positions indicated in Figure 4b. In particular, if the
Positional tallies sufficiently overwhelm those from the BC, the new procedure
line passes through seven different ranking regions. One choice (the upper dashed
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Figure 4a,b. Adding BC to positional profiles

line in Figure 4b) requires each candidate to “lose” with some procedure; onlyA
cannot be a winner. The lower dashed line is where each candidate “wins” with
an appropriate procedure. (See the “procedure line” in (Saari [10].)

To understand what happens withn = 4 candidates, start with the special case
of a BC A � [B ∼ C ∼ D ] outcome. When computing the line of procedures
causing aA ∼ B outcome,A’s larger tally (coming from the BC) moves the
original A ∼ B line to the left. By slightly moving this line in Figure 3a, its new
location must cross theB ∼ C , B ∼ D , C ∼ D lines to generate at least two
new strict positional rankings. TheA ∼ C , A ∼ D lines also are moved (both
to the left) to create a proliferation of new positional outcomes. More general
outcomes occur if a BC outcome has no ties. This analysis applied ton candidates
recaptures the results of (Saari [11]) but with stronger conclusions and a much
simpler analysis.

5.5 Maximizing the number of positional outcomes

In this manner, profiles can be constructed which admit the maximum number of
election rankings with changes in the positional procedure. To review, start with
a Positional profile where the plane of procedures giving a tie vote for each pair
meet only at the BC outcome. Choose this Positional profile so that, by changing
thewn, each candidate is ranked in each position. Break this degenerate situation
by adding a voter whose strict preferences disagree with the rankings defined by
the Positional procedures. As illustrated in Figure 4 for the special case of three
candidates, this change moves the procedure hull off of the complete indifference
point so it intersects a maximum number of ranking regions.

5.6 Associated results

The power of this approach is that the Condorcet portion of the profile does
not affect positional tallies, and thePn

k,j differentials have no effect on the pair-
wise vote. Consequently, the pairwise and positional outcomes can be designed
independent of one another. The following provides a flavor of the many new
results that now are immediate. The first comment significantly extends a well
known result of Condorcet [3] showing that the Condorcet winner need not be
top-ranked by any positional procedure.
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Theorem 10. For n ≥ 3 alternatives, there exist profiles where a Condorcet
winner exists, yet she is ranked either at the bottom, or next to the bottom for
all positional methods. Indeed, for each j satisfying1 ≤ j ≤ (n − 1), there are
profiles with a Condorcet winner where all positional methods have the Condorcet
winner j th ranked. For each j ,1 ≤ j ≤ (n − 1), a profile can be found where
for each i , j ≤ i ≤ n, the Condorcet winner is i th ranked with some positional
procedures, but the Condorcet winner never is ranked higher than j th.

For 10 candidates, choose any ranking for each pair. There exists a profile
so that the pairwise outcome is the selected ranking and there are more than 84
million different rankings as the choice of the positional method changes.

Proof. Once the BC outcome is determined,Pn
k,j differentials can be selected to

achieve any desired outcome. The BC outcome is determined by the Basic profile.
The Condorcet profile can alter the pairwise outcomes to achieve any admissible
ranking. If the rankings define the Condorcet winner, than this winner cannot be
BC ranked lower than next to the bottom. The first conclusion now follows.

For the second conclusion, select Basic and Condorcet profiles to attain the
desired pairwise rankings. Next, follow the above construction to ensure the
positional outcome conclusion. ut

6 The departure profiles

While useful, the{Pn
k,j } differentials are inappropriate for describing posi-

tional outcomes overall subsets of candidates. This is because the derived
sets (Section 3) require thews outcomes fors candidates to determine the
gs+1(ws), gs+2(gs+1(ws)), . . . outcomes for larger sets of candidates. According
to the voting pyramid structure (Theorem 3), the new profiles determine depar-
ture vectordk outcomes without affecting the outcomes of procedures in the
derived set. This allows outcomes for positional methods withdk components to
deviate as wildly as desired from conclusions of the BC, pairwise, and methods
in the derived set.

Thesedeparture profiles(defined next) affect the rankings of subsets with
more candidates. But, these subsets are ordered by set inclusion, so the profiles
can be used as given. Namely, as illustrated with interaction of Positional and
Borda outcomes, first determine the outcome for a subset of candidates, and
adjust the outcome for a superset. An alternative approach is to use standard
procedures to design an orthogonal basis to remove extraneous influences. These
procedures are well understood, so I emphasize the original profile differentials
where the rankings of the subsets are adjusted. I illustrate both approaches with
n = 4 candidates.

Definition 7. The ci departure profile differential for the set of alln ≥ 3 candi-

dates,Dn
ci

is defined by assigning(−1)s
(

n−1
s−1

)
voters to each ranking where cj

is sth ranked, s= 1, . . . , n.
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For a k-candidate subsetS , 3 ≤ k < n, the ci departure profile differential
Dk

ci ,S
is where theDk

ci
profile is augmented(n − k)! times by adding all possible

rankings of the candidates not inS ranked below those in S .

The Dn
ci

form is sufficiently bizarre to suggests that it is highly unlikely to
ever arise. But, remember, to be affected byDn

ci
, a profile only needs to have

Dn
ci

components. To prove this is a common occurrence, notice in Figure 5
that both D3

A,S for S = {A, B, C} and D4
A have entries in theA � B �

C � D ranking region. Consequently, the profile decomposition of theunanimity
profile A � B � C � D has components in theD3

A,{A,B,C} and D4
A directions;

i.e., even the unanimity profile experiences affects of the departure directions.
Important properties of these departure profiles differentials are introduced in the
next theorem.

Figure 5a,b. Departure profiles.a D3
A,S. b D4

A

Theorem 11. For n ≥ 3 candidates, letS be a subset of k candidates,3 ≤ k ≤
n. The following statements concern the tally ofDk

ci ,S
, ci ∈ S .

1. All pairwise tallies end in a complete tie where each candidate receives zero
points.

2. If at least one candidate inS is not inS ′, then allS ′ positional tallies of
Dk

ci ,S
are zero.

3. If wk ∈ D k for setS , then thewk tally of Dk
ci ,S

is a complete tie where all
candidates receive zero points.

4. Let S is a proper subset of the set of candidatesS ′ where the departure
vector for S ′ is d′. The d′ tally of Dk

ci ,S
has a positive tally for ci , and

an equal negative tally for all remaining candidates inS . If S ′ has one
more candidate thanS , then this candidate has a zero tally. In general, each
candidate inS ′ − S has the same tally. The sum of the tallies is zero

5. TheS plurality tally for ci has her bottom ranked with−(n − k)!(k − 1)!
votes. The tally for each of the remaining(k −1) candidates is(n−k)!(k −2)!
votes.

6. If dk is the departure vector forS , then thedk tally of Dk
ci ,S

has ci top ranked

with tally γn,k = (n − k)!
∑k−1

s=2 [
(

k−1
s−1

)
]2 and all remaining candidates tied

for bottom. As the sum of the votes equals zero, a bottom ranked candidate’s
tally is the −1

k−1 multiple of ci ’s tally.
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7. The departure profile differentials{Dk
ci ,S

}ci ∈S span a space of dimension
|S | − 1 determined by any(|S | − 1) of them. They satisfy the relationship

∑
cj ∈S

Dk
cj ,S

= 0. (6.1)

According to Parts 1 and 3, the departure differentials have no affect upon
pairwise or positional outcomes from the derived set; they only influence the
departure direction. Parts 2 and 4 prove that the departure profiles affect outcomes
only in supersets of candidates. Corollary 4 identifies the plurality vote as an
important procedure defined by the departure vector, so Part 5 specifies the
plurality tally of a departure differential. The departure tally of a departure profile
is in Part 6, while Part 7 identifies the subspace structure of the departure profiles
within profile space.

To indicate why a natural election outcome forDk
ci ,S

is a completely tied
vote, start with a two person profile with preferencesr andρ(r ). As in Section 5,
the opposite preferences suggests a cancellation of votes causing a complete tie.
But, for an odd integern, Dn

ci
is the sum of two-person profiles of the (r , ρ(r ))

type. Indeed, ifr is a ranking whereci is j th ranked, thenρ(r ) is a ranking
whereci is (n − j )th ranked. This one-to-one relationship and the equal number
of voters for each setting completes the proof of this assertion. The argument
for an even number of voters involves aspects of the alternating differentials of
Section 5.

A related argument thatDk
ci ,S

should lead to a complete tie comes from parts
1, 2 of Theorem 11; they assert thatDk

ci ,S
has no influence on the pairs, on the

rankings of any subset, or on the rankings of any other subset with the same
number of candidates. For instance, with ten candidates,D10

ci
has a completely

tied tie vote for all sets of pairs, triplets,. . . , sets of nine candidates, and then,
in stark contradiction, it suddenly ranksci as the top-ranked candidate for the
set of all ten-candidates. Justifying such a conclusion is not easy.

7 Applications

To indicate implications, I use Theorem 11 in three ways. The first illustrates
how to create profiles with certain desired behavior. The second indicates how
to analyze voting procedures. The third underscores the complexity of standard
profiles.

7.1 Constructing profiles

This paper starts with Theorems 1, 2 which generalize all assertions and examples
describing how election outcomes change when candidates are added or dropped.
I now provide a sharper statement where the proof outlines the construction of
all supporting profiles. This assertion is a direct consequence of Theorem 11.
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Theorem 12. Suppose each voting vector in the system vectorWn has a compo-
nent in the departure direction. Then,Wn 6∈ αn. Indeed, for each subset of can-
didates, select a ranking in any desired manner. There exists a profilep where,
for each subset, the specified ranking is the election ranking. Namely, the word
F̃ (p, Wn) consists of specified rankings.

Proof. The induction proof is simple. Consider subsets ofk = 2 candidates. The
specified pairwise rankings are determined by the Basic andci � cj Condorcet
differentials. These rankings determine the BC outcomes for each subset.

For specifiedk, 2 < k < n, assume a profile is constructed where the
indicated election outcome occurs for the specified positional procedure for all
subsets ofj candidates, 2≤ j ≤ k. In turn, the election outcomes of procedures
in the derived sets of each (k + 1)-candidate subset are determined. For each
(k + 1)-candidate subset, the specified voting vector has a component in the
departure direction. Consequently, the departure profiles for each of these sets
can be selected so that the indicated election outcome occurs for the specified
positional method. Because these positional procedures have no affect on the
election outcomes for other subsets of (k + 1) candidates and for any subset with
fewer than (k+1) candidates, the new profile creates the desired election outcomes
for the specified positional method for all subsets up to (k + 1) candidates. This
completes the induction proof. ut

To be concrete, suppose we want to create a four-candidate profile with a
complete tie for all pairwise, all BC, and all four-candidate positional rankings.
The plurality rankings of the triplets, however, are to form a cycle where, say,
A � B ∼ C , B � C ∼ D , C � D ∼ A, D � A ∼ B. According to Theorem 11,
part 5, the construction starts with

p′ = −D3
A,{A,B,C} − D3

B,{B,C,D} − D3
C,{C,D,A} − D3

D,{D,A,B} (7.1)

which is illustrated in Figure 6 a.
According to parts 1, 2 of Theorem 11,p′ has no impact on pairwise or BC

votes; all end in complete ties with zero tallies. Part 2 asserts that theD3
A,S por-

tion for each tripletS has no effect on the outcome for any other triplet. Thus,
the plurality triplet outcomes are as desired. While Part 4 warns thatp′ might
change the positional outcomes of the set of four candidates, thep′ symmetry cre-
ates a cancellation leaving the four-candidate plurality ranking in a complete tie.
All of this can be verified from Figure 6 with the tallying procedures introduced
in [15]. (In Section 8, thep′ properties are generalized.)

(To convertp′ into a profile, add an appropriateUK
4 profile to make all

terms non-negative. For instance, add 2K 4 and then divide all entries by 3 to
generate a 12 voter profile with the desired properties.)

To indicate how to use the ordering of subsets by set inclusion to handle
settings where a four-candidate cancellation does not occur, change the{A, B, C}
ranking of the Figure 6a example toC � A � B; e.g., replace−D3

A,{A,B,C} in

p′ with 1
3[−D3

C,{A,B,C} + D3
A,{A,B,C}]. The new profile is in Figure 6b where the
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Figure 6a,b. Profiles examples.a Example profile.b C � A � B ranking

differences are in the{A, B, C} face. This choice, however, changes the four
candidate plurality ranking from a complete tie toC � A ∼ B � D with tally
2:0:0:-2. To obtain the desired four-candidate complete tie, add1

4[D4
C −D4

A]. This
profile differential does not effect pairwise or triplet rankings ( Theorem 11), but
it returns the four-candidate ranking to a complete tie.

An alternative approach is to replace theD3
cj ,S

profiles with a profile that

only influencesS rankings. To do this, notice from Figure 5a that theD3
A,{A,B,C}

profile has the four candidate plurality ranking ofB ∼ C � D � A with the tally
1 : 1 : 0 :−2. To remove this influence while retaining theD3

A,{A,B,C} properties,

add 1
4[−D4

A+ 1
2[D4

B +D4
C ] to cancel the four-candidate effects. To remove fractions,

useD̃3
A,{A,B,C} = 4D3

A,{A,B,C}−D4
A+ 1

2[D4
B+D4

C ]. This D̃3
A,{A,B,C} differential, given

in Figure 7, has the desired properties of Theorem 11plus the added property
that it does not change the four candidate outcomes (as shown by computing the
tallies). The choices for other sets and candidates follows from symmetry.

Figure 7. ProfilesD̃3
A,ABC = 4D3

A,ABC − D4
A

+ 1
2[D4

B + D4
C]

Figure 8. Voter type labels for 4-candidates

7.2 Other procedures

The use of Theorem 11 to analyze other procedures mimics how the Basic and
Condorcet profiles are used to analyze procedures based on binary rankings ([15]).
Namely, the Basic profile requires agreement over all subsets of candidates; all
reasonable procedures behave as we might hope. Conflict is generated only by
adding profile deviations. As we now know how to alter the positional rankings
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of any subset of candidates, we know how to create examples illustrating all
flaws of all procedures.

7.2.1 Runoffs

These comments can be illustrated with a five-candidate plurality runoff, where,
at each stage, only the bottom ranked candidate is dropped. Start with a Basic
profile with the universal rankingA � B � C � D � E. In direct conflict
with this ranking, suppose we wantE to be the runoff winner and the order
of eliminating candidates isA, B, C , D . Suppose (to cast doubt on the runoff
procedure) the rankings of all subsets not being voted upon agree with the Basic
ranking.

Choose a Basic profile where all binaries have a stronger victory margin than
in {D , E} election, An appropriate multiple of theE � D Condorcet profile
differential changes only the{D , E} outcome to haveE � D . Add appropri-
ate D3

C,{C,D,E} and D3
D,{C,D,E} multiples to ensure theE � D � C plurality

outcome, while all other triplets retain the Basic ranking.
The rest of the induction is clear. First, add appropriate four candidate depar-

ture profile differentials to return the four candidate outcomes to the Basic profile
rankings. Then add appropriate profile differentials to convert the{B, C , D , E}
outcome intoE � D � C � B. The same is done for the five-candidate election.

A closely related construction, but using only Condorcet profile differentials
can identify flaws of the Nanson method. This is a runoff where at each stage
the BC bottom ranked candidate is dropped. While the outcome is the Condorcet
winner, when one exists, it now is easy to create examples with explanations
suggesting this is the wrong candidate. To illustrate, the development of Chapter 5
from [10] proves that Nanson’s method is not monotonic. If, however, only Basic
profiles are used, the Nanson’s method is monotonic. This lack of monotonicity
is caused by the Condorcet portion of a profile. In turn, this raises doubts about
Nanson’s approach.

7.2.2 Condorcet principle

The Condorcet principle judges procedures by whether the Condorcet winner,
when one exists, is top-ranked. There is a large literature (see Kelly [5]) de-
scribing those procedures which do, or do not satisfy this condition. I offer a
simple approach, based on the profile decomposition, which resolves many of
these questions. First, we need a condition to capture the sense of a “directional
derivative.”

Definition 8. Let f(p) be a procedure which assigns a ranking for profilep. Let
D1 /= D2 be two non-empty subsets of profiles. Procedure f is said to be suscep-
tible to D2 relative toD1 if for any p1 ∈ D1, there existsp2 ∈ D2 so that f(p1)
and f(p1 +p2) have different rankings. We say that f is strongly susceptible toD2
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if p2 can be selected so that if f(p2) has a top-ranked candidate, then that is the
top-ranked candidate in f(p1 + p2).

The profile decomposition identifies the procedures affected by the different
profile components, so it is easy to verify whether specified methods satisfy this
condition. For instance, as a plurality vector has a component in the departure
direction, the plurality procedure is strongly susceptible to departure profiles
(relative to Basic profiles). Similarly, a plurality runoff , where there is a runoff
for the two top-ranked candidates, is strongly susceptible to departure profilesand
Condorcet profles (relative to Basic profiles). The BC applied to the set of alln
candidates is susceptible only to Basic profiles. For subsets of candidates, the BC
is susceptible to Basic and Condorcet profiles, but not to departure differentials.

The ease in determining which procedures satisfy different types of suscepti-
bility makes the following theorem a useful tool. It includes as special cases all
published results (I know about) concerning which procedures do not satisfy the
Condorcet principle.

Theorem 13. If a procedure is strongly susceptible to any profile component rel-
ative to the{Basic∪ Condorcet} profiles, then it does not satisfy the Condorcet
principle. If a procedure is not susceptible to the Condorcet profiles relative to
the Basic profiles, it does not satisfy the Condorcet principle.

Proof. The Condorcet winner is determined strictly by the Basic and Condorcet
profiles. So, if a procedure is strongly susceptible to profiles from some other
profiles subspace, then a candidate other than the Condorcet winner can be top-
ranked. Similarly, by adding a Condorcet portion to a Basic portion of a profile,
the identity of the Condorcet winner can change. Consequently, if a procedure
does not reflect the Condorcet portion of a profile (as true with, say, the BC),
then there are profiles where the procedure does not have the Condorcet winner
top-ranked. ut

7.3 Inverse and unanimity

To conclude, notice that the number of voters needed to support a profilep is
not correlated with its apparent complexity whenp is described in terms of its
profile components. To illustrate, the following four-candidate profile differential
has components in the Basic, the Condorcet, departure profiles in each of the four
triplet directions and even departure profiles for the set of all four candidates.

p =
1
12

{[3B4
A + 2B4

B + B4
C ] + 3C4

A�B�C�D +

4[D3
B,{A,B,C} + D3

C,{B,C,D} + D3
C,{C,D,A} + D3

B,{A,B,D}] − [D4
B + 2D4

C ]}
(7.2)

While p appears to promise all sorts of complications, it is merely a two-voter
unanimity profile differential forA � B � C � D . It remains to add the
appropriate kernel term.
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This Eq. 7.2 representation proves that even the unanimity profile has in-
teresting properties. The first bracketed term of Eq. 7.2 is the important Basic
profile; it specifies that the natural ranking for this profile isA � B � C � D .
The Condorcet term (the second term) introduces a twist to the pairwise rankings
to explain why the pairwise tallies fail to reflectA’s preferred status. (Recall, the
pairwise tallies for{A, B} and{A, C} agree, but the tally for the Basic portion
givesA a higher tally in the second election.) The next bracket of four terms is
the profile portion which changes the three candidate plurality outcomes; they
cause the ranking to beA � B ∼ C rather than the naturalA � B � C for
{A, B, C}. To explain, the BC outcome remains compatible with expectations,
but the D3

B,{A,B,C} portion of the unanimity profile reducesB’s Basic tally to
create the distortedA � B ∼ C plurality outcome. A similar explanation holds
for the four-candidate elections. Here, the plurality vote changes the Basic pro-
file ranking of A � B � C � D to A � B ∼ C ∼ D because of the profile’s
component of departure profile in the last bracketed term.

From Eq. 7.2, it is clear that a useful tool is an approach which identifies the t
profile differential components of a profilep. For n = 3 candidates, the approach
is in (Saari [16]). Forn = 4, I first label the different voter types according to
the numbering of Figure 8; e.g.,A � B � C � D is a type-one ranking, while
B � C � D � A is type-18.

With this notation, a profilep can be expressed as

p = A(C)

where A is the 24× 24 matrix with columns defined by appropriate profile
differentials and whereC is column vector where its 24 entries are the coefficients
of the different profile differentials. The components ofp are given by

C = A−1(p) (7.3)

Theorem 14. With the ordering of voter types given in Figure 8, the decomposi-
tion of a specified profilep is given by Eq. 7.3 where the components ofC identify
the coefficients for the profile differentials in the following manner:

– The first threeC components are, respectively, for departure differentials
D4

A, D4
B, D4

C . The coefficient for remainingD4
D term is determined from Eq.

6.1.
– From the fourth to the eleventh, theC components are collected into pairs.

These are the coefficients for the departure profiles coming, respectively, from
the triples

{A, B, C}, {A, C , D}, {C , B, D}, {B, A, D}.

For each pair assigned to a triplet, the twoC coefficients are for the first
and second candidate in the listed order; e.g., the seventhC component is
D3

C,{A,C,D} coefficient in the profile decomposition. The remaining coefficients
are determined from Eq. 6.1.

– The 12, 13, 14 components ofC are, respectively, theB4
A, B4

B, B4
C coefficients.



Mathematical structure of voting paradoxes 89

– Components 15, 16, 17 are, respectively, for the Condorcet terms

C4
A�B�C�D , C4

A�B�D�C , C4
A�C�B�D .

– Component 18 is forK 4.
– The final six components are for double reversal kernel vectors (see Saari

[15]) given by changes along edges of the representation tetrahedron in the
order

{A, C}, {C , B}, {A, B}, {C , D}, {B, D}, {A, D}.

Matrix A−1 is 1
24 of the following matrix.

0 0 −1 −2 −2 −1 2 1 −1 −2 −1 1 2 1 0 0 1 2 1 −1 −2 −1 1 2
−1 −2 −2 −1 0 0 2 1 0 0 1 2 1 −1 −2 −1 1 2 2 1 −1 −2 −1 1
−2 −1 0 0 −1 −2 1 −1 −2 −1 1 2 2 1 −1 −2 −1 1 2 1 0 0 1 2
0 −4 4 0 −4 4 −4 −4 −4 4 4 4 0 0 0 −4 −4 −4 4 4 4 0 0 0
4 −4 0 4 −4 0 −4 −4 −4 0 0 0 4 4 4 −4 −4 −4 0 0 0 4 4 4
0 0 4 4 4 0 0 −4 4 0 −4 4 −4 −4 0 0 0 −4 −4 4 4 4 −4 −4
4 4 0 0 0 4 4 −4 0 4 −4 0 −4 −4 4 4 4 −4 −4 0 0 0 −4 −4
4 0 0 0 4 4 −4 4 4 4 −4 −4 0 −4 4 0 −4 4 −4 −4 0 0 0 −4
0 4 4 4 0 0 −4 0 0 0 −4 −4 4 −4 0 4 −4 0 −4 −4 4 4 4 −4
4 4 4 0 0 0 −4 −4 0 0 0 −4 −4 4 4 4 −4 −4 0 −4 4 0 −4 4
0 0 0 4 4 4 −4 −4 4 4 4 −4 −4 0 0 0 −4 −4 4 −4 0 4 −4 0
3 3 2 1 1 2 2 1 −1 −2 −1 1 −1 −2 −3 −3 −2 −1 1 −1 −2 −1 1 2
2 1 1 2 3 3 −1 −2 −3 −3 −2 −1 1 −1 −2 −1 1 2 2 1 −1 −2 −1 1
1 2 3 3 2 1 1 −1 −2 −1 1 2 2 1 −1 −2 −1 1 −1 −2 −3 −3 −2 −1
3 0 0 −3 0 0 0 −3 0 0 3 0 0 0 −3 0 0 3 −3 0 0 3 0 0
0 0 3 0 0 −3 −3 0 0 3 0 0 0 −3 0 0 3 0 0 0 −3 0 0 3
0 3 0 0 −3 0 0 0 3 0 0 −3 3 0 0 −3 0 0 0 3 0 0 −3 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 6 −6 −3 −6 6 −6 −3 −6 6 3 6 0 0 3 0 0 −3 3 0 0 −3 0 0

−6 6 3 6 −6 −3 3 0 0 −3 0 0 −6 −3 −6 6 3 6 0 0 3 0 0 −3
6 3 6 −6 −3 −6 0 0 −3 0 0 3 −3 0 0 3 0 0 6 3 6 −6 −3 −6
0 −3 0 0 3 0 −6 6 3 6 −6 −3 3 6 −6 −3 −6 6 0 −3 0 0 3 0
3 0 0 −3 0 0 0 −3 0 0 3 0 −6 6 3 6 −6 −3 3 6 −6 −3 −6 6
0 0 3 0 0 −3 3 6 −6 −3 −6 6 0 −3 0 0 3 0 −6 6 3 6 −6 −3

Proof. This involves finding the matrix inverse. ut
To illustrate, the unanimity type-one profile (see Eq. 7.2) has the decom-

position given by the first column of this matrix. To use this matrix to derive
other conclusions, see the use of the 6× 6 corresponding matrix described for
three-candidates in Saari [16]. Finding a similar matrix for five (which would
be 120× 120) or six candidates (720× 720) is possible, but not useful. While
I will explain elsewhere how to determine the decomposition ofp for n ≥ 5
alternatives, it involves a scalar product ofp with the specified the differentials.

8 More structure; many more possible theorems

To conclude, I identify the rich structure of the departure profiles available to
discover many new conclusions. To explain, emphasizing the specific departure
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profiles which change thedk outcome for a set is similar to emphasizing the
profiles changing pairwise outcome (which is the “departure vector”d2) for
a pair. But focussing on individual sets makes it is difficult to compare what
happens among a class of sets. Indeed, about the best we can say is that any
ranking is possible.

The pairwise voting results of Saari [15] are a direct consequence of collect-
ing profiles which influence pairwise outcomes into the appropriate Basic and
Condorcet differentials. This allows us to identify and compare which profile
portions provide consistency in election rankings with which portions cause cy-
cles and other non-transitive outcomesover different pairs. It also allows us to
understand how the Condorcet portion affects the rankings ofk-candidate sub-
sets of candidates, 2< k < n. A remarkably similar approach of identifying
the appropriate collection of Departure differentials can be used to analyze the
behavior of the positional rankings over allk-candidate subsets and how these
outcomes affect the rankings of subsets with larger numbers of candidates. As
consequences and new conclusions follow the lead and analysis of Saari [15], I
emphasize the profile division.

Represent a rankingr of the n-candidates with a ranking disk as described
in [15] to define the Condorcet profile. Define thek-tuple cycle determined by r
to be a list ofn sets ofk candidates obtained in the following manner. The first
k-candidate subset, and its ranking, is given by the firstk candidates and their
relative ranking inr . Move the ranking disk clockwise so that digit “1” is under
the next candidate; the secondk-candidate subset, and its ranking, are thek-top
ranked candidates in this new ranking. Continuen times until no new subsets
are possible.

Definition 9. For all k-candidate subsets, the cj -(Basic-Departure) profile differ-
ential is

BDk
cj

=
∑

cj ∈S,|S|=k

Dk
cj ,S. (8.1)

Namely,BDk
cj

is the sum of all k-candidate departure profiles emphasizing cj .
For a ranking r of the n candidates, the(r , j )-(Condorcet-Departure) profile

differential, CDk
r ,j , is sum of allDk

ci ,S where S is a k-candidate subset in the
k-tuple cycle defined by r and ci ∈ S is the j th ranked candidate in this ranking.

To illustrate withk = 3, n = 4, the (Basic-Departure) differential forA is

BD3
A = D3

A,{A,B,C} + D3
A,{A,B,D} + D3

A,{A,C,D}

while r = A � B � D � C defines the (Condorcet-Departure) profile

CDk
r ,2 = D3

B,{A,B,D} + D3
D,{B,D,C} + D3

C,{D,C,A} + D3
A,{C,A,B}.

These (Basic-Departure) and (Condorcet-Departure) profile differentials play
an parallel role for departure outcomes as, respectively, the Basic and Condorcet
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profiles do for pairwise rankings. As such, most results from [15] have an ana-
logue for k-candidate sets; this includes the interpretation that the (Condorcet-
Departure) differentials dismiss information about the individual rationality of
voters. (As all statements are in terms ofdk andgk+s(dk) tallies, I show how to
translate this to positional outcomes.) The following sample states the the (Basic-
Departure) differentials have the same nice properties (withdk andgk+s(dk)) as
the Basic profiles. Similarly, the (Condorcet-Departure) differentials, just like the
Condorcet differentials, are responsible for alldk outcomes which are inconsis-
tent; they cause all cycles and other intransitive behavior.

Theorem 15. For n candidates, assume2 < k < n and that1 ≤ s ≤ (n − k).

1. The(k − 1)
( n

k

)
dimensional-subspace of k-candidate departure differentials

spanned by{Dk
cj ,S}|S|=k,j =1,...,n also is spanned by the set of k-candidate

(Basic-Departure) and (Condorcet-Departure) profiles. The (Basic-Departure)
differentials define a(n − 1) dimensional subspace where

∑n
j =1 BDk

cj
= 0.

2. Thedk and gk+s(dk) rankings of profile
∑n

j =1 Ak
j BDk

cj
agree over all subsets

of k or more candidates. In particular, the ranking of the candidates for any
subset is determined by the ranking of the{Ak

j } coefficients. The difference
between tallies of different candidates in a subset is a fixed multiple times the
difference between the coefficients.

3. Thedk rankings ofCDk
r ,j define a cyclic behavior in that each of the n can-

didates is top-ranked in precisely one k-candidate subset. More precisely, in
the k-tuple cycle defined by r, ci is top-ranked in the one k-candidate subset
where she is j th ranked.

4. Thegn(dk) tally of a k-candidate (Condorcet-Departure) differential assigns
zero points to each candidate.

5. Thegs(dk), k < s < n, tally of CDk
cj

need not be a tie.

Supporting arguments for these assertions closely resemble those for the bi-
nary case. For instance, it is shown in [15] that the BC and other procedures
change rankings when candidates are dropped because dropping a candidate
converts an-candidate Condorcet profile (which has no effect on positional
methods) into a (n − 1)-candidate Condorcet profileplus a profile component
in a (n − 1)-candidate Basic direction; the new Basic component affects the
(n −1)-candidate positional outcomes. Similarly, the (Condorcet-Departure) pro-
file CDk

r ,j , k < n − 1, has no effect upongn(dk) (or any method based on

this term), but dropping a candidate convertsn-candidateCDk
r ,j into (n − 1)-

candidateCDk
r1,j , where r1 is the ranking obtained by dropping the candidate

from r , plus a component in the (Basic-Departure) direction; this new compo-
nent affectsgn−1(dk) outcomes (and any procedure using this term). Therefore,
gs(dk), k < s < n, tally of CDk

cj
need not be a tie when restricted tos-candidate

subsets. In turn,any procedure based upon k-candidate outcomes suffers the
problem of having outcomes change when candidates are dropped.
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8.1 Refined division

Another example of the parallels between the pairwise theory of [15] and what
can be done with the departure vectors is given next.

Corollary 8. Suppose a profile consists of k-candidate (Basic-Departure) and
(Condorcet-Departure) profiles. A candidate who isdk top-ranked in all k-
candidate subsets cannot be bottom-ranked in theg(dk) election. Similarly, a
candidate who isdk bottom-ranked in all k-candidate subsets cannot be top-
ranked in theg(dk) election.

To add significance to this corollary, and its several extensions, notice that the
departure vectors and profiles, along with Theorem 15, provide a nice picture of
positional methods and how their rankings are related to what occurs for subsets.
I start by describing a different coordinate system for the pyramidP n and its
derived setD n.

The center point isbn. Passing through this point is the axis directiongn(d3);
it consists of allwn related to the three-candidate positional procedures. The
next direction is defined bygn(d4); it identifies thewn defined by the four-
candidate positional procedures of the formb4 + λd4.. The process continues
with axes defined bygn(d5), . . . , gn(dn−1). These terms complete the coordinate
description ofD n. The P n system only needs the remaining directiondn.

The close relationship among the tallies of different sets comes from observ-
ing thatP n coordinate system requires eachwn to have a unique representation

wn = λ2bn +
n−1∑
j =3

λj gn(dj ) + λndn. (8.2)

To use Eq, 8.2 to understand thewn elections and the new kinds of rela-
tionships it admits, notice that thek-candidate (Basic-Departure) differentials
not only affect thegn(dk) outcomes, but they agree with thedk outcomes (The-
orem 15). This provides consistency in election outcomes of Eq. 8.2; it even
identifies profile restrictions that provide added relationships. What disrupts con-
sistency, however, is that thek-candidate (Condorcet-Departure) terms have no
affect upon thegn(dk) outcomes, but they can change (up to limits of the type
specified by Corollary 8) thedk outcomes.This is the source of all inconsisten-
cies in election outcomes.(When we consider the election tallies of a procedure
with fewer candidates, we also have to include the effects of how a (Condorcet-
Departure) profile splits into a (Condorcet-Departure) and a (Basic-Departure)
profile.)

So, by use of Eq, 8.2 and Theorem 15, we now can, for instance, identify
choices of profiles which will allow consistency in election rankings of different
sets, we can identify the profiles causing all inconsistencies, we can create all
possible paradoxes. This powerful tool will be explored in more detail elsewhere.
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8.2 Summary

In summary, we now can explain all differences in outcomes coming from any
positional procedures and/or from methods based on pairwise and positional
outcomes. The analysis starts with the Basic profiles where there is agreement.
Any disagreement in pairwise outcomes can be completely explained by the
Condorcet portion of a profile. Any disagreement in the positional rankings of
any other subset is based on deviation profile affects. Of equal interest, we can
construct examples to illustrate any admissible behavior. This statement holds
for all methods based on positional and pairwise outcomes.

9 Proofs

Proof of Theorem 2.All that remains to be proved in Theorem 2 is the assertion
that Wn is a vector in aν(n) = 2n−1(n − 4) + n + 2 dimensional Euclidean
space. To deriveν(n), notice that aj -candidate voting vector hasj components
where the first is unity and the last is zero. This leavesj − 2 weights free to be

chosen, so the number of free variables inWn is ν(n) =
∑n

j =2

(
n
j

)
(j − 2). By

differentiating the binomial expression

(1 + x)n =
n∑

j =0

(
n
j

)
xj (9.1)

we obtain

n(1 + x)n−1 =
n∑

j =1

j

(
n
j

)
xj −1. (9.2)

After settingx = 1 in Eqs. 9.1, 9.2 and using some algebra, the expression for
ν(n) follows. ut
Proof of Theorem 3.To prove that theuk

j vectors have the desired form, it suffices
to consider how many points a voter with preferencesc1 � c2 � · · · � ck casts
for each candidate when all (k − 1) candidate elections are tallied withvk−1

j . In
any subset where candidateci , i ≤ j , is included,ci receives one point. To count
the number of these subsets, notice that each (k − 1)-candidate subset can be
characterized in terms of the missing candidate; each candidate is missing from
precisely one set. As this requiresci to be in all but one subset (that is, she is in
preciselyk − 1 sets), she receivesk − 1 points.

Candidatecj +1 receives a point only if one of the topj ranked candidates is
not present. As each candidate is absent from precisely one subset,cj +1 receives
a point in j subsets for a total ofj points.

It remains to considerci where i > j + 1. For ci to receive any points, at
least two candidates ranked above her must be missing from a (k − 1) candidate
subset. As this never can occur,ci receives zero points. This proves that theuk

j
vectors have the indicated form.
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To prove dk is a normal vector forD k , it suffices to prove thatdk is or-
thogonal touk

j − bk . (These vectors spanD k .) As Bk = (k − 1)bk , an equivalent
problem is to show that

dk · (uk
j − bk) = dk · ((k − 1)uk

j − Bk) = 0. (9.3)

By use of the equality
(

n
j

)
=

(
n

n−j

)
, we have that

dk · Bk =
k−2∑
j =1

(−1)j
(

k − 1
j

)
j .

By comparing this expression with the summation obtained from Eq. 9.2 when
n = k − 1 andx = −1, it follows that

Bk · dk =
k−2∑
j =1

(−1)j j

(
k − 1

j

)
= (k − 1)(1− 1)k−2 + (k − 1) = k − 1 (9.4)

It remains to use induction to prove that (k − 1)uk
j · dk = k − 1. Only the

second coordinate of both (k − 1)uk
1 and dk are nonzero; they are, respectively

1 andk − 1. It follows that (k − 1)uk
1 · dk = k − 1.

Using the induction hypothesis, assume that (k−1)uk
j ·dk = k−1 for j < s. We

need to establish that (k−1)uk
s ·dk = k−1, or that [(k−1)uk

s−(k−1)uk
s−1] ·dk = 0.

The vector in the bracket has non-zero values only in thesth and (s + 1)th
position; they are, respectively,k − s and s. In turn, this means that the scalar

product becomes (up to a sign) (k −s)
(

k−1
k−s

)
−s

(
k−1

k−(s+1)

)
. Using the binomial

expressions, this becomes

(k − s)
(k − 1)!

(k − s)!((k − 1) − (k − s))!
− s

(k − 1)!
(k − 1 − s)!s!

(9.5)

= (k − 1)![
1

(k − s − 1)!(s − 1)!
− 1

(k − s − 1)!(s − 1)!
] = 0.

This completes the induction proof. ut
Proof of Theorem 4.The linearity of the tallying procedure ensures there is a
kernel. The fact the universal kernel, determined by the pairwise and plurality
votes, is contained in the kernel of all procedures is a direct consequence of
Corollary 4. It remains is to find the dimension which, from the linearity of the
tallying procedure, is the difference between the dimensions of the normalized
space of profiles (n! − 1) and the the normalized space of vote tallies.

The normalized space of vote tallies is where, instead of election tallies,
we compute the fraction of the total vote received by each candidate. As ak
candidate election has (k − 1) degrees of freedom, the dimension of all pairwise
elections is

( n
2

)
(2 − 1), of all triplets is

( n
3

)
(3 − 1), . . . . The total dimension is∑n

j =2(j −1)
(

n
j

)
=

∑n
j =2 j

(
n
j

)
−∑n

j =2

(
n
j

)
.. It follows from Theorem 1 that this
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is the dimension of the plurality vote image space. To compute this summation
and show that the dimension of the kernel is as specified is a straightforward
computation that uses Eqs. 9.1, 9.2 in a manner similar to the derivation ofν(n).

ut

Proof of Theorem 6.
Part 1. InCn

r , each candidate is in each position twice; once with one voter and
once with (−1) voters. Thus,dn tally must be zero. Ifk < n is odd, thendk

has the same form that thej th coefficient equals the (k + 1− j ) coefficient. Each
ranking r ∈ Cn

r hasρ(r ) ∈ Cn
r . When restricted to setS, if a candidate isj th

ranked inr , then she is (k + 1 − j )th ranked inρ(r ). The cancellation of votes
proves the assertion. For even values ofk < n, the j th coefficient ofdk is the
negative of the (k + 1− j )th coefficient, so, rather than leading to a cancellation,
the abover , ρ(r ) symmetry adds to a candidate’s tally. With this observation,
examples now are easy to construct.

Part 2. As eachCn
r is orthogonal to each Basic profile, so are theci � cj -

Condorcet profiles. Because eachCn
r has a zerodk outcome whenk = n or when

k is odd, the same assertion holds for theci � cj Condorcet differentials. It
remains to prove the assertion whenk is even.

To prove the assertion about theA � B Condorcet profile differential fork
even, letS be ak-candidate subset. IfA and B are not inS , then because
we are dealing with a profile differential where candidates other than{A, B} are
treated symmetrically, my standard argument shows that all candidates receive a
zerodk tally. If both candidates are inS , then to determine theA tally, we need
to determine how oftenA is j th ranked inS . In the A � B Condorcet profile
differentials, the only condition on these rankings is thatA is ranked immediately
aboveB; all such rankings are included. The important point is that the number
of rankings with this property in aA � B Condorcet profile differential is the
same for allj satisfying the relevant values of 2≤ j ≤ k −1. (It is not necessary
to determine whenA is top or bottom ranked inS because the corresponding
dk coefficient is zero.)

To see this, notice that once the slots for theS candidates within then
possible positions are determined, we need to compute the number of ways to

rank theS candidates. Of these, there are
(

k−2
j −1

)
ways to select which candidates

are ranked aboveA, and each choice can be ranked in (j −1)! ways. The number of
ways to rank the candidates belowB is (k−2−(j −1))!. The product, which gives
the total number of such rankings, is (k −2)!. It remains to determine how many
ways to select the rankings fork positions withinn positions where two slots
are together in thej th and (j + 1)th positions (to accommodate the adjacentA, B
ranking. Using standard combinatoric approaches, where the adjacent rankings

are treated as one unit, this is
(

n−1
k−1

)
. Therefore the total number of rankings

where A is in j th position is
(

n−1
k−1

)
(k − 2)!. Of more value than the actual

number is that it does not depend uponj . Consequently,A is ranked in j th
position as often as in (k − j )th position. But, as thesedk coefficients differ only
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in sign, the terms cancel. A similar argument holds for theρ(r ) portion of each
profile, and forB. Therefore theA andB tallies with the departure vectordk are
zero. By using my standard symmetry argument, the same assertion extends to
all candidates.

If only one of A or B is in S , then the only minor changes in the above
argument show that the candidate is ranked inj th place as often as she is ranked
(k − j )th place. This gives the same argument to prove that thedk tally is zero.

Since the departure vectors give a zero tally for allci � cj Condorcet and
Basic profiles, a positional procedure (with Eq. 8.2 representation) is determined
strictly by the BC outcome for these profiles. This completes the proof of this
part.

Part 3. This is a direct tally. In{ci , cj } tallies, we know from [15] the tallies
for each candidate for eachCn

r component. The conclusion follows by computing
the number of Condorcet differentials in theci � cj Condorcet differential. For
any pair of candidates where neither isci or cj , the symmetric manner in which
they are treated in theci � cj Condorcet profile requires a tie election. As this
is a profile differential, each candidate receives zero points.

Finally, the assertion for{ci , cs} and {cj , cs} elections can be determined
by a direct computation, or by observing that each candidatecs, s /= i , j , must
be treated symmetrically. Furthermore, since we are dealing with a profile dif-
ferential, the sum of all pairwise tallies has to equal zero. The conclusion now
follows.

Part 4. From part 2, we know that the positional tally must agree with the
BC tally. The rest of the assertion is a direct computation. ut

Proof of Theorem 7.Each E n
k,j can be expressed as the profileTn

k,j where n
voters are assigned to each ranking wherecj is kth rankedminusK n. Part 3 now
follows from a direct computation.

As
∑n

j =1 E n
k,j =

∑n
j =1 Tn

k,j − nK n,the second summation has each of then!
rankings representedn times. This equalsnK n so

∑n
j =1 E n

k,j = 0. (This is part
of Part 2). Thus, the set{E n

k,j }n
j =1 can span at most a (n − 1)-dimensional space.

That it spans a space of this dimension follows from the form of theTn
k,j terms;

any two have no rankings in common.
Part 1. As any differentialp is orthogonal toK n, if p is orthogonal to the

space spanned by{E n
k,j }n

j =1, thenp is orthogonal to eachTn
k,j . This means that

p has an equal number of rankings with positive and with negative number of
voters wherecj is kth ranked. As this is true for allcj , the En

j tally of p must
be a complete tie with zero tallies.

Part 4. Without loss of generality, for this part considerE n
k,1 = Tn

k,1 − K n.
The symmetry ofK n requires each pair to end in an!/2 : n!/2 tie. Therefore,
the pairwise outcomes are determined byTn

k,1. To compute theTn
k,i tally for

pair {ci , cs}, i , s /= 1, notice that for each rankingr ∈ Tn
k,1 there is a ranking

r ′ ∈ Tn
k,1 where the only difference betweenr and r ′ is that the positions of

ci , cs are interchanged. This means each candidate gets the same pairwise vote
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of n(n − 1)!/2. The conclusion that the{ci , cs} vote is a zero-zero tie now
follows.

Now consider the tally of{c1, cs}. For eachr ∈ Tn
k,1, c1 must be inkth

position whilecs can be in any position. For all rankings wherecs is ranked above
c1, cs gets the vote. As there are (k − 1) such positions and as there are (n − 2)!
rankings withc1, cs in these specified positions,cs receivesn(k − 1)((n − 2)!)
points. There are (n−k) positions to rankcs belowc1, and each is accompanied by
the (n−2)! ways to rank the remaining candidates, soc1 receivesn(n−k)((n−2)!)
votes. The contribution to each candidate from−K n is −n!/2 votes. This leads
to the specified election tally.

As each Condorcet profile differential hasc1 in kth position in precisely two
rankings where one has one voter and the other has (−1 voters, it follows that
E n

k,1 is orthogonal to all Condorcet profiles. But, since the pairwise votes are
determined by the Basic and Condorcet profiles and since they are not all zero,
it follows that E n

k,1 is not orthogonal to some Basic profile.
To show the final result, it suffices to show forj /= k that the scalar product

(E n
k,1, E

n
j ,1) = (Tn

k,1, Tn
j ,1) − (K n, E n

j ,1) − (Tn
k,1, K n) /= 0.

The first term on the right side is zero because they have no rankings in common,
the second term is zero becauseK n is orthogonal to all profile differentials. For
the last term, eachr ∈ Tn

k,1 occurs inK n so the scalar product isn(n − 1)! /= 0
completing the proof. ut
Proof of Theorem 8.
Part 1. To prove that the pairwise tallies are zero, recall that a profile consisting
of the two rankingsr andρ(r ) forces a tie vote for all pairs. AsRk,j consists of
appropriate (r , ρ(r )) pairs, we are assured that all pairwise tallies are zero. The
terms with negative numbers of voters are inserted only to makeSk,j a profile
differential.

An alternative way to defineAk,j is to start with two copies of a rankingr ∗
of the (n − 1) candidates other thancj . Insertcj into the first copy so she iskth
position, and into the second copy so she is in (n + 1 − k)th position. Assign
one voter to the first augmented ranking,−1 to the second one. With two other
copies ofr ∗, insertcj into them so, respectively, she is top and bottom-ranked.
Assign x voters to the first augmented ranking,−x to the second one where
the value ofx is to be determined. Clearly,Ak,j is the sum of this set of four
rankings over all choices ofr ∗. By construction,Ak,j is a profile differential.

First consider{ci , cs} pairs where neither candidate iscj . In each of the two
pairs created byr ∗, the{ci , cs} ranking remains fixed, but the number of voters
have different signs, so the pairwise tallies equal zero. In a{cj , cs} pairwise
election,cj beatscs in each ranking wherecj is top-ranked; as there are (n − 1)!
such rankings and as each ranking occursx times,cj receivesx(n − 1)! votes.
Whencj is bottom ranked, she never beatscs. The number of timescj beatscs

whencj is kth ranked in aAk,j ranking equals the number of rankings wherecs

can be ranked belowcj ; this is
(

n−2
k−1

)
(k − 1)!(n − k)!. Similarly, the number
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of rankings wherecj is ranked abovecs when cj is (n + 1 − k)th ranked is(
n−2
k−2

)
k!(n − k)!. Therefore, to have a pairwise tie, we need to choosex so that

cj ’s tally for Ak,j is zero; that is, we need to solve

x(n − 1)! + [

(
n − 2
k − 1

)
−

(
n − 2
k − 2

)
]k!(n − 1)! = 0.

This is x = −(n + 1 − 2k)(n − 1).
Part 2. First, letk /= (n + 1)/2. The Ek + En+1−k tally for cj for each (r , ρ(r ))

wherecj is kth ranked inr is 2. As there are (n − 1)! such rankings inSk,j , and
ascj is neverkth or (n + 1− k)th ranked in the remaining rankings,cj ’s tally is
2(n−1)!. Whenk = (n+1)/2, thenEk +En+1−k = 2Ek . In this setting,cj is middle
ranked in (n − 1)! of the Sk,j rankings, so again she receives 2(n − 1)! votes. As
Sk,j is a profile differential, the sum of theEk +En+1−k tallies over all candidates
must equal zero. As all remaining candidates are treated symmetrically, each of
these candidates receives the same number of votes. Therefore, each remaining
candidate receive−2(n − 2)! votes.

TheEs+En+1−s tally of Sk,j , s /= k, counts the number of times each candidate
is in sth and in (n +1−s)th position. Ascj never is in any of these positions, her
tally is zero. Again, asRk,j is a profile differential and as the other candidates
are treated symmetrically, each remaining candidate receives a zero tally.

By definition, each rankingr in Ak,j is accompanied with its reversalρ(r )
but with a negative number of voters. Therefore, theEs + En+1−s tally of a
candidate for thisr , ρ(r ) pair is zero. Hence, forAk,j , the Es + En+1−s tally for
each candidate is zero;s = 2, . . . , (n − 1)/2.

Part 3. Forcj , theEk −En+1−k tally of Ak,j is 2(n−1)!. SinceAk,j is a profile
differential and since each of the remaining candidates is treated symmetrically,
each remaining candidate receives−2(n − 2)! votes. For eachr in Sk,j , ρ(r )
appears with an equal number of voters, so theEs − En+1−s tally is zero for
each candidate. Thus, theEs − En+1−s tally of Sk,j assigns zero points to each
candidate.

TheEs−En+1−s tally for cj with Ak,j , s /= k, equals the number of timescj is
in sth place minus the number of times she is in (n + 1−s)th place. Butcj never
has such a ranking inAk,j , so her tally is zero. Again, becauseAk,j is a profile
differential and because each remaining candidate is treated symmetrically, the
tally for each candidate is zero.

Part 4. This is a direct consequence of the (Ek ± En+1−k) tallies from parts
2, 3. ut
Proof of Theorem 9.For n ≥ 4, there are (n−2) choices ofEn

k vectors. A ranking
is assigned for each choice in the following manner. Partition the candidates
into two sets with an equal number of candidates ifn is even, and differ by
one candidate otherwise. For instance, the first set might have the firstn/2 or
(n + 1)/2 candidates, and the second has the rest. Define a Condorcet cycle for
the candidates from each set (the cycle has as many rankings as candidates in
the set). Forn ≥ 4, the number of rankings for either set does not exceed the
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number ofEn
k variables. So, for eachk = 2, . . . , (n + 1)/2, choose a ranking from

each Condorcet cycle to define theEn
k ranking; forn odd, there is one repetition.

(So, for n = 5, the three rankings could be (c1 � c2 � c3) � (c4 � c5), (c2 �
c3 � c1) � (c5 � c4), (c3 � c1 � c2) � (c4 � c5).)

For eachk, use the Positional differentials associated withEn
k can be used to

define a profile establishing the assigned ranking. According to Eq. 3.3, ifαk is
the only non-zero coefficient, then the ranking is the assigned one ifαk > 0, and
the reverse of this for negativeαk values. For even values ofn, this establishes
the conclusion.

For odd values ofn, it remains to show that each candidate in the smaller set
can be middle ranked. Toward this end, notice that theEn

k tally of cj , tn
k,j , is strictly

determined by the{Pn
k,j }n

j =1 coefficients; the only constraint is that
∑n

j =1 tn
k,j = 0.

(Thus, tn
k,n = −∑n−1

j =1 tn
k,j .) In particular, En

k the tally is independent of those
for other En

s . Thus, viewing the tallies as a linear mapping from the space of
coefficients to the (n−2)(n−1) dimensional space of tallies, it is a open mapping.

A ranking changes with the procedure because pairs change rankings by
passing through the{αk}n−1

k=2 values which define a tie. Each candidate is top
and bottom ranked with some procedure, so the assertion follows if it always
is possible to change the rankings one pair at a time. If the claim is false, then
it must be that some candidate, sayD , always is moved from a position right
below middle ranked to a position above middle ranked. Using the transitivity
of positional rankings, this requires at least a triple, say{B, C , D}, so that the
sameαk values define the three rankingsB ∼ C , C ∼ D , B ∼ D . (This occurs
with [2P4

2,A + P4
2,B − P4

2,C ] + [2P4
3,B + P4

3,D − P4
3,A] along the lineα2 = −α3.) I

now show this cannot occur in general.
For a given tally, the procedures causing an indifference between a pair, say

B, D , are given by thoseαk values satisfying

n−2∑
k=2

tn
k,B =

n−1∑
k=2

tn
k,D .

Therefore, for a simultaneous triple to have tied outcomes involving, say,c1, it
must be that the (n − 2) × (n − 2) matrix


 tn

1,1 − tn
1,2 . . . tn

(n−1),1 − tn
(n−1),2

. . . . . . . . .
tn
1.1 − tn

1,(n−1) . . . tn
(n−2),1 − tn

(n−2),(n−1)




has lower rank. As this is a lower rank condition, it follows from the open
mapping condition that coefficients can be found to avoid this behavior. This
completes the proof.

To prove the second part, recall that the pairwise rankings can be selected
to satisfy any desired arrangement by using only Basic and Condorcet profiles.
These rankings only affect the BC outcome. Similarly, the Positional differen-
tials have no effect upon the pairwise outcomes. So, by choosing the Positional
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differentials to have sufficiently large tallies, the BC outcome has minimal effect
upon the rankings of the other procedures. The conclusion now follows.ut
Proof of Theorem 11.
Part 1. We compute the{ci , cj } pairwise tally. If ci ∈ S but cj is not, then
ci � cj in each ranking inDn

ci ,S
. As the number of rankings which hasci in sth

spot is (k−1)!(n−k)!, the total number of votesci wins in the pairwise elections

is (k − 1)!(n − k)!
∑k

s=1(−1)s
(

k−1
s−1

)
. According to Eq. 9.1 wherex = −1, this

summation equals zero.
Now suppose bothci , cj ∈ S . Among all of theDn

ci ,S
rankings which has

ci in sth position, (k − s)(k − 2)!(n − k)! have cj ranked lower. Therefore, the
total number of points earned byci in the pairwise vote is a (k − 2)!(n − k)!
multiple of

k∑
s=1

(−1)s(k − s)

(
k − 1
s − 1

)
=

k∑
s=1

(−1)s(k − s)

(
k − 1
k − s

)
. (9.6)

According to Eq. 9.2 wherex = −1, this sum is zero. This completes the proof
of this part.

Part 2. According to Corollary 4 and part 1, it suffices to show that the
plurality votes for all candidates inS ′ is a tie. If no candidates fromS ′ are in
S , then each candidate is treated symmetrically. This means that becauseDn

ci ,S

is a profile differential, the sum of the votes equals zero and each candidate
receives the same vote. Thus, each candidate has a zero plurality tally.

Now suppose there is at least one candidate inS that is not inS ′ and that
S ∩ S ′ /= ∅. The plurality tally of anyS ′ candidate not inS is, trivially,
zero. If ci is in S ′ ∩ S , then her plurality tally is determined by the number
of rankings where she is top ranked inS or where candidates inS but not
in S ′ are ranked above her. Suppose there ares ≥ 1 candidates of this type.
This meansc1 is in top-place in (n − k)!(k − 1)! rankings, second place in
(n − k)!

( s
1

)
1!(k − 2)! rankings, third place in (n − k)!

( s
2

)
2!(k − 3)! rankings,

. . . , (n − k)!
(

s
j

)
j !(k − j − 1)! rankings in j th place. The plurality vote is

determined by the number of voters with each of these rankings, so the tally is
−(n − k)! times the value

s∑
j =0

(−1)j
(

s
j

)
j !(k − j − 1)!

(
k − 1

j

)

=
s∑

j =0

(−1)j
(

s
j

)
j !(k − j − 1)!

(k − 1)!
j !(k − j − 1)!

= (k − 1)!
s∑

j =0

(−1)j
(

s
j

)
= (1 − 1)s = 0. (9.7)
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Again, the symmetry for the other voters inS ∩ S ′ ensures that their plurality
vote is zero. A similar argument holds forS ∩ S ′ /= ∅ whereci is not in this
set.

Part 3. To prove this assertion, it suffices to prove that alluk
j tallies of Dn

ci ,S

in S are zero. Because there are only two non-zero terms in (k−1)uk
j , its tally is

determined by the number of ways the candidates can be ranked to haveci is in
first and in second place. Because this number is the same (it is (k −1)!(n−k)!),
we only need to multiply the number of voters times the assigned points. All
other candidates fromS are treated symmetrically. This means that the tally is

(n − k)!(k − 1)![((k − 1)(−1) +
(

k−1
1

)
(1)] = 0. As Dn

ci ,S
is a profile differential,

the sum of the total vote is zero, and each of the other candidates receives the
same tally. Thus, their tally also is zero.

With the induction hypothesis, assume that theci tally with (k − 1)uk
j is zero

for j < s. We now must show that the tally is zero for (k − 1)uk
s . But this

computation is the same as that given in Eq. 9.5. (This reflects the duality of the
construction.) The same symmetry argument shows that the tally for the other
candidates also is zero.

Part 4. To see thatci has a positive tally withd′, notice that the sign of
the coefficients ofd′ and the number of voters for each of the admissibleci

rankings agree. Hence,ci receives a positive vote. All other candidates are treated
symmetrically within the groupsS −{ci } andS ′−S , so, within these groups,
they receive the same tally. Suppose there areβ more candidates inS ′ then in
S . The tally for each candidate inS ′ −S is the sum of the lastβ coefficients
of d′. So, if β = 1, then this sum is zero. Forβ > 1, the sign of this total depends
upon the parity of|S | and ofβ. BecauseDn

ci ,S
is a profile differential, the sum

of the total number of points is zero.

Part 5. TheS plurality tally for ci is determined by the number of times she
is top-ranked inDn

ci ,S
. But this is (k − 1)!(n − k)!. As (−1) voters are assigned

to each ranking, the tally is as stated. Each of the otherS candidates is treated
symmetrically, so each receives the same plurality tally. ButDn

ci ,S
is a profile

differential, so the sum of the votes equals zero. Therefore, each of these other
candidates receives a (n − k)!(k − 2)! plurality tally.

Part 6. By use of the symmetry argument in the proof of part 5, it suffices
to prove thatci is dk top-ranked inS with the Dn

ci ,S
profile. But the signs of

the j th coefficient ofdk and the number of voters whenci is j th ranked agree.

Therefore,ci ’s tally is (k − 1)!(n − k)!
∑k−1

j =2 [
(

k−1
j

)
]2. ut

Part 7. This is a direct computation.

Proof of Theorem 15.Parts 3 and 5 are direct computations. To prove part 4,
notice that thegk+1(dk) tally for a candidate is the sum of points she receives indk

elections. By induction, thegn(dk) outcome is a sum of sums of. . . of the votes
a candidate gets in the various subsets. But, the summetry of the (Condorcet-
Departure) profile requires (as with the Condorcet profile in pairwise voting) a
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complete tie. Similarly, the proof of part 2 also uses the linear properties of the
dot product (or tallying process). It follows from Theorem 11 that the number
of points each candidate receives in eachk-candidate subset is a multiple of the
coefficients of

∑n
j =1 Ak

j BDk
cj

. By definition, thegk+1(dk) tally for each candidate
ci is the sum of the number of points she received in thek-candidate elections,
so the multiple changes, but it still remains a multiple of theAk

j terms. The rest
of this part follows from induction. ut
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