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Summary. A theory is developed to identify, characterize, and explain all pos-
sible positional and pairwise voting outcomes that can occur for any number
of alternatives and any profile. This paper describes pairwise voting where new
results include explanations for all paradoxes, cycles, conflict between Borda and
Condorcet rankings, differences among procedures using pairwise votes (such as
the Borda Count, Kemeny’s method, and the Arrow-Raynaud rule), and discrep-
ancies among the societal rankings as candidates are dropped or added. Other
new results include new relationships among the Borda and Condorcet “winners”
and “losers.” The theory also shows how to construct all supporting profiles. The
following companion paper does the same for positional methods.
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1 Introduction

Positional proceduresare the commonly used voting methods where points are
assigned to alternatives according to how each voter positions them on the ballot.
Then the candidates are ranked according to theelection tallies– the sums of
assigned points. Familiar choices are the plurality vote which assigns a single
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point to a voter’s top-ranked candidate and zero to all others, and the Borda
Count (BC) which assignsn − 1, n − 2, . . . , n − n = 0 points, respectively,
to a voter’s first, second,. . ., nth ranked candidate. Although widely used, the
disturbing paradoxes (i.e., counter-intuitive outcomes) these methods admit cause
the legitimate worry that we may not always select who or what we really want.
Indeed, the academic study of this topic was initiated when Borda [3], and then
his fellow mathematicians Condorcet, Laplace, and others, raised this concern
about the French Academy elections of the 1780s.

To illustrate what can happen with a four-candidate example, whereA � B
means thatA is strictly preferred toB, suppose the transitive preferences of the
30 voters are

Number Ranking Number Ranking
3 A � C � D � B 2 C � B � D � A
6 A � D � C � B 5 C � D � B � A
3 B � C � D � A 2 D � B � C � A
5 B � D � C � A 4 D � C � B � A

(1.1)

The easily computedA � B � C � D plurality outcome, with a 9:8:7:6 tally,
suggests thatA is the voters’ top-choice. But, is she? If any candidate, or pair of
candidates, drops out of contention; the new plurality rankingreversesto agree
with D � C � B � A. (For instance, ifC drops out, the newD � B � A
outcome has a 11:10:9 tally. IfB andD drop out, theC � A outcome has a 21:9
tally.) Rather thanA being the candidate of choice, it is arguable that the voters’
“correct” choice isD even though she is the plurality bottom-ranked candidate.

1.1 Complexity

Positional procedures have proved to be formidable to analyze; the complexity
already is suggested by the Eq. 1.1 changes in societal outcomes when alternatives
are dropped. The problems, however, can be much worse; e.g., select a ranking
for each of the 2n − (n + 1) subsets of alternatives – do so randomly or to
deliberately create a perverse set of rankings – and there is a profile (aprofile
lists each voter’s preferences) where the voters’ sincere plurality outcome for
each subset is the selected one (Saari [16]).

Other kinds of difficulties arise by ranking the same alternatives with differ-
ent methods. For instance, tallying the Eq. 1.1 profile with the positional method
(12, 1, 0, 0) (which assigns 12, 1, 0, 0 points, respectively, to a voter’s top, second,
third, and last ranked candidate) leads to aB � A � C � D ranking, method
(36, 6, 1, 0) definesC � A � B � D , while the BC ranking ofD � C � B � A
reverses the plurality outcome. The voters’ views are fixed, buteachcandidate
“wins” with some procedure. A more extreme example is a ten-candidate profile
allowing millions of different election rankings(Saari [20]). The voters’ opinions
remain fixed by the marked ballots, yet varying the choice of a positional method
creates millions of contradictory election outcomes where each candidate wins
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with some procedures but is bottom-ranked with others. This suggests that elec-
tion outcomes may more accurately reflect the choice of a procedure than the
voters’ preferences.

A natural consequence of this complexity is Riker’s [13] resigned attitude
that “[t]he choice of a positional voting method is subjective.” Another expert
stressed the importance ofsocial choice– where the emphasis is on the election
winner rather than a ranking – by arguing that “[g]iven all the logical barriers
that have to be scaled to even come close to making a coherent social choice,
demanding a full ordering is a tall order.” Indeed, searching for a full ordering is
“something that most of us long ago gave up on as impossible and/or incoherent.”
His thoughts probably reflect the general sense of the choice community. The
difficulties and frustrations of this area are further captured by Arrow’s Theorem
[1] (see Section 8) which, loosely speaking, asserts that once there are three or
more candidates, all procedures are flawed.

In this and a companion paper I address and resolve some of these con-
cerns by developing the mathematical structures which allow us to understand
majority vote rankings of pairs of candidates (called“pairwise voting” in what
follows) and how they are related to the rankings of all positional procedures.
The companion paper describes positional methods. While this current paper of-
fers certain new positional voting results, the emphasis is on pairwise voting
and its many consequences. This includes developing the strongest possible re-
lationships between pairwise and positional rankings, and showing how certain
pairwise outcomes force inconsistencies among positional outcomes. Also, as
shown, the approach developed here now allows us to identify, characterize, and
explain all paradoxes suffered by any method which uses pairwise votes; it al-
lows us to characterize all profiles supporting any specified outcome; it explains
all single profile paradoxes. As the companion paper does the same for positional
procedures, the mathematical structures of these papers provide the information
needed for the selection and analysis of voting procedures. The generality of these
results suggests we should expect surprises; indeed, some conclusions contradict
widely accepted beliefs of the field.

2 Approach

Instead of the traditional axiomatic and combinatoric methods, I emphasize the
geometry of profile space by decomposing it into subspaces. Each subspace plays
a role similar to that of eigenspaces of a matrix in that each subspace has a spe-
cific function; their profiles affect only a specified class of procedures while
having no impact on other methods. Consequently,these profiles, and only these
profiles, cause all of the paradoxes which involve these particular procedures.
Conversely,any specified profile can be fully analyzed because each subspace
component determines how this profile affects the associated procedures. A sur-
prise (Section 3.1) is that a surprisingly large portion of profile space consists of
profiles with no effect on election outcomes; they just confuse and complicate
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the analysis. The decomposition given here (Section 3.2) separates the “neutral”
components, calledKernel profiles, from the “effective” parts.

2.1 The decomposition

A naive, false belief is that the choice of an election procedure does not matter
because the outcome is essentially the same no matter which method is used,
no matter what candidates are added or dropped. While this belief identifies a
tacit but major goal, it is so stringent that it cannot be satisfied even with an
unanimity profile. (The three candidate unanimity plurality outcome differs from
the BC outcome which differs from the outcome where each voter votes for
two candidates.) Indeed, there is no reason to expect these conditions ever to be
satisfied.

Surprisingly, (Section 5) there exists a (n −1)-dimensional subspace of these
desired profiles. They avoid all conflict because the election outcomesand even
the tallies for all positional procedures always agree even over all subsets of
candidates. To honor their special status that these, and only these profiles avoid
all possible election conflict, they are calledBasic profiles. But if the Basic
profiles are free from conflict, then all election difficulties are caused by profiles
orthogonal to the Basic profile subspace. To emphasize that only these orthogonal
profiles force election outcomes to deviate from a desired consistency, they are
calledprofile deviations.

So, in order to understand why procedures have conflicting outcomes, we
must understand thespace of profile deviations.To do so, I further decompose
this portion of profile space into those subspaces responsible for all conflict
in pairwise rankings, for all conflict among the positional rankings of different
subsets of candidates, and for all conflict in election outcomes for the same subset
of candidates. (The complete description for three alternatives is in (Saari [23].)

The important class of profile deviations introduced in this paper (Section 6)
are what I call theCondorcetprofiles. These profiles, which are responsible for
all pairwise election differences, are related to the familiarCondorcet triplet
(Condorcet [5]) where the preferences for three voters are

A � B � C , B � C � A, C � A � B. (2.1)

To explain, recall that the pairwise voting cycles have been widely studied since
discovered by Condorcet. Condorcet also recognized that profiles of the Eq. 2.1
type cause cycles; this insight has been exploited by others to derive conditions
specifying when cycles occur (e.g., a small sample of recent papers includes
Sen [27], Zwicker[30], and Saari [23]). But, the mathematical complexity of this
analysis has restricted most results to only three candidates.

Here I prove for any number of candidates that all ranking irregularities
(not just pairwise ranking cycles but any non-transitive pairwise outcomes) (Sec-
tion 6), any tallies which do not satisfy an extremely strong consistency property
which I call additive transitivity(Section 5.2), any difference between the BC
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and pairwise tallies (Section 7.2), all differences in BC rankings over different
subsets of candidates, all differences between methods using pairwise rankings or
tallies (Section 7.2), etc., etc., are completely caused by what I call (when intro-
duced in Section 6) theCondorcet differentials.In other words, by understanding
the Condorcetdeviationterms as developed here, several major mysteries of this
research area finally are explained and answered. (As one of several illustra-
tions, recall that a common difficult issue has been to determine the likelihood
of non-transitive pairwise outcomes; the answer becomes fairly immediate with
this approach.) To simplify this analysis, I introduce a new tool that I callfunda-
mental cycles(Section 6.3); these cycles help capture much of the just described
effects. To explain the meaning of cycles and why procedures have differing
outcomes, I discuss Arrow’s Theorem (Section 8) in terms of the decomposition.

2.2 Geometry

“Geometry” is my standard tool. For instance, a common difficulty of this re-
search area is to describe profiles in a way which assists in the analysis of
procedures. To address and provide an new approach for this problem, I use
a “geometric representation of profiles” (Section 4) which allows us to quickly
tally election outcomes and which provides insight into why rankings can change
with the number of candidates.

Geometry also provides intuition about the conflicting roles of the Basic and
Condorcet profiles. For instance, in Sections 5.4, 7.1 all pairwise outcomes are
identified in terms of the different roles of the Basic and Condorcet profiles.
This is used, for instance, to explain (e.g., Section 7.2.1) why cycles and other
non-transitive behavior dominate as the number of alternatives grows.

A main goal of this paper is to use these new structures to extract new results
about the BC, Condorcet winner, and an assortment of other procedures which
rely upon pairwise votes (e.g., Section 7). With geometry, I also characterize all
profiles and ways the BC and pairwise rankings can differ. Among new results,
I generalize the known assertion that the BC ranks the Condorcet winner (a
candidate who beats all other candidates in pairwise elections) strictly above a
Condorcet loser (a candidate who loses to everyone in pairwise elections). The
first known (to me) converse results also are given here; e.g., I prove that if
the pairwise election rankings are not “too” intransitive, they must rank the BC
winner strictly over the BC loser (Section 7.2). Most proofs are in Section 10.

2.3 Two useful conclusions

I need the following two conclusions.

Theorem 1. (Saari [16]) Assume there are n≥ 3 candidates. Select, in any
manner, a transitive ranking for each of the2n − (n + 1) subsets of candidates.
(So the rankings of the different subsets need not be related in any manner.) There
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exists a profile so that the sincere plurality (or pairwise) ranking for each subset
is as selected.

An extension of Theorem 1 to all positional methods (Saari [16, 17]) suggests
the likelihood of highly chaotic outcomes (Saari [21]). For technical reasons,
I need the regularity ensured by the following Proposition 1. This assertion,
which is not obvious (and proved in the companion paper), states that all voting
paradoxes are based on a linear combination of the profile’s pairwise and plurality
tallies over certain subsets of candidates. To describe this result, label in any
desired manner all subsets of candidates as

S1, S2, . . . , S2n−(n+1)

and letPlurs(p, |Sj |) be the plurality tally of profilep for candidatecs ∈ Sj .

Proposition 1. For n ≥ 3 candidates and a specified positional method for set
Sk, there are constants a|Sj | so that the method’s election tally of any candidate
cs ∈ Sk for any profilep is ∑

Sj ⊂Sk

a|Sj |Plurs(p, |Sj |). (2.2)

3 Profiles

As a profile specifies the number of voters with each ranking of the candidates, a
n-candidate profile can be represented as a point inRn! with non-negative integer
entries. To do this, list, in some manner, alln! rankings of the candidates. The
j th voter type, then, is thej th ranking. To illustrate by using the following listing
for n = 3 (see Saari [14, 15]),

Type Ranking Type Ranking
1 A � B � C 4 C � B � A
2 A � C � B 5 B � C � A
3 C � A � B 6 B � A � C

(3.1)

(0, 6, 0, 4, 5, 0) is the profile with six type-two, four type-four, and five type-five
voters.

Normalized profilesspecify the fraction of all voters with each voter type.
This space is identified with then! − 1 dimensional simplex

Si(n!) =


x = (x1, . . . , xn! ) ∈ Rn! |

n!∑
j =1

xj = 1, xj ≥ 0


 (3.2)

(So, (0, 6, 0, 4, 5, 0) normalizes to (0, 6
15, 0, 4

15,
5
15, 0).) As normalized profiles can

be identified with probabilities, the arguments developed here extend to the liter-
ature on individual choice behavior and probabilistic voting. (See the important
book (Luce [9]).)

The analysis is further simplified by using the following “profile differentials.”
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Definition 1. An integer profile differentialis the difference between two profiles
which involve the same number of voters. Anormalized profile differentialis the
difference between two vectors from the normalized profile space Si(n!).

The sum of a profile differential’s entries equals zero. Although a differential
allowsnegativenumbers of voters, this causes no problems in computing election
outcomes.

3.1 Universal kernel

To convert a profile differentials into a profile, notice that profileK n, defined
to have one voter for each of then! types, has completely tied outcomes for
all positional procedures and subsets of candidates. By adding scalar multiples
of K n to a profile differential, a resulting profile has the same election rankings
and differences in tallies as the differential. To illustrate, as−3 is the most
negative value in the differential (−3, 1, 1,−2, 3, 0), add 3K 3 to obtain the profile
(0, 4, 4, 1, 6, 3) which has the same election rankings as the differential.

The next result states that many profiles other thanK n have no effect on
election rankings.

Theorem 2. For n ≥ 3, there exists a n! −2n−1(n−2)−2 dimensional subspace
of profile space Si(n!), called the universal kerneland denoted byUKn, so that
if p ∈ UKn, then all positional and pairwise election outcomes of any set of
candidates is a complete tie.

For n = 3, UK3 has dimension zero; it is the barycentric point1
6K 3. Con-

sequently, any three-candidate profile with neutral election outcomes must be
a scalar multiple ofK 3. A surprise is the rapid growth of theUKn dimension
with n; e.g., withn = 4 candidates, it is six-dimensional and forn = 5 it is 70-
dimensional. Indeed, as asserted next, those profiles with no effect on election
rankings quickly dominate profile space.

Corollary 1. For n ≥ 5 candidates, the dimension ofUKn is more than half
the dimension of profile space. Namely, the dimension of the subspace of profiles
which lead to a complete tie in all positional elections over all subsets of candi-
dates exceeds the dimension of the profile subspace that causes any difference in
some election outcome.

The ratio of theUKn and Si(n!) dimensions rapidly approaches unity as n→
∞.

Proof. According to Theorem 2, the second assertion follows by finding the limit
of

n! − 2n−1(n − 2) − 2
n!

= 1 − 2n−1(n − 2) − 2
n!

(3.3)

which rapidly approaches unity asn → ∞. The first assertion requires finding
where the Eq. 3.3 ratio is greater than one half. A direct computation proves this
is true forn ≥ 5. �
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Dramatic illustrations of Cor. 1 are thatn = 6 andn = 7 give, respectively,
Eq. 3.3 ratios of 0.8194 and 0.9361. With just seven candidates, then,UK7

consumes over 93% of the (7!− 1) = 5039 dimensions ofSi(7!). This suggests
that one reason choice theory has proved to be so complicated is that effort is
spend analyzing profiles which, in fact, have no impact on election rankings. A
significant simplification in the analysis, then, occurs by concentrating only on
the effective profileswhich actually determine election outcomes.

3.2 Kernel profiles

While it is important to characterizeUKn, the large dimensions ofUKn prove
that a full analysis would dominate the discussion. Thus, I provide a complete
description ofUKn for n = 4 and a nearly complete one forn ≥ 5.

To createUKn entries, take the difference between two profiles with identical
plurality tallies for each subset of candidates. To illustrate, start with a profile
differential where 1 voter has the ranking (C � D) � (A � B) and −1 have
(C � D) � (B � A). The cancelling effect of the−1 term forces all plurality
tallies in the four candidate subset and the four triplets to be zero. (In these
elections, onlyC or D is top-ranked.) Only theA � B pairwise outcome (tally
1:-1) avoids a tie. These tallies determine (Proposition 1) all positional tallies
over all subsets of candidates.

Identical tallies occur by replacing the (C � D) portion of both rankings
with (D � C). The difference between these profiles defines theUK4 profile
differential

Number Ranking Number Ranking
1 C � D � A � B −1 C � D � B � A

−1 D � C � A � B 1 D � C � B � A
(3.4)

By changing the identity of the candidates in each pair, we obtain
(

4
2

)
= 6

versions of Eq. 3.4.
To extend this argument ton ≥ 4 candidates, partition then candidates

into two setsG1, G2, where eachGi has at least two candidates. Letri be a
strict ranking of theGi candidates,i = 1, 2. Let σ(r ) be a permutation of ther
ranking, and letρ(r ) be the special permutation which reverses the rankingr .
(So, ρ(A � B � C � D) = D � C � B � A; oneσ choice isσ(A � B � C �
D) = D � A � B � C .)

Choose non-identity permutationsσj for the candidates inGj , j = 1, 2. The
plurality and pairwise tallies of any subset with aG1 candidate are zero with the
profile differential where 1 voter has the preferencer1 � r2 and−1 haver1 �
σ2(r2). The plurality and pairwise tallies for aG2 candidate in a subset without
G1 candidates depends on the choice ofσ2. Whatever these tallies, identical
pairwise and plurality tallies arise with the profile differential where 1 voter
hasσ1(r1) � r2 and −1 haveσ1(r1) � σ2(r2). According to Proposition 1, the
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difference between these profile differentials has a zero tally for all candidates
in all subsets. The difference, thesymmetry changing profile differential,

Number Ranking Number Ranking
1 r1 � r2 −1 r1 � σ(r2)
1 σ1(r1) � σ2(r2) −1 σ1(r1) � r2

(3.5)

is in UKn. The special case (and only choice forn = 4) whereσj = ρ is called
the double reversal profile differential.

Theorem 3. UK4 is spanned by the six double reversal profile differentials; i.e.,
all kernel vectors are weighted sums of double reversal profile differentials and
K 4. For n ≥ 5, all symmetry changing profile differentials are inUKn. All kernel
profiles are weighted sums ofK n andUKn profile differentials.

Proof. It remains to prove that the six vectors described forn = 4 are linearly
independent. As each entry of each vector involves aSi(4!) component not in
any other vector, the conclusion is immediate. �

The UKn profiles have no effect on election outcomes for any subset, so the
smaller (oncen ≥ 5) dimensional orthogonal subspace,the subspace of effective
profiles EPn, determines all election outcomes of all subsets of candidates for
all positional procedures. Before analyzing these profiles, it is worth noting that
the hugeUKn space is mischief in waiting. After all, any new election procedure
which doesnot have tied outcomes forUKn profiles generates new paradoxes.
(Components which require a completely tied outcome for pairwise and positional
methods can have non-tied outcomes for the new procedures.)

4 Representation tetrahedrons and simplices

A standard difficulty is to find profile representations which assist the analysis.
One approach (Saari [14, 15]) uses simplices with vertices equal distance from
each other. (This equilateral simplex inRn−1 is an equilateral triangle forn = 3.)
Associate each of then ≥ 2 candidates{c1, c2, . . . , cn} with a vertex; a ranking
is assigned to a simplex point according to its distance from each vertex where
“closer is better.” A simplex divided into “ranking regions” is the “representation
simplex.”

Then = 4 simplex is an equilateral tetrahedron where each face is an equilat-
eral triangle. “Open” this “representation tetrahedron” by cutting along the edges
from theD vertex to obtain Figure 1. Each face is defined by three candidates,
so the missing candidate on a face corresponds to the tetrahedron vertex most
distant from the face; she is bottom ranked. Thus the Figure 1 ranking region
with a “•” in the B-C-D face representsC � B � D � A.

Represent a profile by listing the number of voters with each ranking in the
appropriate ranking region. To compute election tallies, notice thatA is top-
ranked in those regions withA as a vertex. Thus, the sum of terms in the lightly
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Figure 1. Representation tetrahedron

shaded region of Figure 1 determineA’s four-candidate plurality tally. When
only candidates{A, B, C} are considered,A also receives votes from voters who
haveA second-ranked andD top-ranked, soA’s tally is augmented by the values
in the two heavier shaded regions. (A similar description holds for the other
three-candidate subsets.) This geometry already explains why rankings can differ
as candidates are added or dropped.

In the {A, B} pairwise election,A’s tally is the sum of numbers to the left
of the middleA ∼ B line; B’s tally is the sum to the right. This line connects
the D vertex at the bottom of the figure to theC vertex on the top. A similar
description holds for all other pairwise elections which do not involveD . In
the {A, D} pairwise election, however, theA ∼ D line is affected by how the
tetrahedron is opened. Here,A’s tally is the sum of points in the square where
two edges are theA ∼ D lines in the{A, B, D} and {A, C , D} faces. The last
edge connects verticesB andC ; it separates two faces of the tetrahedron.

Figure 2a,b. A kernel and a basic profile

Applying these counts to the Figure 2a profile (where each face has a Con-
dorcet triplet; see Eq. 2.1), we find that all plurality and pairwise outcomes are
tied. According to Proposition 1, this is aUK4 profile. The rankings ofall subsets
for the Figure 2b profile agree withD � A ∼ B ∼ C .

The arrows in Figure 2a represent adouble reversal profile differential. The
tip of each arrow is a voter’s new ranking (so a voter is assigned for each of
(A � C) � (D � B), (C � A) � (B � D) while the base represents the
former preferences (so−1 voters are assigned for each of (A � C) � (B �
D), (C � A) � (D � B)). All double reversal profiles have this geometric
description; the six edges define the six double reversal profiles; e.g., double
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reversal differentials symmetrically move voters across an edge to adjacent faces.
With this geometric representation, it is easy to show that adding appropriate
double reversal differentials toK 4 defines twice the Figure 2a profile.

5 Basic and Borda profiles

The EPn effective profilesdescribed here determine all pairwise and BC out-
comes. TheBasic profilesare where the tallies of all procedures over all subsets
agree; theBorda profilesare closely related. TheCondorcet subspace(introduced
in Section 6) is responsible for all cyclic and non-transitive pairwise outcomes,
conflict among pairwise rankings, between the pairwise and BC rankings, and
paradoxes and difficulties of procedures based on pairwise rankings including
those introduced by Copeland [25, 11], Kemeny [8, 26], and Arrow and Ray-
naud [2].

5.1 Basic profiles

The definition of the Basic profiles is surprisingly simple.

Definition 2. A n-candidateBasic profile differential for candidatecj , denoted
by Bn

cj
, assigns a voter for each ranking where cj is top-ranked and−1 voters for

each ranking where cj is bottom-ranked.

The B4
D Basic profile is displayed in Figure 2b; theB4

D election outcome for
all positional procedures over all subsets of candidates isD � A ∼ B ∼ C .

Definition 3. A normalized positional voting vector for k candidates is

wk = (w1, w2, . . . , wk−1, wk), w1 = 1, wk = 0, wi ≥ wi +1 ≥ 0, i = 1, . . . , k − 1
(5.1)

In tallying awk election,wj points are assigned to a voter’s j th ranked candidate,
j = 1, . . . , k. The candidates are ranked according to the sums of assigned points.

A normalized BC election for k candidates is where

wk = bk =

(
1,

k − 2
k − 1

,
k − 3
k − 1

, . . . , 0

)
. (5.2)

The voting vector for a pair, (1, 0), establishes pairwise voting as a special
case of positional voting. The following fundamental theorem asserts that nothing
goes wrong with Basic profiles.

Theorem 4. For each subset of candidates, theBn
cj

tallies of all normalized po-
sitional voting procedures agree. In particular, for k≥ 2, if cj is in a k-candidate
subset of candidates, then foranywk, the respective tally for cj and for any other
candidate is

(n − 1)! points, − (n − 1)!
k − 1

points. (5.3)
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If cj is not in a k-candidate subset, then all candidates receive zero points.
The Basic profile differentials define a(n − 1)-dimensional subspace spanned

by any(n − 1) of the{Bn
cj
}n

j =1. Indeed,

n∑
j =1

Bn
cj

= 0 (5.4)

Equation 5.4 permits assuming that a Basic profile
∑n

j =1 aj Bn
cj

has at least
one zeroaj coefficient.

5.2 Power of basic profiles

To appreciate the Basic profiles, recall how much of choice theory is devoted
toward understanding why the outcomes of different procedures can differ. As
all procedures for all subsets of candidates must agree on the Basic profile, the
Basic profiles capture the sought after state of agreement.

Indeed, the tallies of the Basic profile even satisfy a powerfuladditive tran-
sitivity property. To explain, the ultimate level of transitivity is attained should
the tallies share the additive properties of pointsx1, x2, . . . , xk on the line given
by

(x1 − x2) + (x2 − x3) + . . . + (xk−1 − xk) = x1 − xk . (5.5)

Not only is the additive Eq. 5.5 condition normally missing from election tallies,
but even the weaker ordinal ranking conditions need not be satisfied. However,
the Basic profile tallies ofall positional procedures over all subsets transcends
transitivity to satisfy aadditive transitivity condition1 which closely resembles
Eq. 5.5. The tallies mimic Eq. 5.5 even to the extent that the pairwise differences
can come from different subsets of candidates and tallying procedures; this, of
course, eliminates the severe complexities that have motivated but frustrated
choice theory.

Definition 4. Let S be a set of|S| = k candidates. For profilep, let τw|S|
(A, B)

be the difference between A’s and B’swk tally of set S . If|S| = 2, denote this
difference byτ2(A, B). A profile satisfiesadditive transitivityif, for any subset
S = {c1, c2, . . . , ck} of candidates, any permutation of the indices, and anyw|S|,
the differences in tallies satisfy

s∑
j =1

τw|S|
(cj , cj +1) = τw|S|

(c1, cs+1). (5.6)

With the definitionµk = (n − 1)![1 + 1
(k−1)] I now can describe the remarkable

compatibility of election tallies for Basic profiles.

1 My thanks to Duncan Luce for suggesting this term to replace my original choice.
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Corollary 2. For a Basic profile
∑n

j =1 aj Bn
cj

, if ci , cj ∈ Sh, then for anyw|Sh|, the
difference between their positional tallies is

τw|Sh|
(ci , cj ) = (ai − aj )µ|Sh|. (5.7)

So, if c1, c2 ∈ S1,, c2, c3 ∈ S2, . . . , ck , ck+1 ∈ Sk, and c1, ck+1 ∈ Sk+1, wherew|Sj |

is assigned to Sj and where the sets Sj may, or may not differ with each j , then

(a1 − ak+1) =
τw|Sk+1|

(c1, ck+1)
µ|Sk+1|

=
k∑

j =1

τw|Sj |
(cj , cj +1)
µ|Sj |

=
k∑

j =1

(aj − aj +1) (5.8)

Proof. This is an immediate consequence of Theorem 4. �

As Cor. 2 holds forany positional method and any choice of subsets, the
actual result is stronger than Eq. 5.6 as the relative tallies of pairs can come
from different subsets with different positional methods. To illustrate with 9B5

c1
+

7B5
c2

+ 2B5
c3

+ B5
c4
, the {c1, c3} relative plurality tally from{c1, c2, c3} plus the

{c3, c5} relative (1, 1, 1, 1, 0) tally from the set of all five candidates plus the
{c5, c2} relative (1, 1

3, 1
4, 0) tally from {c2, c3, c4, c5} determines, say, the{c1, c2}

relative BC tally for{c1, c2, c4}to be

τb3
(c1, c2)
µ3

=
(9 − 2)µ3

µ3
+

(2 − 0)µ5

µ5
+

(0 − 7)µ4

µ4
= (9 − 7).

So, by knowing the pairwise tallies for a Basic profile,we know the profile’s
election tallies for all possible procedures with all possible subsets of candidates.
Conversely, just by knowing a Basic profile’s plurality or BC outcome for all
n candidates, we know what happens for all pairs and all subsets of candidates
with any choices of positional methods. This is a remarkable property.

5.3 Borda profiles

The Basic profiles are derived from theBorda profiles.

Definition 5. A Borda profile differential for candidate cj of the n candidates,
denoted byBorn

cj
, is where n+ 1− 2k voters are assigned to each ranking where

cj is kth ranked, k= 1, . . . , n.

To motivate the“Borda” title, recall that the BC assignsn − j points to a
voter’s j th ranked candidate. An equivalent method (where the sum of points
cast is zero) is to assign 2(n − j ) − (n − 1) = n + 1− 2j points for a voter’sj th
ranked alternative,j = 1, . . . , n. These weights agree with the number of voters
assigned to theBorn

cj
rankings.

Theorem 5. The{cj , cs} pairwise tally forBorn
cj

is ((n + 1)!/6 : −(n + 1)!/6);
that is, (n + 1)!/6 points for cj and−(n + 1)!/6 for cs. All other pairwise tallies
end in0 : 0 ties.
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Proof. It suffices to findcj ’s tally for the rankings wherecj � cs. There are
(n − 1)! rankings wherecj is in kth place; there are (k − 1) positions wherecs

is ranked abovecj . Each such positioning of the two candidates defines (n − 2)!
rankings. Thus, there are (n − 1)! − (k − 1)(n − 2)! = (n − k)(n − 2)! rankings
wherecj is in kth position and ranked abovecs. For each ranking, the number
of pointscj receives equals the number of voters, (n + 1−2k), with that ranking.
Thus,cj ’s tally is

n−1∑
k=1

(n + 1 − 2k)(n − k)(n − 2)! = (n − 2)!
n−1∑
k=1

(n2 + (1 − 3k)n + (2k2 − k)

= (n + 1)!/6 .

The tally of a pair not involvingcj is a zero-zero tie because we are using profile
differentials and candidates other thancj are treated symmetrically. �

It is clear from Thms. 4, 5 that for anyn and any choice of{aj }n
1 coefficients,

the profiles
n∑

j =1

aj Bn
j and

6
n(n + 1)

n∑
j =1

aj Born
j (5.9)

have identical pairwise outcomes. Thus, Borda profiles also satisfy the additive
transitivity property. But the Borda profiles donot satisfy certain Basic profile
properties of requiring common positional tallies. For instance, with the Figure 3a
representation ofBor4

A, the (1, 0, 0, 0) and (1, 1, 1, 0) outcomeA � B ∼ C ∼ D
has a 18 :−6 : −6 : −6 tally, the (1, 1, 0, 0) tally is 24 : −8 : −8 : −8, and
the b4 tally is 20 : −20/3 : −20/3 : −20/3. The rankings are consistent over
the subsets, but we lose remarkable Basic tallying properties such as the ones
characterized by Cor. 2.

Figure 3a,b. Structure of Borda profiles

Although related by having identical pairwise election outcomes (with the Eq.
5.9 scaling), these profiles differ because (oncen ≥ 4) a Borda profile cannot be
represented as a Basic profile and vice versa. Indeed, these two subspaces agree
only at the origin (the zero profile). The relative structures of these subspaces is
depicted in Figure 3b where one solid line represents the (n − 1) dimensional
Borda subspace, the other represents profiles which affect positional methods
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other than the BC. The spaces are not orthogonal as proved by the different
Bor4

A tallies for different positional election procedures.
A natural approach is to separate the pairwise and positional effects and

recover the desired separation of election outcomes by converting the speci-
fied subspaces into an orthogonal system. The Basic profiles, represented by the
dashed line in the figure, is the result. Of course, the orthogonalization process
ensures that there are profile differentials orthogonal to the space spanned by
the Basic and Condorcet differentials which have non-zero pairwise tallies; this
is illustrated by the Figure 3 arrow. But, these profiles offer nothing new about
pairwise outcomes.

So, when emphasizing the preciseprofiles which cause different pairwise
outcomes, use the Borda profiles. When considering almost any other issue – such
as finding all possible pairwise outcomes, comparing pairwise with positional
outcomes, etc. – use the much simpler Basic profiles.

5.4 Representation cube

Not all profiles enjoy the desirable Eq. 5.8 property; e.g., the unanimity profile
A � B � C definesτ2(A, B) = τ2(A, C) = τ2(B, C) = 1, soτ2(A, B)+τ2(B, C) /=
τ2(A, C). As this example clearly proves the existence of other profiles which in-
fluence the pairwise outcomes, we need to find them. Geometric insight assisting
the solution comes from then-candidate representation cubeof (Saari [14, 15]).
With v voters, define

xi ,j =
τ2(ci , cj )

v
. (5.10)

The xi ,j values of 1, 0,−1 mean, respectively, thatci wins unanimously, ties,
and does not receive a single vote in a{ci , cj } election. Becausexi ,j = −xj ,i , the
xi ,j sign indicates who won the election. Elementary algebra,xi ,j , and Eq. 5.10
reveal the actual tallies.

By assigning eachxi ,j , i < j , to a R( n
2 ) axis, a profile defines a point,

qn ∈ R( n
2 ), of pairwise outcomes. Asxi ,j ∈ [−1, 1], qn is in the

( n
2

)
fold product

of the intervals [−1, 1] called theorthogonal cube.To find all possible pairwise
outcomes, notice that thexi ,j values for an unanimity profile are±1. Thus, each
unanimity profile defines anunanimity vertexof the orthogonal cube. Theconvex
hull of the unanimity vertices is therepresentation cubeRC(n). Namely, if V i

is the unanimity vertex for thei th ranking of the candidates, then

RC(n) =

{
qn =

n!∑
i =1

λi V i |λi ≥ 0,

n!∑
i =1

λi = 1

}
. (5.11)

To see the significance ofRC(n), note that ifEi is the unanimity profile for
the i th ranking, thenV i is the pairwise tally. A normalized profile is the convex
sumpn =

∑n!
i =1 λi Ei , so the correspondingRC(n) point is qn =

∑n!
i =1 λi V i . This

leads to the following result.
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Proposition 2. (Saari [15]) All pairwise election outcomes, for any profile, are
characterized by the (rational) points ofRC(n). Namely, the pairwise outcomes
for any profile define a point inRC(n); all (rational) points ofRC(n) define the
pairwise election outcomes for some profile.RC(n) meets all orthants, coordinate
planes, coordinate axes, etc. of R( n

2 ), so all 3( n
2 ) rankings of the

( n
2

)
pairs of

candidates are supported by a profile.

The first part of Proposition 2 identifies all possible pairwise election out-
comes as the rational points ofRC(n). The second part means that any listing
of pairwise rankings is supported by a profile. If the rankings are not transitive,
they are caused by the non-Basic profile differentials. To provide a quick proof
of this result, notice that each face of the orthogonal cube is determined by a
particular candidate from a particular pair who wins with an unanimous vote;
i.e., xi ,j = 1. On thisxi ,j = 1 face are the two unanimity vertices representing the
rankingsr � (ci � cj ) and (ci � cj ) � ρ(r ) wherer is any fixed strict, transitive
ranking of the remaining (n − 2) candidates. Now consider a two-voter profile
which consists of these two rankings. The{ci , cj } outcome hasci unanimously
beatingcj . For each remaining pair, one voter has one ranking while the other
voter has the reversed ranking, so the outcome for this pair is a tie. Thus, this
profile defines the pointxi ,j = 1 on thexi ,j axis. As this is true for each axis, the
convex combination of these points also is in the representation cube. But this
convex set clearly meets all all orthants, coordinate planes, coordinate axes, etc.
of R( n

2 ), so the assertion holds.

5.5 Transitivity plane

To describe the Basic and Borda profiles we need the following.

Definition 6. The transitivity planeof RC(n) is the (n − 1) dimensional plane
passing through the origin ofRC(n) spanned by{Tn

ci
}n

i =1 where vectorTn
ci

has
xi ,j = 1 for all j (so, ci unanimously beats each of the other candidates), while
xk,j = 0 when j, k /= i (representing a tie vote for each remaining pair of candi-
dates).

Theorem 6. The pairwise outcomes of a Basic or a Borda profile are in the tran-
sitivity plane ofRC(n). All rankings in the transitivity plane satisfy ordinal and
additive transitivity. No unanimity vertex outcome is on the transitivity plane.

Proof. The pairwise election outcomes forBn
cj

(or Born
cj

) hascj beating all other
candidates with a unanimous vote; all other pairs end in a tie. SoBn

cj
(or Born

cj
)

defines adirection consistent withTn
cj

. The conclusion follows by linearity. The
rest of the proof is in Section 10. �

To appreciate the transitivity plane, I review definitions (or properties equiv-
alent to the definition) of procedures defined by the pairwise vote. (It has been



Mathematical structure of voting paradoxes 17

known since Borda [3] and Nanson [12] that the BC ranking is the sum of points
a candidate receives over all pairwise elections. The non-traditional conditions
for Kemeny’s rule are in (Saari and Merlin [26]).)

Definition 7. The BC ranking is equivalent to ranking the candidates according
to assigned scores where the j th candidate’s score is

BC(cj ) =
∑
k/=j

xj ,k . (5.12)

The Copeland ranking is determined by modifying Eq. 5.12: If xi ,j /= 0, replace
it with the sign of xi ,j . (Namely, in a{ci , cj } pairwise election, assign one point
to the winner and−1 points to the loser.) The Copeland outcome is determined
by ranking candidates according to the sum of assigned points.

Candidate cj is the Condorcet winner if she wins all pairwise elections. (That
is, if xj ,k > 0 for all k /= j .) She is the Condorcet loser if she loses all pairwise
elections.

A Black-winner is the Condorcet winner when defined. Otherwise, it is the BC
winner.

The Kemeny ranking for profilep is a transitive ranking obtained fromqn by
reversing xi ,j values so that

1. the resulting ranking is transitive, and
2. this is done by minimizing the sum of the magnitudes of the reversed terms.

Equivalently, the Kemeny ranking is the nearest (l1 distance) transitive ranking
region toqn.2

While these procedures can have conflicting election outcomes, no conflict
occurs with Basic or Borda profiles. Thus, all differences are due to pairwise
outcomes off of this plane.

Theorem 7. All of the procedures defined in Def. 7 have the same election out-
come when the profile is a Basic or a Borda profile.

Proof. The election ranking for a Basic (Borda) profile is transitive, so the Ke-
meny, pairwise, Condorcet, Black, and Copeland rankings agree. The BC out-
come agrees because of Cor. 2. �

6 Condorcet differentials

The transitivity plane is (n−1)-dimensional subspace within the
( n

2

)
-dimensional

spaceRC(n). So, for n ≥ 4, the profile deviation differentials that differ from
Basic (or Borda) profiles and influence pairwise outcomes define a larger dimen-
sionalRC(n) subspace.3 The significance of this statement is that (Theorem 7)

2 The l1 distance is the sum of the absolute values of each component.
3 As thisRC(n) subspace has dimension

(
n
2

)
− (n−1) = 1

2n(n−1)− (n−1) = 1
2(n−1)(n−2) =(

n−1
2

)
, it is at least equal to that of the transitivity plane iff

(
n−1

2

)
≥ n − 1 iff n ≥ 4.
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these deviation profiles, which cause all conflict among the recognized proce-
dures, are dominant. Consequently, pairwise difficulties are easy to find forn = 3
and must be expected forn ≥ 4.

Figure 4. Ranking disk and Condorcetr = c1 � c3 � c6 � c7 � c2 � c5 � c4 � c8 cycle

The building blocks for these profile deviation differentials are theCondorcet
n-tuplesdefined, as follows, with theranking diskof Figure 4. Attach to a fixed
background a disk that freely rotates about its center. Equally spaced along its
circular boundary place the ranking numbers 1, 2, . . . , n. To represent a ranking
r , place each candidate’s name on the fixed background next to the appropriate
ranking number. This is the first ranking. Rotate the disk clockwise until number 1
points to the next candidate; this new position defines a second ranking. Continue
until n rankings are defined. Thesen rankings definethe Condorcet n-tuple
denoted byRn

r .
Notice how the Condorcet triplet (Eq. 2.1) is the Condorcet three-tuple defined

by r = A � B � C . Also notice that a Condorcetn-tuple Rn
r is defined byr ,

or by any of then rankings fromRn
r . In other words, the Condorcetn-tuples

partition the set of all strict, transitive rankings. (Readers familiar with group
theory will recognizeRn

r as theZn orbit of r .)
It is arguable that the election outcome for a Condorcetn-tuple should be a

complete tie because, by construction, each candidate is ranked in each position
precisely once. But, instead, the outcome for each pair depends upon the relative
position of the two candidates inr . For instance, the ranking disk shows that if
c1 is ranked immediately abovec2 in r , then only oneRn

r ranking hasc2 and
c1, respectively, top and bottom ranked; the remainingn − 1 rankings havec1

ranked abovec2. Thus,c1 beatsc2 with a n − 1 : 1 tally. Similarly, if a ranking
of the n-tuple has, say,c4 rankeds ≤ n

2 candidates abovec1, then c4 beatsc1

in the pairwise vote with an − s : s tally. The symmetry ofRn
r ensures that if

ci is rankeds candidates above a specified candidate in aRn
r term, then she is

rankeds candidates below another candidate in anotherRn
r term. This proves the

following.

Proposition 3. In Rn
r , a Condorcet n-tuple defined by r, the sum of each candi-

date’s tallies over the n−1 pairwise elections all agree. If ci is ranked s candidates
above cj in a Rn

r ranking, then the{ci , cj } election tally is n− s : s.
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The following profile differential (an orbit of the group generated byZn and
a reversal) uses the reversal rankingρ(r ) from Theorem 3.

Definition 8. TheCondorcet profile differential defined byr and denoted byCn
r ,

assigns one voter for each ranking in the Condorcet n-tuple defined by r and
−1 voters for each ranking in the Condorcet n-tuple defined byρ(r ). Namely,
Cn

r = Rn
r − Rn

ρ(r ). A Condorcet profile differentialis a linear combination ofCn
r

differentials.

6.1 Condorcet differential tallies

The next statement describes the importance of the Condorcet differentials; they
include the subspace of profile deviations needed to understand pairwise voting.
Most of the rest of this paper is devoted to understanding the consequences of
Thms. 4 and 8.

Theorem 8. Properties of the Condorcet profile differentials follow:

1. If ci is ranked s candidates above cj in any Rn
r ranking, then the{ci , cj }

election tally ofCn
r is n−2s : 2s−n. Consequently, the sum of a candidate’s

pairwise tallies over all possible opponents is zero.
2. If p is a profile differential orthogonal to the space spanned by the Borda

and the Condorcet profile differentials, then all pairwise tallies ofp are zero.
Consequently, all admissible pairwise election tallies are obtained with the
weighted sum of Borda (or Basic) and Condorcet profile differentials; all re-
maining profile components have no effect upon pairwise or BC outcomes.

3. For any n-candidate positional methodwn, thewn tally of Cn
r assigns zero to

each candidate.
4. The Condorcet profile differential is orthogonal to all Basic, Borda profiles,

and double reversal profile differentials.
5. The Condorcet profile differentials span a space of dimension1

2(n − 1)!; this
is the Condorcet subspace of deviation profiles.

6. Let r = c1 � c2 � . . . � cn and r1 be the ranking obtained by dropping
cj . In the(n − 1)-candidate subset defined by dropping cj , the differentialCn

r

becomesC(n−1)
r1

plus a profile differential where one voter has the ranking
cj +1 � cj +2 � . . . � cn � c1 � . . . � cj −1 and −1 voters have the reversal
of this ranking. This last profile differential has a positive component in the
Bn−1

cj +1
direction.

According to this theorem, theCondorcet subspace, which is generated by
all Condorcet deviation profiles, has dimension1

2(n − 1)!. As advertised, pro-
files from this subspace determine all possible oddities associated with pairwise
voting.
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6.2 Interpretation

With our goal of understanding voting procedures, the good news (part 2) is that
all concerns about pairwise rankings can be completely analyzed with the Basic
(or Borda) and Condorcet profile differentials; all other profile differentials are
superfluous as they do not effect the pairwise outcomes. (They affect the tally,
but not the differences between tallies and the rankings.) According to part 4, the
role of the Condorcet profile differentials differs significantly from the Basic or
Borda profile as part 1 requires the Condorcet portion to create a cyclic effect.

More good news (part 3) is that the Condorcet differentials do not affect the
positional tallies of alln candidates. An important corollary is the observation
that the only linkage between rankings of pairs and the n-candidate positional
procedures comes from the Basic profile portion.Part 6 explains the mystery
why election rankings can change when candidates are dropped; e.g., part 3
requires ties for alln-candidate positional methods with a Condorcet differential.
By dropping candidatecj , the Condorcet differential defines anew Condorcet
differential (causing ties for all (n − 1)-candidate positional methods)plus a
term in the (n − 1) candidate Basic direction which does affect all positional
tallies. This is the sole source of this pathological behavior for many procedures
including those identified next.

Corollary 3. Suppose a procedure which uses pairwise ranking or tallies to de-
termine its outcome has the property that when used with a Basic profile, its rank-
ing of the candidates agrees with the pairwise ranking of the Basic profile. Any
changes in the procedure’s rankings caused by dropping candidates is strictly due
to the Condorcet portion of a profile. This assertion hold for the BC, Copeland’s
Method, Condorcet winner, Black’s method, and Kemeny’s Rule.

According to Cor. 3, all examples illustrating changes in the BC rankings
when candidates are dropped, and most examples illustrating related results for
any procedure (with runoffs, etc.) must have a strong Condorcet component.
(This is illustrated in Section 7.) Thus, to understand these procedures, we need
ways to simplify the study of the Condorcet profiles.

6.3 Fundamental cycles

When n = 3, 4, the Condorcet profile differentials are orthogonal to the kernel.
This is not true forn ≥ 5.

Proposition 4. For n ≥ 5, there exist symmetry reversal profile differentials from
UKn which are not orthogonal toCn

r .

Proof. For n ≥ 5, UKn includes the symmetry reversal profiles where for any
permutationsσ1, σ2 and r ′ = r1 � r2, one voter is assigned to each ofr1 �
r2, σ1(r1) � σ2(r2) while −1 voters are assigned to each ofr1 � σ(r2), σ1(r1) �
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r2. Let r and r ′ be defined by the parentheses of (c1 � c2 � . . . � cn−2) �
(cn−1 � cn). By choosingσ1(c1 � c2 � . . . � cn−2) = c2 � c3 . . . � cn−2 � c1

(from Rn−2
r1

) and σ2 = ρ, only ranking r appears in bothCn
r and the kernel

differential. �

So, oncen ≥ 5, the Condorcet subspace includes portions ofUKn. While
bases exist which avoid kernel components, the cost of using them is that the
differentials obscure natural voting symmetries. Indeed, eachCn

r definesfunda-
mental classes of cycles.To illustrate with r = c1 � c2 � . . . � c9, accompa-
nying the c1 � c2, c2 � c3, . . . , c8 � c9, c9 � c1 cycle is the cycle involving
every other candidate wherec1 � c3, c3 � c5, c5 � c7, c7 � c9, c9 � c2, c2 �
c4, c4 � c6, c6 � c8, c8 � c1, three cycles involving every third candidate to ob-
tain c1 � c4, c4 � c7, c7 � c1 with similar cycles starting withc2 and withc3. The
final cycle uses every fourth candidate to derivec1 � c5, c5 � c9, c9 � c3, . . . .
The cycles obtained by skipping more candidates have smaller tally differences.
To describe the general behavior, and to introduce thefundamental cycles, let the
cj subscript representj if j ≤ n and j − n if j > n.

Corollary 4. The Condorcet profile differential defined by r= c1 � c2 � . . . �
cn defines the primary cycle, where cj � cj +1, the sth level cycle,1 < s < n

2 ,
where cj � cj +s, and (for even values of n) n/2 degenerate cycles where s= n/2
and cj ∼ cj +s, j = 1, . . . , n. If n

s equals integerα, then there are s different s
level cycles withα candidates. Ifn

s is not an integer, then a unique sth level
cycle involves all candidates. If xi ,j /= 0, then either ci or cj immediately precedes
the other candidate in precisely one of these primary or secondary cycles. Each
of these cycles is called a fundamental cycle. Each pair xi ,j is in precisely one
fundamental cycle.

By choosing pairwise rankings from different fundamental cycles, we can
construct all possible cycles. The above example, for instance, admits the cycle
c1 � c3 � c4 � c8 � c1. As this isnot a fundamental cycle, the tallies between
successive terms vary as specified by Theorem 8. In this way, the fundamental
cycles serve as the building blocks for all possible cycles.

Figure 5. Cyclic arrangements forC6
r for r = A � B � C � D � E � F

Figure 5 illustrates how to find allC6
r cycles,r = A � B � . . . � F . Place

the candidates along a ranking disk according to the choice ofr . Next, connect
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adjacent candidates with an arrow whereA → B meansA � B; this defines
the primary cycle. To define thesth level cycle, connect everysth candidate.
In Figure 5, then, there is a first-level cycle, and two second-level cycles. The
s = 3 degenerate cycles are not depicted; they are lines connecting opposite
candidates with zero tallies. AllC6

r cycles are obtained by following the arrows;
e.g.,A � C � E � F � A. For all Cn

r , all cycles and pairwise comparisons can
be extracted from such figures.

Figure 6. Combining differentials where 1< λ < 3

A similar approach (illustrated by Figure 6) shows how to compute the cycles
associated with sums of profile differentials. Asλ > 1 in the Figure 6 example,
the pairwise tallies from theC5

r1
primary cycle dominate the tallies for the same

pairs from C5
r2

; this explains the outside arrows on the third diagram. Theλ
upper bound requires differences from pairs inC5

r2
’s primary cycle to dominate

tallies from C5
r1

’s secondary cycle. Because of ther2 choice (the reversal of a
ranking defined by the dashed lines in the first figure), all remaining rankings
differ from C5

r1
. Again, all possible cycles generated by the sum are determined

by following the arrows in the diagram. Similarly with all{Cn
r } differentials, all

possible pairwise cycles and non-transitive behavior are created.

7 Effects of pairwise votes

According to Theorem 8, only the Basic (or Borda) and Condorcet portions of a
profile affect pairwise votes. The following describes useful relationships.

Theorem 9. For n ≥ 3, the 1
2(n−1)! distinct Condorcet differentials{Cn

rj
}(n−1)!/2

j =1
are pairwise orthogonal. TheRC(n) direction defined by a Condorcet differential
is orthogonal to the transitivity plane.

For n = 3, the one-dimensional Condorcet space is spanned byC3
r where

r = A � B � C . For n = 4, the three-dimensional space is spanned by{C4
rj
}3

j =1
where r1 = A � B � C � D , r2 = A � C � B � D , and r3 = A � B � D � C .
TheRC(4) directions defined by these three differentials are pairwise orthogonal.

For n ≥ 5, the 1
2(n − 1)! Condorcet differentials{Cn

rj
}(n−1)!/2

j =1 are pairwise

orthogonal, but theirRC(n) directions span a space of dimension
(

n−1
2

)
, so they

cannot be pairwise orthogonal.

Proof. Each ranking is in precisely oneCn
r and eachCn

r is generated (up to±Cn
r )

by any of the 2n rankings inCn
r . Thus, there are preciselyn!/2n = 1

2(n − 1)!
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distinct choices ofCn
r . As each ranking is in only oneCn

r , the {Cn
rj
}(n−1)!/2

j =1
differentials are pairwise orthogonal.

The orthogonality of Condorcet tallies with the transitivity plane holds if
the tally of any Basic profileBn

ck
is orthogonal to that of anyCn

rj
. The RC(n)

directionTn
ck

hasck unanimously beating all candidates; all other directions are
zero. Without loss of generality, letk = 1 so eachx1,j = 1. According to Cor. 4,
the Cn

r tallies are described by fundamental cycles. Thus ifj is such thatx1,j /= 0
for Cn

r , then cj either immediately precedes or followsc1 in one fundamental
cycle. In either case, there is a unique candidateci so thatc1 is betweenci and
cj in the cycle and, according to Cor. 4,x1,j = −x1,i . In the scalar product with
Tn

c1
, terms cancel pairwise according to the fundamental cycles, so the product

is zero.
The assertion forn = 3 follows from the dimension of the space of Condorcet

profile differentials. Forn = 4, start with any four-candidate ranking, sayr1 =
A � B � C � D , and compute the associatedC4

r1
. Next, choose a ranking

which differs from the eightC4
r1

rankings, sayr2 = A � C � B � D , and
computeC4

r2
. The lastC4

r3
is determined by one of the remaining eight rankings,

say r3 = A � B � D � C .
If qC ;j

4 is theRC(4) direction defined byC4
rj
, j = 1, 2, 3. then

xA,B xA,C xA,D xB,C xB,D xC,D

qC ;1
4 1 0 −1 1 0 1

qC ;2
4 0 1 −1 −1 1 0

qC ;3
4 1 −1 0 0 1 −1

(7.1)

By computing scalar products, it follows that the rows are orthogonal.
The assertion forn ≥ 5 is an immediate consequence of the dimensions.�

All pairwise outcomes are determined by the Basic and the Condorcet por-
tions, but oncen ≥ 5, the Condorcet portion affect positional outcomes for
subsets of candidates. To correct this, a subspace is described in Section 9 which
affects only pairwise tallies. For issues involving just pairwise voting, it can be
easier to use{Cn

rj
}(n−1)!/2

j =1 .

7.1 Geometry of pairwise vote

According to Theorem 9, eachqn ∈ RC(n) has a representation

qn = qT
n + qC

n (7.2)

where qT
n is in the transitivity plane and determined by the Basic (or Borda)

profile while qC
n is in orthogonal subspace and determined by the Condorcet

portion of the profile. As asserted next, this representation is unique.
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Proposition 5. If qn ∈ RC(n) can be represented as

qn = qT
n + qC

n = qT
n ∗ +qC

n ∗,

thenqT
n = qT

n ∗ and qC
n = qC

n ∗.

Proof.By collecting terms, the differencesqT
n −qT

n ∗ = qC
n ∗−qC

n are in orthogonal
subspaces, so the assertion holds. �

This structure provides a simple way to understand why procedures have
different outcomes. The approach is to understand how each procedure treats the
Condorcet portion of a profile. As the first assertion identifies the BC andqT

n

rankings, it is convenient to compare other procedures with the BC.

Theorem 10. Let qn = qT
n + qC

n ∈ RC(n) be an pairwise election outcome.

1. The BC outcome and tally are completely determined by the transitivity plane
componentqT

n ; the qC
n term has no effect upon the BC outcome for n can-

didates. Thus the BC outcome forqn assumes the ranking and tallies of the
point in the transitivity plane which is closest (in Euclidean distance) toqn.

2. All differences in the pairwise and BC rankings are due to the Condorcet
portion of a profile. If the BC outcome is given byqT

n , then all possible ways the
BC and pairwise ranking can differ is determined by all possible choices ofqC

n .
Consequently, all conflict can be designed by adding appropriate Condorcet
components to the Basic component of a profile.

3. There exist an open set of choices ofqT
n andqC

n so that the pairwise rankings
of qT

n + qC
n are transitive and differ from the BC ranking. More generally,

whenever the BC top-ranked (bottom-ranked) candidate is not the Condorcet
winner (loser), the difference is due toqC

n and the Condorcet portion of a
profile.

4. With no pairwise ties, the Copeland method replacesqn with the nearest ver-
tex of the orthogonal cube. The Copeland ranking is the ranking of the unique
point in the transitivity plane which is closest to the Copeland vertex. All dif-
ferences between the Copeland and BC outcomes are due to theqC

n component
moving theqn outcome into a region where the Copeland vertex differs from
the vertex of the ranking region withqT

n .
5. Differences between the BC and the Black’s method rankings are due to the

effects ofqC
n and the Condorcet portion of the profile altering the pairwise

rankings.
6. Any difference between the Kemeny and BC outcomes; any difference in their

properties as candidates are dropped, etc., are due to the Condorcet portion
of a profile.
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7.2 Geometry of procedures

The Figure 7 schematic of a representation cube captures aspects of Theorem 10.
It follows immediately from additive transitivity thatno coordinate axis of the
representation cube is parallel to the transitivity plane (denoted by the dashed line
in the figure). This slanting orientation is the source of many of the complexities
of voting procedures.

To use this geometry, notice that the orthogonal projection ofqn to the
transitivity plane definesqT

n . Thus, the slant of the transitivity plane makes it
easy to design settings whereqn and qT

n are in different ranking orthants, so
they have different rankings. Consequently, we must expect procedures to differ
in outcomes depending on the emphasis they place on the Basic and Condorcet
portions. This is illustrated in what follows.

7.2.1 Borda count

As Theorem 8 ensures, the sum of votes a candidate receives inCn
r pairwise

tallies is zero. As a candidate’s BC score is the sum of her tallies over all pairwise
comparisons, and as a profile is the sum of the Basic and Condorcet portions,
it follows that the BC cancels the Condorcet portion of a profile. Consequently,
the BC tally is strictly determined by the Basic (or Borda) portion of a profile.

For a geometric description, we know from the orthogonality properties of
Theorem 10 that the transitivity plane component ofqn ∈ RC(n) (the BC out-
come) is the closest transitivity plane point toqn. So, the BC admits the geometric
description of usingqn as the center of, what I call, theBC sphere.Expand the
sphere’s radius (Figure 7) until it first touches the transitivity plane; this point
defines the BC ranking and tallies.

As the only (but major) difference between pairwise and BC outcomes is the
Condorcet component, we now can geometrically display all examples illustrating
all conflict between pairwise and BC outcomes. To illustrate, consider the profile

[6B4
A + 5B4

B + 2B4
C ] + tC4

r , r = B � A � D � C (7.3)

Figure 7. Finding qn BC outcome
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with Basic profile outcomeA � B � C � D and pairwise tallies (recall, for
n = 4, µ2 = 2(3!))

{A, B} {A, C} {A, D}
(µ2 − 2t ,−µ2 + 2t) (4µ2,−4µ2) (6µ2 + 2t ,−6µ2 − 2t)

{B, C} {B, D} {C , D}
(3µ2 − 2t ,−3µ2 + 2t) (5µ2,−5µ2) (2µ2 − 2t ,−2µ2 + 2t)

(7.4)

Notice that theA � C andB � D rankings and tallies remain fixed for allt
values. All remaining pairwise rankings, however, are eventually reversed with
an appropriately strongC4

r effect (i.e., with sufficiently large|t | values). The
t-bifurcation value for each pair is thet-value with a zero tally. Figure 8 shows
these positions (the bullets) along with the five different strict rankings defined
by different t values.

Figure 8. Ranking changes caused by Condorcet term

According to Figure 8, for−3µ2 < t < 1
2µ2 the pairwise rankings agree

with the BC and Basic ranking. Transitive rankings persist even with stronger
Condorcet effects, as manifested by1

2µ2 < t < µ2 and µ2 < t < 3
2µ2, but the

rankings become, respectively,B � A � C � D and B � A � D � C . Notice
how the Condorcet winner of both rankings differs from the BC winner and
the Condorcet loser for the second ranking differs from the BC loser. Thus this
example illustrates the Theorem 10 assertion that all such differences between
the pairwise and BC rankings are due to the Condorcet portion. (Illustrating
profiles come from Figure 8.) To determine whether the standard of the field, the
Condorcet winner, or the BC ranking should be adopted, we must understand the
effects of the Condorcet portion as developed in Section 8.

When t satisfiest < −3µ2 or t > 3
2µ2, the Condorcet portion dominates the

Basic portion to force cycles where the sign oft determines which±R4
r cycle

occurs. So, the combination of Figures 7 and 8 and this description provide new
connections between BC rankings and other pairwise ranking behavior.

For any n, creating figures such as Figure 8 is immediate by recognizing
the central role of the Basic profile

∑n
j =1 aj Bn

cj
coefficients. (Without loss of

generality, assume thata1 ≥ a2 ≥ . . . ≥ an.) With a Basic profile, the differences
betweenaj coefficients is proportional to the differences betweencj tallies. Thus,
all tallies can be completely determined with the (n − 1) independent variables
{aj − aj +1}n−1

j =1 . Changes in a pairwise tally caused byCn
r depend on which

pairwise rankings are enforced and which are countered by the tallies of theCn
r

fundamental cycles. To illustrate, as the Eq. 7.3 coefficients satisfy

0 < aA − aB < aC − aD < aB − aC , (7.5)
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the selectedC4
r , generated byr = B � A � D � C , introduces conflict in the

{A, B}, {C , D}, and{B, C} rankings only whent > 0, and conflict for{A, D}
only whent < 0.

An interesting feature (due to the tally properties of the fundamental cycles)
is how the changes in pairwise rankings are ordered by the Eq. 7.5 ordering of
(aj − aj +1) values. Namely,aA − aB is the smallest value, so the{A, B} ranking
is the first to change, then{C , D}, and finally{B, C}. But otheraj values define
the same Basic ranking with a different ordering of (aj − aj +1) values. Indeed,
it is immediate thataj values can be selected to support any of the 3! = 6
possible orderings of the positive (aj − aj +1) values. This means that the same
BC rankingandC4

r term offerssix versions of Figure 8 where each demonstrates
new differences between pairwise and BC rankings. For instance, replacing Eq.
7.5 with aB −aC < aA −aB < aC −aD forces the pairwise rankings to change in
the order{B, C}, {A, B}, {C , D}; this generates the rankingsA � B � C � D ,
A � C � B � D , the three cycleA � C , C � B, B � A with Condorcet
loserD , and the rankings determined byR4

r (with {B, C} and{A, D} rankings
determined by the Basic term).

The Figure 8r choice has three pairwise changes in onet direction. For an
r2 which changes two pairs in each direction, addsC4

r2
, r2 = C � A � D � B

to the Eq. 7.3 profile. Whent = 0, the s > 0 direction changes{A, C} and
{B, D} rankings and thes < 0 direction changes{B, C} and{A, D}. Equation
7.3 requires this ordering for pairwise changes because, for example, (aA −aC ) =
(aA−aB)+(aB−aC ) < (aB−aD ) = (aB−aC )+(aC −aD ). Thus fort = 0, increasing
s values change the Basic ranking to a three-cycleA � B, B � C , C � A with
Condorcet loserD , and then to the four-cycle ofC4

r2
with the two remaining

rankings determined by the Basic term.
The general situation for profile [aAB4

A + aBB4
B + aC B4

C + aD B4
D ] + tC4

r + sC4
r2
,

where the Basic profile coefficients satisfy the Eq. 7.3 ordering, is indicated in
Figure 9. Using different (aj − aj +1) values creates (at least) 3! other figures
demonstrating how the sameA � B � C � D Basic ranking is accompanied
with many other rankings. By adding the third Condorcet term, all possibilities
are catalogued.

The numbers in Figure 9 label the 20 rankings generated byt , s values. The
notation of Table 7.6 lists four candidates for a transitive ranking (e.g.,BADC
denotesB � A � D � C for region 10), or has a listing beginning and ending
with the same candidate for a cycle and followed by the rankings of the remaining
pairs (e.g.,CBADC; CA, BD for region 15 represents a four-cycle accompanied
with rankingsC � A, B � D while theABCA� D of region 12 means that all
candidates in the top-three cycle are preferred toD).
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Figure 9. Double Condorcet effects

1 ABCDA; AC, BD 2 ACBDA; AB, CD 3 ACBDA; BA, CD
4 ACBDA; BA, DC 5 ACBD 6 ACBA� D
7 BADCB : BD, AC 8 ABCD 9 BACD

10 BADC 11 ABCDA; CA, BD 12 ABCA� D
13 BCAD 14 B � CADC 15 CBADC; CA, BD
16 ABCDA; CA, DB 17 ADBCA; AB, CD 18 ADBCA; BA, CD
19 ADBCA; BA, DC 20 CBADC; CA, DB

(7.6)

Based on the Condorcet and Basic profile structure, the pattern described by
Figure 9 and Table 7.6 is to be expected. Namely, the 12 rankings with a four-
cycle form an outer circle of regions; here the Condorcet portion of the profile
dominates with the larger|t |, |s| values.4 Adjacent to this outer ring are the three
regions with a three cycle that either dominatesD (regions 6, 12) or is dominated
by the fourth candidate (region 14). The interior holds the five transitive ranking
regions (5, 8, 9, 10, 13).

To illustrate new results which come immediately from Figure 9 and related
figures, consider the rankings generated bypB +upC for increasingu values. We
might expect that onceu forces a non-transitive ranking, the strong Condorcet
effect prevents subsequent rankings from being transitive. This is false. Because
the union of Figure 9 regions with transitive outcomes is not convex, it is easy
to use Figure 9 to select apC direction where the lineupC passes from region
8 (with the transitive Basic ranking) to 12 (with non-transitive rankings) to 13
(with a transitive ranking) before entering region 18.

The fact that transitive relationships are destroyed once the Condorcet por-
tion of a profile dominates provides insight into the literature (see Kelly [7])

4 As this extends to spatial voting, we should expect new explanations and results. For instance,
McKelvey [10] has a nice result asserting that, in general, all candidates are in the top-cycle. The
decomposition explains why this should be true because, in general, the effects of the Condorcet
terms eventually dominate.
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showing that asn → ∞, the likelihood of a pairwise transitive ranking, or
of a Condorcet winner and/or loser, etc. tends to zero. Another way to show
these varied phenomenon dominate is to compare the ratio of the dimension
of the space of Basic profiles to the Condorcet profiles. For this computa-
tion, the structure ofRCn shows that the Basic profiles define a space of di-

mension (n − 1) so a
( n

2

) − (n − 1) =
(

n−1
2

)
dimensional subspace of the

Condorcet subspace causes difficulties. But, different answers are obtained by
slightly rephrasing questions. For instance, the space of profiles causing cycles
is {Kernel} ∪ {Condorcet}, and dim({Kernel} ∪ {Condorcet})/dim(Si(n!)) → 1
as n → ∞. This comparison is misleading as the dominant dimension comes
from the Kernel; indeed, dim(Condorcet)/dim(Kernel)→ 0, n → ∞. A more ac-

curate measure is to determine the dim(Basic)/dim(Condorcet) =n − 1/
(

n−1
2

)
=

2/n − 2 → 0 asn → ∞. On the other hand, dim(Condorcet)/dim(Effective Pro-

files) =
(

n−1
2

)
/(2n−1(n − 2) + 1) → 0 asn → ∞, so pairwise voting difficulties

constitute only a small portion of all voting problems.

7.2.2 New BC properties and Black’s method

To understand Black’s method, I explore the relationship between the Condorcet
and BC rankings as determined by Basic and Condorcet profile components
pB + tpC where thepC portion introduces cyclic effects. As demonstrated by
Tables 7.4, 7.6, these cyclic effects are influenced by the coefficients of the
Basic profile.

BecausepC defines rankings associated with the same BC (Basic) ranking,
a way to extract BC and Condorcet relationships is to emphasizepC . The new
proof of the following well-known assertion (known at least to Nanson [12])
emphasizes this profile structure.

Corollary 5. A Condorcet winner (loser) never is BC bottom (top) ranked. If both
a Condorcet winner and loser are defined, the Condorcet winner is BC ranked
above the Condorcet loser.

Proof. With profile differentials, each pairwise election for the Condorcet winner
has a positive value. The sum of the tallies the Condorcet winner receives in
pairwise elections cancels the effects of the Condorcet components, so this sum
gives the tallies for the Basic profile component; it gives a positive BC score.
Similarly, the sum for a Condorcet loser, which is the candidate’s BC score, is
negative. The conclusion now follows. �

But, what happens if a Condorcet winner or loser does not exist? To answer
this question, I use the natural concept of a “layer” which (with different notation)
probably has been used by many others.

Definition 9. From the strict pairwise rankings defined byqn, thefirst layerL1 is
the smallest subset of candidates where each candidate inL1 beats all candidates
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not in L1. By induction, the j th layer of candidates,Lj , is the smallest subset
of candidates where eachLj candidate is beaten by all candidates in the earlier
layersL1, . . . ,Lj −1, but beats all candidates not inL1, . . . ,Lj −1,Lj .

It is natural to wonder how the BC ranks candidates from different layers.
We might suspect that candidates in a higher ranked layer always are BC ranked
above candidates in a lower layer, but even the transitive rankings, where each
layer consists of a single candidate, of Table 7.6 proves this is false. A weaker
guess is that each candidate in the top layer is BC ranked above each candidate in
the bottom layer, but region 14 of Table 7.6 provides counter-examples. Maybe
each candidate in the top-layer is ranked abovesomecandidate in the bottom
layer. To prove this is false, forn = 6 let the top layer be defined byc1, c2, c3, and
the bottom layer byc4, c5, c6. Let x1,2 = −30t , x2,3 = −60t , x3,1 = −t . Let xi ,j = t
wherei = 1, 2, 3 andj = 4, 5, 6. Let x4,5 = x5,6 = x6,1 = t . For a sufficiently small
value of t > 0, this arrangement defines a point in the representation cube. The
Borda scores, however, arec1 = [−30 + 1 + 3]t = −26t , c2 = −27t , c3 = 62t , c4 =
c5 = c6 = −3t for the BC ranking ofc3 � [c4 ∼ c5 ∼ c6] � c1 � c2 wherec1

andc2 are ranked belowall candidates in the bottom cycle.
A remaining possibility is ifsomecandidate from the top-layer always is BC

strictly ranked abovesomecandidate in the bottom layer. This statement is true.
To see how it includes Cor. 5 as a special case, notice that ifqn has a Condorcet
winner, then she is the sole occupant ofL1. According to the next theorem, she
must be ranked above some candidate in the last layer. Similarly, a Condorcet
loser is the only candidate in the last layer. If there is both a Condorcet winner
and loser, then there is a single candidate in the top and the bottom layers, so
the BC ranks the Condorcet winner above the Condorcet loser.

Theorem 11. Supposeqn defines at least two layers. Some candidate in the top-
layer is BC strictly ranked above some candidate in the bottom layer.

Proof. If ci is in the top layer, she beats all candidates in lower layers. Thus,∑
xi ,j , where cj is not in L1, is positive. To determineci ’s BC scare, add∑
j ∈L1

xi ,j to the first summation. Butxij = −xji , so∑
i ∈L1

∑
j ∈L1

xi ,j = 0.

Thus, if
∑

j ∈L1
xi ,j < 0, the sum for anotherL1 candidate must be positive.

Namely, at least one top-layer candidate has a positive BC score. In the unlikely
case that eachL1 candidate’s sum from elections among otherL1 candidates
is zero, then allL1 candidates have a positive BC score. For candidates in the
bottom layer, interchange “positive” and “negative.” As some candidate from the
lower layer has a BC negative score, the conclusion follows. �

Results of this type are relatively easy to discover because the summations
used to determine the BC scores cancel cyclic effects of the Condorcet profile
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differentials. But consider the equally important concern of comparingthe relative
standing of the BC winner and loser among the pairwise rankings.This new
issue is more difficult to analyze because it involves introducing – rather than
removing – cyclic terms to the Basic profile. The increased complexity of the
analysis probably explains why I have found no mention of this issue in the
literature. Indeed, it is not even clear what to conjecture. However, the structure
of the Condorcet terms as developed here allows several new conclusions; e.g.,
the following is the converse of Theorem 11.

Theorem 12. If the pairwise ranking define a strict transitive ranking, the BC
winner is ranked above the BC loser. More generally, ifqn defines a layer struc-
ture, the BC winner cannot be in a lower layer than the BC loser.

The proof of Theorem 12 involves a symmetry condition (Lemma 1) showing
that the BC winner and loser satisfy this privileged status with other ranking
procedures. For instance, Theorem 14 was discovered (and its proof just uses a
particular distance) with Lemma 1. Examples from Table 7.6 prove that attempts
for a stronger version of Theorem 12 fail; e.g., we might suspect that the BC
winner always is in layer strictly above that of the BC loser, but Region 14
provides counter-examples.

To see the intuition behind Theorem 12 and that even stronger assertions
(which involve the tallies) exist consider the profilep∗ = pB + tCn

r where Basic
portion pB defines the rankingc1 � c2 � . . . � cn. While the Condorcet term
creates a cyclic affect, the actualqn tallies are modified by the Basic tallies. As
the largest Basic difference in tallies comes from the Basic (or BC) winner and
loser, this larger value is reflected in the final tally; it is the most resistant to
change. So, as long as the pairwise rankings are transitive, the BC winner is
ranked above the BC loser.

More generally, ifx1,n > 0 for p∗, then the assertion follows. Ifx1,n =
xB

1,n + xC
1,n < 0, where the superscript indicates the Basic and Condorcet values,

thenxC
1,n < −xB

1,n < 0. If the xC
1,n value comes from aCn

r primary, then, because
xB

1,n ≥ |xB
j ,k | for any other pair, the rankings of all pairs from the primary cycle are

completely determined byCn
r . Hence all candidates, includingc1 andcn are in the

top layer. IfxC
1,n comes from asth cycle ofCn

r , then the difference forCn
r tallies

in earlier fundamental cycles is larger than|xC
1,n|. Thus the samexB

1,n ≥ |xB
j ,k |

inequality demonstrates that theCn
r tallies for pairs from the primary, second,

. . ., sth cycles determine the pairwise rankings. In particular, all candidates are
in the top-cycle. (The complete proof replaces the fundamental cycles withRn

r

rankings.) The remaining case is ifx1,n = 0 and this is due to the primary cycle.
The same argument shows that the ranking “almost” includes the primary cyclic
with the only difference being thatc1 ∼ cn. Again, there is only one layer.

So, only minimal relationships exist between the Condorcet and BC winners
(also see Saari [17, 18]). By combining this observation with the profile structure,
we extract new properties about Black’s method. One uses the fact that a slight
change in thet value in a profilepB + tpC can cause the Condorcet portion to
destroy the existence of a Condorcet winner by creating a cycle. This implies
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a severe discontinuity for Black’s method; a discontinuity which manifests a
sudden shift in emphasis from the Condorcet portion of a profile,pC , to the
Basic portionpB. The following describes one of many admissible scenarios.

Theorem 13. There exist profiles where, by adding a small number of new voters,
the Black outcome drastically changes so that the previous winner now is ranked
next to the bottom.

7.2.3 Copeland

Copeland outcomes also depend on the Condorcet portion of a profile because
the Condorcet portion determines whichRC(n) ranking region containsqn.
Copeland’s method replacesqn with the orthogonal cube vertex of this region
and projects the vertex to the transitivity plane. (This projection is due to the
summation part of the definition.) Ifqn is in a transitive ranking region, then
this ranking is the Copeland ranking. Thus, Figures 8 and 9 provide profiles
illustrating BC and Copeland differences. For a profile in region 1, for instance,
the cycle cancels terms leading to the Copeland rankingA ∼ B � C ∼ D .
On the other hand, the region 16 Copeland ranking reverses this outcome to
have C ∼ D � A ∼ B. Notice, for these profiles, Copeland’s method ranks
the Borda winnerbelow the Borda loser. Also notice that many of the Copeland
peculiarities occur because the cycles form a Copeland cancellation forcing the
Copeland rankings to be determined by the rankings of the remaining pairs. (This
observation simplifies the proofs and extends assertions from (Saari and Merlin
[25].)

So, the Condorcet portion of a profile forces differences between the Copeland
and BC rankings. Copeland and Black’s method agree when the rankings are
transitive; differences emerge when the rankings lose a Condorcet winner. Here,
Copeland’s method cancels cycles so the outcome is based on the remaining
information. Black, on the other hand, reverts to the Basic profile outcome.

7.2.4 Kemeny

To understand Kemeny’s method, consider profileCn
r . By symmetry, this profile

is equally close to any of then transitive rankings inRn
r so the Kemeny outcome

includes alln of these rankings. The Basic portion breaks this tie to determine the
Kemeny outcome. Geometrically, the Basic portion oftpB + Cn

r movestqT
n + qC

n

from the centralqC
n location in aqT

n direction; this change must reflect theqT
n

properties. In particular, we should expect thatqT
n breaks the Kemeny ties in

favor of the largest Basic profile difference – between the BC winner and loser.
This is the case. (See the proof of Theorem 12.)

Theorem 14. (Saari and Merlin [26]) A Kemeny winner always is BC ranked
above a Kemeny loser. Conversely, the Kemeny method always ranks a BC winner
above the BC loser.
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7.3 Arrow-Raynaud procedure

To further illustrate the strong role of the Condorcet differential, I compare the
BC with a clever procedure (AR) introduced by Arrow and Raynaud [2] for
multicritera decision making. It uses theoutranking matrix A= [aij ] whereaij is
the voteci receives in a{ci , cj } contest. The AR ranking is obtained with their
primal algorithmwhich identifies the maximum in each row. (The maximum in
the i th row identifiesci ’s largest pairwise election outcome; the column identifies
her competitor.) The candidate associated with the smallest value is designated
as bottom-ranked. Delete the row and column of this candidate, and repeat the
process with the reduced outranking matrix to identify the candidate second from
the bottom.5 Continue until all candidates are ranked.6

For instance, matrix 


− 40 62 48
36 − 76 62
14 0 − 40
28 14 36 −


 (7.7)

defines the AR rankingA � B � C � D . As the sum of the rowj entries iscj ’s
BC score, the BC ranking ofB � A � D � C conflicts with the AR ranking.
This summation cancels the Condorcet portion of the profile, so all AR and BC
differences are due to the AR’s reliance on the Condorcet portion of a profile.

To analyze the AR procedure, letaij = a(B)ij + a(r1)ij + a(r2)ij + a(r3)ij

be given, respectively, by the Basic,C4
r1

, C4
r2

, and C4
r3

portions of a profile.
As only these profile portions affect the pairwise rankings (Theorem 8), profile∑4

j =1 aj B4
j +

∑3
j =1 γj C4

rj
defines matrixA = AB +

∑3
j =1 γj Arj whereAB and Arj

are, respectively, the outreach matrices defined by the Basic profile and byC4
rj

.
For instance, with coefficientsa2 = 5, a1 = 4, a4 = 1, a3 = 0

AB = 6




− a1 − a2 a1 − a3 a1 − a4

a2 − a1 − a2 − a3 a2 − a4

a3 − a1 a3 − a2 − a3 − a4

a4 − a1 a4 − a2 a4 − a3 −




=




− −6 24 18
6 − 30 24

−24 −30 − −6
−18 −24 6 −


 (7.8)

By being defined by the Basic portion, theAB ranking must agree with that
defined by theaj values and, in turn (Cor. 2), with the BC and Basic positional
rankings. Indeed, with theseaj choices theAB rankingB � A � D � C holds for
all positional methods over all subsets of candidates. (For instance, the plurality
and BC ranking of this profile for{B, C , D} must beB � D � C .) To generate
conflict, observe that the direction of theC4

r pairwise cycle is determined by

5 In case of ties, candidates are selected randomly.
6 This description makes it clear that the AR rankings are remarkably consistent as candidates are

dropped.
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r . So, to create a new profile with tally favoringA over B and C over D , let
r1 = (A � B) � (C � D). Addingγ1C4

r1
to the Basic profile changes the outreach

matrix to 


− −6 + 2γ1 24 18− 2γ1

6 − 2γ1 − 30 + 2γ1 24
−24 −30− 2γ1 − −6 + 2γ1

−18 + 2γ1 −24 6− 2γ1 −


 (7.9)

whereγ1 = 4 generates the new and conflicting outcomeA � B � C � D . By
adding 38 to each entry to eliminate the negative signs (i.e., add an appropri-
ate K 4 multiple), the resulting 76 voter profile changes Matrix 7.9 into Matrix
7.7. In other words, the Arrow-Raynaud ranking of Matrix 7.7 differs from the
BC ranking (and that of any positional method) because the AR method re-
flects properties of the Condorcet portion while (Theorem 8) the BC and other
four-candidate positional methods do not. The following summarizes the general
situation; the proof is immediate from the profile decomposition.

Theorem 15. On Basic profiles, the BC and AR rankings always agree. There
are profiles where the two rankings disagree, and all such examples are caused
and completely explained by how the AR procedure treats the Condorcet portion
of a profile.

Thus, the Condorcet portion, and only this portion, forces differences be-
tween the AR and BC rankings. More generally, any and all differences between
rankings of AR and any other procedure (based on pairwise tallies) depend on
how they treat the Condorcet portion. Thus all illustrating examples must ex-
hibit a strong Condorcet component.7 Thus, it is not surprising to discover the
strong Condorcet component in all illustrating profiles Arrow and Raynaud use
to contrast AR with competing procedures.

8 Arrow and the loss of individual rationality

According to Section 7, any critique of AR, Kemeny’s method, Black’s approach,
the Copeland method, the Condorcet winner, and any other method depending
on pairwise tallies requires interpreting the pairwise vote of Condorcet profile
differentials. The mystery created by this differential is that (by construction
with the ranking disk) the voters’ rankings of profileRn

r offer no candidate an
advantage over another; each candidate is in first, second,. . ., last place exactly
once. This symmetry suggests that the natural societal ranking of then candidates
is a complete tie. Indeed, this tied outcome, which occurs for anyn-candidate
positional procedure (Theorem 8, Part 3), is so natural that any contrary ranking
Λ must be justified. But this complete tie does not occur with pairwise voting,

7 To determine the Condorcet component in aC4
r direction, add the number of voters with pref-

erences from the Condorcet four-cycle defined byr and the number with preferences from the
Condorcet cycle defined byρ(r ). The difference between these sums reflects the strength of theC4

r
component.
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so we must explain the outcome of pairwise cycles. As my argument extends
that used in Saari [22] to discuss Arrow’s Theorem, I start with Arrow’s seminal
conclusion.

8.1 Arrow’s result

Transitivity is a sequencing condition which requires the pairwise rankings to
mimic the ordering properties of points on the line. For instance, if a voter
prefersX � Y and Y � Z , then the voter must preferX � Z . A voter with
transitive preferences is calledrational; a voter with non-transitive preferences
is calledirrational.

Arrow’s Theorem uses the assumptions:

1. (Unrestricted domain; rational voters)Each voter has a complete, strict tran-
sitive ranking of then alternatives; there is no restriction on the choice of
the ranking.

2. (Pareto). If the voters are unanimous on the ranking of a particular pair of
candidates, then that is the societal ranking of the pair.

3. (Binary independence)The societal ranking of each pair depends only on
how each voter ranks the specified pair; the ranking of any other candidate
is irrelevant for this ranking.

Arrow characterized all procedures satisfying these minimal conditions.

Theorem 16. (Arrow [1]) Let there be n≥ 3 alternatives andv ≥ 2 voters
whose preferences satisfy the unrestricted domain condition. LetF be the set of
ranking procedures with transitive outcomes which satisfy the Pareto and binary
independence conditions. EachF procedure is equivalent to an identity mapping
of a single variable; that is, it is a dictatorship where the societal outcome always
agrees with the dictator’s preferences.

As this paper is not concerned with abstract procedures, I also consider other
properties satisfied by the procedures studied here such asanonymity, where
the outcome depends only on how many voters have each (strict) ranking of
the candidates, andneutrality, where the candidates are ranked according to the
number of assigned points. Not all of these procedures satisfy the next condition
which extends Arrow’s “binary independence” condition tok-candidate subsets.

Definition 10. Let FS be a procedure which ranks the candidates in a specified
subset S . This procedure is“S-consistent”if its outcome depends only on how
the voters rank the candidates in S . Namely, ifp1 and p2 are two profiles where
each voter has the same relative ranking of the candidates in S , then FS(p1) =
FS(p2). A procedure defined over all n candidates is said to satisfy the kth-level
independence condition if it is S -consistent for each subset S of k candidates.

With the four candidates{A, B, C , D}, a plurality election for the subset
S = {A, B, C} is S-consistent because the outcome depends only on how each
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voter ranks these three candidates; it is irrelevant how a voter ranksD . The
procedure which finds the plurality ranking for each subset of three candidates
satisfies the ternary independence condition.

8.2 Losing rationality with heterogeneity

My interpretation of the Condorcet differentials depends upon the following “par-
tial transitivity condition.”

Definition 11. Let 2 < k ≤ n. A set of rankings of the n candidates is k-level
transitiveif there is a transitive ranking for each subset of k candidates.

A transitive ranking of then candidates is ak-level transitive ranking. Al-
though the preferences

{A � B � C , B � C � D , C � D � A, D � A � B} (8.1)

are not transitive, they are transitive at a three-level. What prevents a transitive
ranking is that the voter’s rankings for{A, C} and for{B, D} change depending
on who is the “other” candidate. (For instance, the voter hasA � C whenB is
available, butC � A whenD is the other candidate.) In other words, rather than
fixed binary rankings, this “conditional binary ranking” condition allows a voter’s
pairwise rankings to change with the subset of candidates. Such behavior is not
unusual in actual human behavior (e.g., see the work of Tversky and Kahneman
[29]), but it is prohibited by the definition of rationality.

The following obvious assertion is central for our analysis.

Theorem 17. A procedure which is defined over transitive rankings and which
satisfies a kth level independence condition also is defined over the set of all
k-level strict transitive rankings.

To illustrate, the voter characterized by Eq. 8.1 cannot vote in a BC election
for four candidates, but hecan vote in a BC election for any triplet. Similarly,
because the irrational cyclic preferencesA � B, B � C , C � A satisfy the
binary level of transitivity, this voter can vote in any pairwise election. Indeed,
the three irrational voters defined by{

Two prefer A � B, B � C , C � A,
One prefers B � A, C � B, A � C

(8.2)

can use pairwise votes to obtain the expected and natural (for these preferences)
cyclic election outcomeA � B, B � C , C � A where each election is decided
by a 2:1 vote. Here, two voters have one belief while one has a directly opposite
belief.

Theorem 17 shows that the domain for a procedure satisfyingk-level inde-
pendenceextends beyond rational voters to include irrational voters only capable
of rationally ranking subsets of k alternatives.Thus, “individual rationality” is
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a profile restriction. The issue we need to resolve is whether this restriction
has any effect with procedures based on positional methods fork-candidates.
Namely, when a procedure which satisfies anonymity andk-level independence
is used with a sufficiently heterogeneous society, could the actual profile of ratio-
nal voters be indistinguishable (to the procedure) from profiles which satisfy only
a k-level transitivity condition? If so, then it is arguable that certain voting odd-
ities reflect a procedure’s attempt to capture the views of non-existent irrational
voters rather than the actual rational voters. In other words, procedures which
satisfy ak-level transitivity condition could vitiate the assumption of individual
rationality of voters.

To see this is the case, reassign the binary rankings of the Eq. 8.2 preferences
to voters to construct the three-voter Condorcet profile of rational preferences

A � B � C , B � C � A, C � A � B. (8.3)

Anonymity and binary independence prevent the pairwise vote from distinguish-
ing the Eq. 8.3 profile from that of Eq. 8.2 where the cyclic outcome is a natural,
expected conclusion. Indeed, the pairwise vote cannot distinguish the Eq. 8.3 pro-
file from any other profile where the three rankings of each pair are reassigned,
in any manner, among the three voters.

A simple computation proves that the binary parts define five distinct pro-
files. In addition to Eqs. 8.3, 8.2, the last three have two voters with opposing
transitive rankings (so their pairwise votes cancel) while the third has the cyclic
preferencesA � B, B � C , C � A which breaks the tie in favor of a cyclic
outcome. Consequently,any procedure satisfying anonymity and binary indepen-
dence cannot distinguish between the rational beliefs of Eq. 8.3 and four other
profiles involving irrational beliefs. As the natural outcome for 80% of these pro-
files is a cycle, the cycle is the natural outcome of the Condorcet triplet.A cycle
occurs for Eq. 8.3 because binary independence forces the procedure to ignore
the crucial individual rationality assumption.

8.3 Sufficiently heterogeneous

Suppose a procedure (such as one satisfying ak-level of transitivity) cannot
distinguish between rational and certain kinds of irrational preferences. Once
society becomes sufficiently heterogeneous, parts of each rational profile can
be reassembled to define an irrational profile with a “natural” non-transitive
outcome. Namely, using certain procedures with a sufficiently heterogeneous
society has the effect of weakening the rational agent assumption. It remains to
characterize “sufficiently heterogeneous”.

As shown next, a “sufficiently heterogeneous society” for the pairwise vote
is characterized by the Condorcet profile differentials. A quick way to make this
point is to prove that by excluding these differentials, Arrow’s conditions allow
non-dictatorial outcomes. In fact, the constraints can be made even more restric-
tive by adding conditions to Arrow’s list, and natural, non-dictatorial methods still
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exist. Eliminating Condorcet terms is a profile restriction; all other profile restric-
tions I know about which avoid a dictator for Arrow’s assertions work because
they impose restrictions on the Condorcet portion of a profile. (One exception
is the infinite agent setting. But the fact outcomes for the infinite agent setting
radically differs from any finite agent case indicates that these theorems involve
poor modeling assumptions, or are amusing exercises with limited meaning for
choice theory (Saari [24]).)

Theorem 18. For n ≥ 3 candidates, letNC(n) be the subspace of profiles with
no Condorcet component. There exist non-dictatorial procedures which satisfy
the unrestricted domain condition onNC(n), Pareto, and binary independence.
In fact, there exist procedures, such as the BC, Black’s method, Kemeny’s method,
the Copeland method, and the pairwise rankings, which satisfy these conditions
as well as neutrality and anonymity.

Proof. On NC(n), only the Basic (Borda) terms affect pairwise rankings. The
conclusion follows from properties of these differentials. The BC is the only
positional method which satisfies these conditions because all other positional
procedures are influenced by other profile differentials. �

The next statement asserts that parts from a Condorcet profile can be reassem-
bled into a large number of other profiles which satisfy thek-level transitivity
condition. Perhaps more important than the assertion is the proof fork = 2 as it
describes how to characterize the representation cube.

Theorem 19. Let k, 2 ≤ k < n, be an integer. The
( n

k

)
relative rankings from

each transitive ranking ofRn
r can be reassembled to create a large number of

profiles where each voter’s preferences satisfy k-level transitivity, but only profile
Rn

r consists solely of rational voters. For each subset of candidates, at least k of
the voters’ preferences define a k-candidate Condorcet cycle.

Proof. Repeated applications of Theorem 8, part6, show that going fromn to
n − 1 candidates leaves a transitive ranking and a Condorcet cycle. Going from
n − 1 to n − 2 leaves a Condorcet cycle and two added rankings where one
ranking comes from the (n − 1)-Condorcet cycle and the other is the restriction
of the previous extra ranking. Both rankings depend upon which candidates are
dropped. The same argument holds after any number of candidates are dropped.
The remainder of the proof is in Section 10. �

To illustrate with Rn
r , r = c1 � c2 � . . . � cn, we now know thatRn

r is
the only rational profile defined by the binary parts. Another class of profiles is
where two voters have directly opposing views (so their votes cancel in pairwise
votes) while the remaining (n − 2) voters have cyclic preferences agreeing with
the primary cycle defined byr . The number of such profiles is determined by the
number of pairs of opposing preferences (that is, the number of opposing vertices
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of the orthogonal cube – remember, these preferences need not be rational) so
there are at least 2( n

2 )−1 of these profiles. (Forn ≥ 5, more irrational profiles are
generated by the combinatoric number of ways to assign rankings from thesth
level cycles to voters.) Thus, the election cycles is the natural outcome for more
than 1− [1/2( n

2 )−1] of the possible profiles that are indistinguishable with these
pairwise characteristics. To illustrate withn = 6, far more than 16, 385 different
profiles can be constructed from a Condorcet cycle; all but one involve irrational
voters where, it is arguable, the cycle is an accurate outcome. The sole anomaly is
the Condorcet profile where, it is arguable, that a complete tie is a more accurate
conclusion. Since the cycle is the “correct conclusion” for over 99.994% of the
profiles with these characteristics, it must be treated as the natural outcome.

In other words, the main and only difficulty with the pairwise vote is that it is
incapable of strictly ministering to our intentions of servicing only the needs of
a very rare minority of rational profiles. Namely,combining the Condorcet cycle
with the pairwise vote drops the individual rationality assumption.To illustrate,
the pairwise vote cannot distinguish betweenR4

r , r = A � B � C � D , and the
following irrational profile.

Voters {A, B} {B, C} {C , D} {A, D} {A, C} {B, D}
1 − 2 A � B B � C C � D D � A A � C B � D

3 A � B B � C C � D D � A C � A D � B
4 B � A C � B D � C A � D C � A D � B

(8.4)

The first and last voters have completely opposite rankings, so they define
a tie that is broken by the cyclic preferences of voters 2 and 3. Fork = 3, the
following irrational profile comes from rearranging the triplets fromR4

r .

1 A � B � C B � C � D C � D � A D � A � B
2 A � B � C B � C � D C � D � A D � A � B
3 B � C � A C � D � B D � A � C A � B � D
4 C � A � B D � B � C A � C � D B � D � A

(8.5)

While each imaginary voter in Eq. 8.5 has a transitive ranking for each triplet,
the triplets are not compatible with any four-candidate transitive ranking. Indeed,
irrational voter one’s rankings of triplets define a cycle. (These are the “extra”
rankings promised by Theorem 8 when a candidate is dropped from a Condorcet
profile.) But three-candidate positional procedures cannot distinguish between
the rational and partially rational voters, so a level of individual rationality is
dismissed by using any positional method with triplets. In particular, for each
subset, the preferences of voters 2-4 define a Condorcet triplet causing a posi-
tional tie vote which is broken by voter one. This defines a natural cyclic outcome
over the rankings of the four triplets. Again, the Condorcet tuple weakens the
assumption of individual rationality.
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8.4 Consequences

This analysis provides answers for several mysteries about voting. For instance,
as only Condorcet and Basic terms affect BC outcomes, we now know the source
of all possible BC paradoxes caused by dropping candidates. (The same argument
extends to all positional methods, but they are subject to other profile differentials
which further distort the outcomes.)

Corollary 6. The n-candidate BC ranking is not affected by the Condorcet por-
tion of a profile; it agrees with the pairwise ranking of the Basic component of
the profile. Any changes in the BC ranking when candidates are dropped are due
to the Condorcet portion of the profile. Consequently, these changes – and the BC
rankings of subsets – are influenced by a partial loss of transitivity in the profile.

Let k satisfy2 ≤ k < n. For each candidate, the sum of her BC tallies from
a n-candidate Condorcet profile differential over all k candidate subsets is zero.

This result provides a strong argument to ignore the BC rankings of subsets
and to place value on the BC ranking of alln-candidates. The reason is that
by using the BC rankings of subsets, we dismiss the crucial information that the
voters are rational. For an immediate implication, recall that Nanson method [12]
is a run-off where, at each stage, the BC bottom ranked candidate is dismissed and
the remaining candidates are reranked with the BC. The corollary suggests that
the reranking process dismisses valuable information about the voters. Instead,
we should keep and use the original BC ranking of alln-candidates.

These comments help us re-examine a standard argument which Brams [4]
nicely captures with a simple example involving candidatesA, B, C andX. His
seven voter profile has three voters with preferencesC � B � A � X, two with
B � A � X � C and two with A � X � C � B defining the BC ranking
A � B � C � X. Brams notes that by dropping bottom-rankedX, the BC
ranking reverses to becomeC � B � A. In arguing thatA, not C , should be
top-ranked, he reflects a widely held belief that the BC behavior allowingA
to vault to top place “when ‘irrelevant’ candidateX is introduced [illustrates]
the extreme sensitivity of the Borda count to apparently irrelevant alternatives.”
However, according to Cor. 6, a changed BC ranking requires a strong Condorcet
element which alters the triplet’s ranking at the cost of weakening the assumption
that voters are individually rational. Indeed, Brams’ profile nearly completesR4

r

with r = C � B � A � X (only X � C � B � A is missing) where the Basic
and Condorcet portions of this profile are

1
24

{[7B4
A + 6B4

B + 5B4
C ] − 21C4

A�B�C�X}.

The bracketed Basic term defines the natural ranking ofA � B � C � X –
the original BC ranking – while the dominant Condorcet term undermines the
assumption of individual rationality of the voters. Thus, the original BC ranking
should be trusted.
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The last assertion of Cor. 6 means that by summing the BC scores a can-
didate receives overall k -candidate subsets, we reobtain the BC outcome. (The
summation cancels the Condorcet portion of the profile leaving only the influ-
ence of the Basic profile.) This assertion makes it straightforward to determine
the admissible relationships among a BC ranking for the subsets ofk-candidates
as they reflect the effects of the Condorcet portion of the profile. (Because of
the cyclic effects of the extra term obtained by dropping a candidate (see The-
orem 8, part 6), the relationships involve a cyclic effect.) This provides simpler
arguments than those used in Saari [18].

An extension answers a mystery concerning differences between the pairwise
and BC rankings. Namely, by ignoring how rational voters sequence pairs in a
transitive manner, the pairwise vote dismisses all information corroborating the
individual rationality of voters.

Corollary 7. Any and all differences between the pairwise and the BC ranking
are caused by the Condorcet portion of a profile. Therefore, the pairwise ranking
partially reflects a weakening of the assumption of the individual rationality of
voters. Because any disagreement between the BC and Condorcet winners (losers
or rankings) is due to the fact that Condorcet’s approach is influenced by the
Condorcet portion of a profile, the Condorcet outcome is influenced by the partial
loss of the assumption of the individual rationality of the voters. Conversely, pro-
files can be constructed to illustrate any difference between the BC and Condorcet
rankings by use of Basic and Condorcet profile differentials.

To appreciate the consequences of Cor. 7, recall that the Condorcet winner
is the standard for many in the field of social choice. Indeed, theCondorcet
principal requires a procedure to elect the Condorcet winner when one exists.
However, as Cor. 7 proves that the Condorcet winner is a flawed concept, we must
wonder about the value of a procedure satisfying the Condorcet principal. Even
stronger,by satisfying the Condorcet principal, a procedure should be viewed
with suspectbecause its outcomes are influenced by phantom irrational voters.
Similarly, because Black’s method emphasizes the Condorcet winner, it places
strong emphasis on the Condorcet portion of a profile. In turn, the outcome is
influenced by the views of non-existent irrational voters.

This observation about the role of the Condorcet portion explains all flaws
of all procedures using pairwise rankings. If the procedure does not cancel the
Condorcet profile differential, then the outcome exhibits a bias — the portion of
the outcomes from the Condorcet portion reflects a loss of individually transitive
preferences. Using this observation, it now is easy to construct examples illus-
trating all possible cycles, or where the outcomes of a procedure fail to reflect the
voters’ true views. As in the description of the Arrow-Raynaud procedure, the
analysis reduces to simple algebra. These comments are captured in the following
formal statement.

Theorem 20. For n ≥ 3 candidates, if the ranking of Black’s method, Kemeny’s
rule, the Copeland method, or the Arrow-Raynaud approach differ from the BC
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ranking, then the difference is completely due to the procedure’s treatment of
the Condorcet portion of the profile. Consequently, the difference is because the
procedure allows a partial loss of the assumption of individual rationality of the
voters.

This assertion significantly simplifies the analysis in choice theory. Namely,
if any procedure based on pairwise votes agrees with the pairwise rankings on
the Basic profiles, then any and all differences with the BC are caused because
the procedure includes information from the Condorcet portion of the profile.
Consequently, all analysis can emphasize these aspects.

9 More candidates, more procedures

With n ≥ 5 candidates, the Condorcet profile differentials span a space with

dimension larger than
(

n−1
2

)
. The extra dimensions allow these differentials to

influence not only pairwise and BC outcomes but also the plurality and other
positional outcomes. Thus, we want to keep only the Condorcet portions which
determine pairwise rankings but not non-BC positional rankings.

Definition 12. For candidates ci and cj , the ci � cj Condorcet profile differential
is the sum of all Condorcet profile differentials determined by rankings r where
the top and second ranked candidates are, respectively, ci and cj .

To illustrate, theA � B Condorcet profile differential for four candidates
combines the two Condorcet profile differentials defined byA � B � C � D
and A � B � D � C . The following theorem asserts theci � cj Condorcet
profile differentials does not influence the remaining election outcomes. The
tallies associated with the the new differentials can be easier to use because they
emphasize two candidates rather than several.

Theorem 21. Assume there are n≥ 4 candidates.

1. Each ci � cj Condorcet profile differential is orthogonal to the Basic (and
Borda) differentials. The set of all Basic vectors and all ci � cj Condorcet
vectors determine all pairwise and all BC outcomes.

2. A ci � cj Condorcet profile differential is orthogonal to all double reversal
profile differentials. There exist symmetry changing profile differentials from
UKn which are not orthogonal to the ci � cj Condorcet profile differential.

3. For the ci � cj Condorcet profile differential, ci beats cj in a pairwise election
with the(n−2)(n−2)! : −(n−2)(n−2)! tally. However, cj beats and ci loses
to all other candidates with a(n −2)! : −(n −2)! tally. The pairwise outcome
for any other pair of candidates is a tie where each candidate receives zero
votes.

4. For a k-candidate subset,2 < k ≤ n, the tally of a ci � cj Condorcet profile
differential is the same for all positional methods. If both ci and cj are in the
set, then ci receives(n − k)(n − 2)! points, cj receives the negative of this,
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and all other candidates receive zero points. If ci is in the set, but cj is not,
then ci receives−(k − 1)(n − 2)! points while each other candidate receives
(n−2)! points. If cj is in the set when ci is not, then cj receives(k −1)(n−2)!
points and each other candidate receives−(n − 2)! points. For all other sets,
all candidates receive zero points.

Think of the A � B profile differentials as separating the Condorcet effects
into a sum of Condorcet triplets. Namely, theA � B Condorcet differential is
the sum of Condorcet tripletsA � B, B � X, X � A whereX ranges over the
(n − 2) other candidates. The tally for a triplet has equal differences; because
{A, B} is in (n − 2) of the triplets, the sum enhances its tally.

The ci � cj Condorcet profile differential offers at least two advantages. The
first is that the profile does not create profile deviations for positional voting
outcomes (part 4). A second advantage (part 2) is that the relative tallies for
only a limited number of pairs of candidates are affected. So, to construct a
profile where the BC ranking isc2 � c3 � . . . � c10 � c1 even though the BC
rankings of{c1, c2}, . . . , {c1, c2, . . . , c9} reflect thec1 � c2 � . . . � c9 ranking,
start with a Basic profile with the indicated ten-candidate BC outcome. Next, add
appropriate multiples ofc1 � cj Condorcet profile differentials,j = 2, 3, . . . , 10
to force the desired outcome for the different subsets.

10 Proofs

Proof of Theorem 2.The linearity of the tallying procedure ensures there is a
kernel. The fact the universal kernel, determined by the pairwise and plurality
votes, is in the kernel of all procedures is a direct consequence of Proposition
1. From the linearity of tallying, theUKn dimension is the difference between
the dimensions of the normalized space of profiles (n! − 1) and the normalized
space of vote tallies.

The normalized space of vote tallies is where election tallies are replaced
with the fraction of the total vote received by each candidate. As ak candidate
election has (k − 1) degrees of freedom, the dimension of all pairwise elections
is

( n
2

)
(2− 1), of all triplets is

( n
3

)
(3− 1), . . . . The total dimension is

∑n
j =2(j −

1)
(

n
j

)
=

∑n
j =2 j

(
n
j

)
− ∑n

j =2

(
n
j

)
. It follows from Theorem 1 that this is the

dimension of the image space for the plurality vote. To compute the summation,
differentiate the equality

(1 + x)n =
n∑

j =0

(
n
j

)
xj to obtainn(1 + x)n−1 =

n∑
j =1

j

(
n
j

)
xj −1.

By settingx = 1 and using algebra, the stated expression follows. �

Proof of Theorem 4.In a plurality or pairwise tally ofBn
ci

of a subset containingci ,
she receives one point for each ranking where she is top-ranked. There are (n−1)!
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of them, so this is her tally. All remaining candidates are treated symmetrically, so
each receives the same point total over the subset. AsBn

ci
is a profile differential,

the sum of the candidates’ tallies is zero. So, in ak-candidate subset withci ,
each of the other candidates receives− (n−1)!

k−1 votes. In a set whereci is not a
candidate, each candidate receives zero votes.

By use of the summation process defining thebk outcome, it follows thatc1 in
a k candidate subset receives1k−1(k−1)((n−1)!) votes. (The fraction normalizes
the BC outcome, the (k−1) term is the number of pairwise elections.) Ifc1 is not
in a set, then the BC tally for all candidates is zero. Thus the BC and plurality
outcomes for all subsets is as stated. According to Proposition 1, the normalized
tally for all procedures agree.

To prove the summation assertion, notice that in the (n − 1)! terms whereci

is top-ranked,cj is bottom-ranked in precisely(n−1)!
n−1 = (n − 2)! of them, j /= i .

Similarly, in the (n − 1)! terms whereci is bottom ranked,cj is top-ranked in
precisely (n − 2)! of them, j /= i . The conclusion now follows with a simple
computation. �

Rest of the proof for Theorem 6.It remains to show that the points in the tran-
sitivity place satisfy additive transitivity and that no unanimity profile is in this
plane. To prove the additive transitivity assertion, notice that ifj < k, then the
xj ,k component is 1 inTn

j , −1 in Tn
k , and 0 in otherTn

s vectors. With this choice
of coordinate axis for the orthogonal and representation cubes, thexj ,k compo-
nent for q =

∑n
i =1 αi Tn

i is (αj − αk). The additive transitivity statement now
follows from addition.

A unanimity profile is not in the transitivity plane if the pairwise tallies do
not satisfy the additive transitivity condition. This is a trivial computation.�

Proof of Theorem 8.Part 1. This is a simple computation.

Part 2. By symmetry considerations, it suffices to prove this assertion for
a specified pair, say{A, B}. Consider the profile differentialpA�B which has
one voter for each ranking whereA � B and−1 voters for each ranking where
B � A. The dot product ofp with pA�B gives p’s {A, B} tally. Therefore, if a
non-zero multiple ofpA�B is in the space spanned by the Borda and Condorcet
differentials, the assertion follows.

To prove thatpA�B is in this space, start withp1 = Born
A − Born

B. Consider
a ranking whereA and B are, respectively,k1th and k2th ranked. As the total
number of voters with this ranking are (n + 1− 2k1) − (n + 1− 2k2) = 2(k2 − k1),
the number of voters depends upon the difference,∆, in A-B rankings. Notice
that each ranking withA � B is paired with a ranking whereB � A generated by
interchanging theA andB candidates. The difference is that if 2(k2 − k1) voters
have the first ranking, then there are−2(k2 − k1) voters with the second ranking.

I now show thatnpA�B can be constructed by adding appropriate Condorcet
profile differentials top1. In doing so, remember that eitherCn

r1
agrees (up to sign)

with Cn
r2

, or the two differentials have no rankings in common. Also recall that
every ranking is in some Condorcet profile differential. Because of the symmetry
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and because we are using profile differentials, in the following computations it
suffices to keep track of the number of voters with each ranking whereA � B.

Start with a rankingrk whereA and B are, respectively, top and (k + 1)th
ranked. This means that in eachCn

r1
ranking whereA � B, A is ranked eitherk

or (n − k) candidates aboveB; the latter rankings come from theρ(rk) portion.
Thus, addingαkCn

rk
to p1 addsαk voters to the 2k voters for each of the rankings

whereA is rankedk candidates aboveB and subtractsαk voters from the 2(n−k)
voters whereA is ranked (n − k) places aboveB, k ≤ n/2. By choosingαk =
n −2k, there are preciselyn voters with each of these rankings. To complete the
construction ofpA�B, do the same for each ranking whereA � B that has not
been adjusted.

Part 3. The total number of points in a positional methodwn = (1, w2, . . . ,
wn−1, 0) is

∑n
j =1 wj . Because each candidate is ranked first, second,. . . , last

precisely once inRn
r , each candidate receives

∑n
j =1 wj points. The only change

in this argument for a candidate in theρ(r ) portion is that each candidate receives
− ∑n

j =1 wj points. This completes the proof.

Part 4. LetCn
r be the Condorcet profile differential defined byr . To show

that Cn
r is orthogonal to an arbitrarily chosen Basic profileBn

cj
, notice that the

only terms they have in common is whencj is top and bottom ranked inRn
r and

in Rn
ρ(r ). In Rn

r , these two rankings have the same number of voters; in the Basic
profile, one term has a positive number of voters and the other has a negative
number of these voters. Thus, these terms cancel. The same argument holds for
the ρ(r ) portion.

To prove the statement about the double-reversal profiles, let the kernel profile
be where there is one voter for each of ther1 � r2 andρ(r1) � ρ(r2) preferences
and −1 voters for each of ther1 � ρ(r2) and ρ(r1) � r2 rankings. EitherCn

r

has no preferences in common (so they are orthogonal) with this double-reversal
profile, or at least one preference shared by both profiles. Assume without loss
of generality that one common preference isr = r1 � r2. Then, so isρ(r ) =
ρ(r1 � r2) = ρ(r2) � ρ(r1). As the number of voters with these two preferences
agree in the double reversal profile, but differ by sign inCn

r , the scalar product
of these terms cancel. It is easy to show that ifr = r1 � r2 is a Cn

r ranking, then
r1 � ρ(r2) andρ(r1) � r2 are not inCn

r . This completes the proof.

Part 5. The proof uses the fact that the Condorcet profile differentials partition
the set of preferences. This partitioning occurs because, by construction, ifr1 and
r2 appear a Condorcet profile differential, then (up to sign of the number of voters
with each preference), the profile differentials are the same. This proves that the
sets (the orbits) are disjoint. That they fill the space follows from the fact that
each ranking defines a Condorcet profile differential. For the dimension statement,
notice that each Condorcet profile differential has 2n of the n! preferences, so
there are 1

2(n − 1)! sets of these profile differentials with no preferences in
common.

The proof for the setting wherek is an even integer 2< k < n only involves
creating an example. This is done following the theorem.
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Part 6. This is a direct computation. �

Cor. 3. The Basic profiles do not admit changes in rankings as candidates are
dropped. Thus, all changes must come from the Condorcet portion. As shown,
this occurs. �

Cor. 4. This is a direct computation. �

Theorem 10.Parts 1 and 2. This follows directly from Theorem 8 and the prop-
erties of the Basic profiles.

Part 3. This is immediate from the geometry of the representation cube.
Parts 4–6. These statements follow from the earlier description of the methods

and their dependency on the pairwise tallies. �

Proof of Theorem 12.While eachCn
r has the fundamental cycle structure illus-

trated in Figure 5, sums of these differentials need not. (In ac1 � c2 Condorcet
differential, certain cycles defined by oneCn

r are cancelled by anotherCn
r1

.) Yet,
symmetry allows the fundamental cycles of pairwise rankings to be replaced with
similar cycles ofRn

r transitive rankings; i.e., the primary cycle ofCn
r is replaced

by then Rn
r rankings. (For thec1 � c2 Condorcet differential, the primary cycle

is replaced with all transitive rankings from allRn
r wherer hasc1 � c2 as the two

top ranked candidates.) Thesth level cycles define appropriate rankings which,
in turn, define the neededRn

r replacements, etc. The proof of Theorem 12 and
its many extensions exploit the fact that this symmetry structure holds for the
wide variety of distances described next.

Definition 13. Letδ(q1
n, q2

n) be a distance defined over the differences in pairwise
tallies or pairwise rankings. Assume thatδ satisfies a neutrality condition where
the outcome depends only on differences in rankings and/or tallies, but not the
identity of the candidates in each pair. The distance fromq1

n to a set of pointsS
is

inf
q∈S

δ(q1
n, q).

Let C be a collection of rankings. For each r∈ C, let r(qn) = {q| the ranking
assigned toq is r and q is obtained fromqn by reversing the signs of appropro-
priate xi ,j values.} Then

δ(qn, C) = inf
r ∈C

[
inf

q∈r (qn)
δ(qn, q)

]
.

As examples, ifδ is the usual Euclidean distance andS is the transitivity plane,
then theS tally defining δ(qn,S) is the Basic tally. IfC is the set of strict,
transitive rankings whereδ is thel1 distance, then a nearest ranking is the Kemeny
ranking. If C is the collection of rankings with a Condorcet winner andδ is the
l1 distance, then the minimal ranking is the Dodgson ranking.

For an example using pairwise rankings, letsign(xi ,j ) be 1 if xi ,j > 0, −1 if
xi ,j < 0, and zero otherwise. Letδsign(q1

n, q2
n) =

∑
j <k |sign(x1

j ,k) − sign(x2
j ,k)|.
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If S is the transitivity plane, the ranking minimizingδsign(qn,S) is the Copeland
ranking.

The following lemma asserts that any suchδ has symmetry properties similar
to those of theCn

r fundamental cycle tallies of Figure 5.

Lemma 1. Letδ(−,−) be a distance from Def. 13. Let r and r∗ be any two strict,
transitive rankings of the n≥ 3 candidates. Let r1, r2 ∈ Rn

r ∗ (i.e., they are any
two of the n rankings in the Condorcet n-tuple defined by r∗) where the difference
in tallies between the kth and j th ranked candidates from either ranking agree;
k < j . Let q(Cn

r ) denote the pairwise tallies defined byCn
r . Then,

δ(q(Cn
r ), r1) = δ(q(Cn

r ), r1). (10.1)

Proof. Because the assertion is for all choices of metrics, I must show that
the differences betweenCn

r and rj tallies and rankings of pairs is precisely the
same for eachj . Without loss of generality, letr1 = c1 � c2 � . . . � cn and
r2 = cj � cj +1 � . . . � c1 � . . . � cj −1; i.e., the difference betweenr1 and r2 is
j rotations in the ranking disk.

A uniform way to measure the differences in tallies and rankings is to deter-
mine how many and what kinds of binary rankings fromCn

r need to be reversed
to make the ranking compatible withr1 andr2. By carrying out this computation
with fundamental cycles, the argument is straightforward. This is because each
fundamental cycle which includes thekth ranked candidate fromr1 can be iden-
tified (by a rotation of the ranking disk) with a fundamental cycle of precisely
the same type that includes thekth ranked candidate fromr2.

Select two identical pairs of fundamental cycles (i.e., both are primary or both
aresth level) where each includes thekth ranked candidate from the appropriate
ranking. The next step is to compare the differences in rankings and tallies
between pairs from the first cycle andr1 with a similar analysis for the second
cycle andr2. By symmetry, the differences and agreements are identical (but with
different names of candidates for the pairs). As this is true for all fundamental
cycles, and as this includes all possible pairs, the same data about differences in
rankings and tallies of pairs occurs betweenCn

r and r1 as betweenCn
r and r2.

This is the only data admitted by the distances, so the conclusion follows.�

Denote the Condorcet portion of the profile

pBC +
∑

j

µj Cn
rj
, µj /= 0, (10.2)

by pC and its tally byqC . According to the lemma, for anyr ∗, eachr ∈ Rn
r ∗,

andµj Cn
rj

, it takes the same number of changes of tallies and rankings from each
fundamental cycle ofµj Cn

rj
to make the rankings compatible withr . Since this

is true for eachµkCn
rk

, k = 1, . . . , it follows from the component-wise linear
structure of vector addition that for eachr ∗, the number of changes of rankings
and/or tallies needed to convert the rankings ofqC into r ∗ is precisely the same
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as for anyr in Rn
r ∗. Thus, if for a choice ofδ we have thatr ∗ is the kth

closest transitive ranking (for any choice ofk), then the same status applies to
all r ∈ Rn

r ∗.
The Basic portion breaks this remarkableqC symmetry by moving the tally,

qBC + qC , in the qBC direction. But by breaking symmetry, not allRn
r ∗ rankings

are equal distance from the new tally; the rankings that now are closer reflect
the qBC components; e.g., its largest component defines the difference between
the Basic (BC) winner and loser. To see how this geometry proves part of the
theorem, consider the plane passing throughqC which hasqBC as a normal
vector. It follows from the geometry that ifr1, r2 ∈ Rn

r ∗ are on opposite sides
of this plane wherer1 is on theqBC side, thenr1 is the closer of the two in
Euclidean (and many other norms8) to qBC + qC . Since the largest change in a
component is due to the differences in the Basic (BC) winner and loser, ifr1

and r2 are transitive, thenr1 has the BC winner ranked above the BC loser. In
particular, if the pairwise tallies define a transitive ranking, it has the BC winner
ranked above the BC loser.

Now suppose thatqBC + qC , t = 1, defines a layer structure with at least two
layers. Ifx1,n > 0, the assertion follows. More generally, assume there are at least
two layers. Using thel1 norm (actually, anylp, 1 ≤ p < ∞), we wish to find the
transitive ranking closest to this layer structure. Clearly, this closest ranking must
straighten out the rankings of each layer independent of what happens among
layers. But, according to the definition of the layer structure (where that tallies
are such that each candidate is a higher layer is ranked above all candidates in a
lower layer) it follows immediately from the triangle inequality that in a nearest
transitive ranking, all candidates from a higher layer remain ranked above all
candidates from a lower layer. So, if the Basic or BC winner is ranked in a layer
strictly below the BC loser, the nearest transitive rankings have the BC loser
ranked above the BC winner. This contradiction proves the assertion. �

Rest of the proof of Theorem 19..It remains to prove that when the
( n

k

)
relative

k-candidate rankings fromRn
r are reassembled to create profiles where each

voter’s preferences satisfyk-level transitivity, the only transitive profile isRn
r .

To introduce the basic ideas, start withk = 2 and the orthogonal cube. Each of
the n rankings fromRn

r defines a vertex. Because of the relationship between
the choice of the vertices, the convex sum of these vertices is the normalized
pairwise tally ofRn

r . Thus, this point, denoted byP2,r , can be described in terms
of the fundamental cycles; it is then−2

n multiple of the convex sum of the (n−2)
vertices where all have the binary rankings of the primary cycle, (n − 1) − 2 of
them have the binary rankings of thes = 2 secondary cycle and 1 has the opposite
rankings,. . ., (n−1)−s of them have the binary rankings of thesth fundamental
cycle whiles of them have the opposite binary rankings,s ≤ n/2. Let Q(n) be
the number of different ways vertices can be selected to have these properties.

8 This includeas norms that require equality for the triangle inequality along a straight line. The
straight line here connectsqBC with qC .
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This construction means that to find other choices of preferences forn voters
which give identical pairwise outcomes asRn

r , just add any two other diamet-
rically opposed vertices (which cause a cancellation) to the above construction.
There are 2(

n
2 )−1 such pairs, so there are at least 2( n

2 )−1Q(n) profiles involving
irrational voters with the same pairwise outcomes.

Denote the vector from the origin toP2,r by P2,r . By construction, alln
transitive vertices fromRn

r are on the [
( n

2

)−1]-dimensional plane passing through
P2,r with normal vectorP2,r . The “top” and “bottom” sides of this plane are,
respectively, the side defined byP2,r and by−P2,r .

Lemma 2. The n vertices corresponding toRn
r rankings are on the plane passing

through P2,r with normal vectorP2,r . The remaining n! −n transitive vertices are
on the bottom side of this plane.

It follows from Lemma 2 that the convex sum of anyn transitivity vertices,
where at least one does not represent aRn

r ranking, is on the bottom side of the
plane. Thus, the pairwise tallies generated byRn

r cannot be achieved with any
other profile with transitive preferences.

Proof. Proof of Lemma 2. Assume (without loss of generality) thatr1 = c1 �
c2 � . . . � cn is a aRn

r ranking. The importance of the following argument is
that it indicates how to determine the structure of the orthogonal cube relative to
this plane. Namely, with slight modifications, we can find all vertices above the
plane. In doing so, this provides a description of the representation cube. Namely,
for eachr , the plane defined byRn

r is one of the faces of the representation cube.
Associated with eachr1 ∈ Rn

r is an adjacent transitive ranking obtained in the
manner described below; this ranking defines anotherRn

r ∗ and another face of
the representation cube.

For each orthogonal cube vertex, there are
( n

2

)
adjacent vertices obtained by

reversing one binary ranking. Indeed, two adjacent vertices define an edge of
the orthogonal cube which is parallel to the direction defined by the pairwise
change. If the vertex is a transitive vertex, then there are precisely (n − 1)
adjacent transitive vertices; they must be obtained by transposing anyadjacent
pair of candidates in the ranking. (For instance, the (n − 1) transitive rankings
adjacent tor are where one of thec1 � c2 ranking,or c2 � c3 ranking,or . . .,
cn−1 � cn is reversed. Trivially, a change of a pair that is not adjacent creates a
non-transitive ranking.) So, from each transitive vertex, (n − 1) of the adjacent

vertices are transitive and
( n

2

) − (n − 1) =
(

n−1
2

)
of them are not.

If a coordinate axis direction has a zero dot product withP2,r , then thatP2,r

component is zero. According to the pairwise sums of the fundamental cycles
of Rn

r , this orthogonality occurs iffn is even and the direction corresponds to a
binary from one of thes = n/2 degenerate fundamental cycles. Thus, the only
vertices on the plane adjacent to ther1 ∈ Rn

r vertex involve reversing thecj and
cj +n/2 rankings inr1; as this change involves a non-adjacentr1 pair, the resulting
adjacent ranking is not transitive.
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The same argument proves there are vertices adjacent tor1 both above and
below the plane. For an adjacent vertex to be above the plane, a binary from
r1 must be reversed so that it now agrees with the ranking of that binary in
the appropriateRn

r fundamental cycle. But all adjacentr1 binary rankings are
represented and agree with the associated binary ranking in the primary cycle.
Thus any change of a adjacentr1 binary reverses how this binary is ranked in
P2,n. Thus, all transitive vertices adjacent tor1 are below the plane.

Next I generalize this argument to prove that for each transitive vertex, either
it is on the plane and represents aRn

r ranking, or it is below the plane. For ranking
r , let v(r ) denote ther -vertex. To convertr1 into another specified transitive
ranking, called thetarget ranking, we need to compute the needed binary changes.
Changing a{ci , cj } ranking just changes thexi ,j sign; the magnitude of the change
is 2. Thus all binary changes needed to convertr1 into the target rankingr ∗ define
a composite vectorv(r ∗) − v(r1), with ±2 entries. Whetherv(r ∗) is above, on,
or below the plane is determined, respectively, by whether the sign of the dot
product

(v(r ∗) − v(r1), P2,n)

is positive, zero, or negative.
How a binary ranking changes the value of the dot product comes from the

pairwise tallies of theRn
r fundamental cycles. To illustrate with a special case,

consider the binary changes needed to convertr1 = c1 � c2 � . . . � cn into the
next Rn

r ranking of r2 = c2 � . . . � cn � c1 by successively movingc1 down
through the rankings. Thec2 � c1 andcn � c1 changes involve binary rankings
from the primary cycle, but in opposing directions relative toP2,n. (The first is
opposite theP2,r x1,2 direction; the second binary change agrees with the sign of
the x1,n direction ofP2,n.) The difference in sign and the fact that the magnitude
of these components inP2,n agree means that these values cancel. Similarly, the
cs � c1 and cn+1−s � c1 change come from thesth level cycle but in opposite
directions, so, again, there is a cancellation in the dot product of this vector
change withP2,n. Since the composite vector can be expressed in terms of these
symmetric terms, the composite vector has a zero scalar product withP2,r , v(r2)
is on the plane.

This zero dot product required a symmetric cancellation where, in succes-
sively movingc1 through the ranking, the negative values (meaning the binary
changes differ from those inP2,n) are for the firstn/2 candidates encountered
in the ranking disk arrangement, while the positive values come in a symmet-
ric manner from the lastn/2 candidates. Consequently, if target ranking only
involves movingc1 partway throughr1, then the scalar product withP2,n is
negative; thus the target ranking vertex is below the plane.

This argument shows that a way to compute (v(r ∗), P2,n) is to compute the
number of binary ranking changes that need to be made on the fundamental cycles
so that the resulting rankings definer ∗. Clearly, at least one ranking from each
cycle needs to be reversed and the rankings need to be done so that some one
candidate is top ranked, some candidate is second ranked,. . ., some candidate
is bottom ranked. To illustrate withr1 = c1 � c2 � c3 � . . . � cn and r ∗ 6∈ Rn

r ,



Mathematical structure of voting paradoxes 51

precisely one primary ranking (thecn � c1 ranking) needs to be reversed so that
this cycle is compatible withr1, but at least two primary rankings need to be
reversed forr ∗. (If only one were reversed, it would define aRn

r ranking.) For
n = 4, this is all that is needed in the computations as the remaining cycles are
degenerate. Forn ≥ 5, there is either one (ifn is odd) or twos = 2 cycles. In
either case, only the two secondary binary rankingscn−1 � c1 andcn � c2 must
be reversed. (To see this, start withc1 and look at the rankings of every other
candidate; this is compatible with the secondary cycle except in the indicated
places.) Forr ∗ andcj , since one candidate is preferred tocj andcj is preferred
to one other candidate in this cycle, at least two binary rankings must be changed
to maker ∗ transitive. Thus, the number of changes from thes = 2 cycles forr ∗
is greater than or equal to those forr1. This handles all transitive rankings for
n ≤ 6.

More generally, forn ≥ 7 and a particulars > 2, there are at leasts
binary changes needed so that they are compatible with a transitive ranking.
Preciselys changes are needed for the rankings to be compatible withr1 (they
are cn � cs, cn−1 � cs−1, . . . , cn−s+1 � c1.) Therefore, the number ofsth level
binary changes needed to be reversed to be compatible withr ∗ is at least this
number.

The number of binary changes at each level needed to make the rankings
compatible with r1 is less than or equal to the number needed forr ∗, so
(v(r1), P2,n) ≥ (v(r ∗), P2,n). For equality, only one primary binary can be re-
versed forr ∗; i.e., r ∗ ∈ Rn

r . This completes the proof. �

A way to handle thek > 2 setting is to create a cube fork-level rankings.
This cube hasn!/2((n − k)!) coordinate directions where each [−1, 1] interval
correspond to a particular strict ranking of thek candidates and the reversal of
this ranking. Thus, this cube has 2n!/2((n−k)!) vertices of whichn! are unanimity
vertices. Replacing the “orthogonal cube” is the convex sum of vertices with
a single ranking for eachk-subset. (The coordinates for the other rankings are
set equal to zero.) The transitive rankings fromRn

r definen of these vertices;
their convex sum definesPk,n, which the origin and this point definePk,n. By
symmetry ofRn

r , the components ofPk,n also enjoy a symmetry; these symmetries
define thekth level fundamental cycles. The rest of the proof now is essentially
the same as above.

As an alternative way to see this assertion, notice that thek level rankings
are based on an appropriate sequencing of the binary rankings. Hence, if the
assertion were false, then one could show it also is false fork = 2; this would
be a contradiction. (This sequencing is used to connect the differentk-level
orthogonal cubes into a polytrope which can be used to extract other properties.)
�

Theorem 21.Part 1. Each Condorcet profile differential is orthogonal to each
Basic profile, so theci � cj profile differential (a sum of Condorcet profile
differentials) also is orthogonal to the Basic profiles. Similarly (part 4), alln-
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candidate positional tallies of such a differential are zero. The last assertion
follows from Theorem 8.

Part 2. It is shown in Theorem 8 that a Condorcet profile differential is
orthogonal to a double-reversal profile, so the same assertion holds for theci � cj

profile differentials. It suffices to provide an example to prove that there are
symmetry changing profile differentials that are not orthogonal to aA � B
Condorcet profile differential. One such example is wherer = (C � D � A) �
(B � E) where the other three rankings come fromσ1(C � D � A) = C �
A � D . In this setting, only one of the four rankings in the symmetry changing
profile is in theA � B profile differential, so orthogonality is impossible.

Part 3. This is a simple computation involving the tallies from Theorem 8.

Part 4. This is a direct consequence of parts 1, 2 and the computations from
Theorem 8. Because these computations are not difficult for the normalized borda
and the plurality vote, these computations provide an alternative proof for part 1
whenk is even. �
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