GEOMETRY OF PAIRWISE COMPARISONS:

Applications, Examples, and Techniques

DIMACS Reconnect: Mathematics of Elections and Decisions
Montclair State University
June 12-18, 2005

Michael A. Jones

Department of Mathematical Sciences
Montclair State University

Upper Montclair, NJ 07043

jonesm@mail. montclair.edu



Pairwise Comparisons of Three Candidates

Assume there are 3 candidates, A, B, and C. For a profile of voters p =
(p1, P2, P3, P4, P5, P6), define

Fy: Si(6) — [—1,1]° by F3(p) = (da-p, dp-c, dcsa)

where d,, ., is the difference in the percentage of voters that prefer candidate
¢; to ¢; and the percentage of voters that prefer ¢; to ¢;.
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e How to proceed? The plot remains the same: convexity.

e Determine F(E;) for i = 1 to 6 where E; represents the standard basis
vector in R with a 1 in row i.
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Geometry of Pairwise Votes: Representation Cube

e Six of the eight vertices of the [—1,1]® form the corner points of a convex
hull.

e The two missing vertices of the cube: (1,1,1) and (—1,—1,—1).



Geometry of Pairwise Votes: Representation Cube

e Six of the eight vertices of the [—1,1]® form the corner points of a convex
hull.

e The two missing vertices of the cube: (1,1,1) and (—1,—1,—1).

e Visually: A truncated cube



Geometry of Pairwise Votes: Representation Cube

F3(Es5)
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Figure 1: Representation cube for 3 candidates.



Geometry of Pairwise Votes: Representation Cube
e Two types of Condorcet cycles:

A-B>=C»A = (da-p>0,dg-c>0,dc.a > 0) : positive cycle
B>=A>=C»B = (dap<0,dp.c<0,do-a <0):negative cycle

10



Geometry of Pairwise Votes: Representation Cube
e Two types of Condorcet cycles:
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o Let v1 = ds.p,r9 = dp.c,and 3 = do. 4. What is the extreme positive
cycle? That is, the cycle that has the largest minimum margin of victory
among the three pairwise elections? Equivalently, this point is in the positive
orthant and satisfies

max min x;
1<i<3
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Geometry of Pairwise Votes: Representation Cube
e Two types of Condorcet cycles:

A-B>=C»A = (da-p>0,dg-c>0,dc.a > 0) : positive cycle
B>=A>=C»B = (dap<0,dp.c<0,do-a <0):negative cycle

o Let v1 = ds.p,r9 = dp.c,and 3 = do. 4. What is the extreme positive
cycle? That is, the cycle that has the largest minimum margin of victory
among the three pairwise elections? Equivalently, this point is in the positive
orthant and satisfies
max min x;
1<i<3

e Implication: There does not exist a cycle in which each candidate defeats

another by receiving more than g’s of the vote.
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Geometry of Pairwise Votes: Representation Cube

F5(E5)

Fy(E3) &7 o

N > Fg(Eﬁ)

F3(Eo) F3(Ey)

Figure 2: Intersection of positive orthant and triangular boundary of truncated cube (7}).
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Geometry of Pairwise Votes: Representation Cube

e The extreme positive cycle (%, %, %) is on the triangular face of the truncated

cube. What about points on this boundary?

— All points on the triangular boundary (7}) are derived by a convex
combination of voters of type 1, 3, and 5.

— The convex combination is unique. Hence, there is only one profile that
yields the outcome.
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Geometry of Pairwise Votes: Representation Cube

e The extreme positive cycle (%, %, %) is on the triangular face of the truncated

cube. What about points on this boundary?

— All points on the triangular boundary (7}) are derived by a convex
combination of voters of type 1, 3, and 5.

— The convex combination is unique. Hence, there is only one profile that
yields the outcome.

e Similarly, for extreme negative cycles . ..

— All points on the triangular boundary (7%) are derived by a convex
combination of voters of type 2, 4, and 6.

— The convex combination is unique. Hence, there is only one profile that
yields the outcome.

e Interior points of the Representation Cube?

— Profiles satisfy 4 equations with 6 unknowns; 2 free variables. Hence,
there exists a two-dimensional linear subspace of profiles in Si(6) that support
interior outcomes.

16



Geometry of Pairwise Votes: Representation Cube

Representing profiles in the Representation Cube

— Split the profile into odd and even types:
0= (p17 07p37 07p57 O) and e = (07]727 07p47 Oapﬁ)

— Scale to be “valid” profiles: %0 where d = p; + p3 + p; and ﬁe
— F3($0) =« €T) and Fg(ﬁe) = B e Ty

— By convexity, F3(p) = da+(1—d)f3. So, F3(p) is on the segment between
o and (.
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Geometry of Pairwise Votes: Representation Cube

Representing profiles in the Representation Cube

— Split the profile into odd and even types:
0= (p17 07p37 07p57 O) and e = (07]727 07p47 Oapﬁ)

— Scale to be “valid” profiles: %0 where d = p; + p3 + ps and ﬁe

— F3($0) =« €T) and Fg(ﬁe) = B e Ty

— By convexity, F3(p) = da+(1—d)f3. So, F3(p) is on the segment between
o and (.

e There exists a smooth, one-to-one mapping from the profiles in Si(6) onto
the set of points (a, 8, d) where a € T1, 8 € Ty, and d € [0, 1]. (Saari [5])

(ph D2, P3, P4, D5, p6) - (@7 57 d)

_(P1 P3s P5s P2 D4 Pe
d’d d’'1-d'1-d 1-d

, P1 + D3 +P5>

e As the name suggests, profiles can be represented in the Representation

Cube.
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Geometry of Pairwise Votes: Representation Cube

e WGAD? (or, the value of this representation ...)

— «’s position in T yields information about dominant odd voters
— (#’s position in T5 yields information about dominant even voters
— d determines whether odd or even voters are more prevelant

e Can construct examples based on «, 3, and d where “nearby” profiles will
have specific properties

e Which profiles yield the same pairwise outcome?
— a-cone and (3-cone
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Another Take on the Representation Cube

Recall: All profiles can be expressed as p = px + P + Pc + Pr where the
profile differentials come from the Kernel, the Basic, the Condorcet, and the
Reversal subspaces.

e How do these vectors relate to the pairwise comparisons?

Ry=(1,1,-2,1,1,-2) Rp=(-2,1,1,-2,1,1) Rc = (1,1,-2,1,1,—2)

B,=(1,1,0,-1,-1,0) B =(0,-1,-1,0,1,1) B¢ =(—1,0,1,1,0, 1)
K=(1,1,1,1,1,1) C*=(1,-1,1,-1,1,-1)
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Another Take on the Representation Cube

Recall: All profiles can be expressed as p = px + P + Pc + Pr where the
profile differentials come from the Kernel, the Basic, the Condorcet, and the
Reversal subspaces.

e How do these vectors relate to the pairwise comparisons?

Ry=(1,1,-2,1,1,-2) Rp=(-2,1,1,-2,1,1) Re¢ = (1,1,-2,1,1,-2)
B,=(1,1,0,-1,-1,0) B =(0,-1,-1,0,1,1) B¢ =(—1,0,1,1,0, 1)
K=(1,1,1,1,1,1) C*=(1,-1,1,-1,1,-1)

e Saari [7]: only the Basic and Condorcet vectors, pp + pc, affect pairwise
outcomes

— What do these vectors/subspaces have to do with the Representation
Cube?
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Another Take on the Representation Cube

e The Basic subspace forms a plane in the Representation Cube.

— call this the transitivity plane; it is the plane 1 + 9 + 3 = 0 and
therefore only intersects the transitive regions

e Every pairwise comparison outcome q can be orthogonally decomposed as
a vector in the transitivity plane plus a scalar times the transitivity plane’s
normal vector.

q= qT+M(17171)
— call (1,1, 1) the cyclic axis
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Another Take on the Representation Cube

e What is the implication of the transitivity plane?
Definition(s) The BC ranking is equivalent to ranking the candidates ac-
cording to assigned scores where the j candidate’s score is

BC(Cj) = Z dj,k-

Py

The Copeland ranking is determined by replacing d;; by 1, 0, or -1 de-
pending on the sign of d;;. Copeland winner has largest sum.

The Kemeny ranking for profile p is a transitive ranking obtained from
F3(p) by reversing d;;’s so that 1. the resulting ranking is transitive and 2.
minimize the sum of the reversed terms.

Equivalently, the KR is the nearest (¢; distance) transitive ranking region
to Fg(p)

Theorem All of the procedures defined above have the same election outcome
when the profile is a Basic profile.
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Applying the Representation Cube:
Dodgson’s Procedure

e This material is adapted from Ratliff [4].

e Charles Dodgson [1] (in McLean and Urken [2]) describes an election pro-

cedure that generalizes the Condorcet winner. Consider the example:

QW = o

@ Q|

o= Qe

> 0 Q| w

> O W~

Q> W

A>-=B

B~ A

A>=C

C=A

B~C

C > B

11

8

8

11

10
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Applying the Representation Cube:
Dodgson’s Procedure

e This material is adapted from Ratliff [4].

e Charles Dodgson [1] (in McLean and Urken [2]) describes an election pro-

cedure that generalizes the Condorcet winner. Consider the example:

5121413141
AlA|C|C|B|B A-B|B-A|A=C|C=A|B>~C|C>=B
B|C|A/B|C|A 11 8 8 11 10 9
C/IB/B|A|A|C

e Dodgson winner is the “closest” candidate to the Condorcet winner by
minimizing its Dodgson number: the minimum number of pairwise switches
for the candidate to become the Condorcet winner

e We can represent the profile by (da.p,dp-c,dc-4) = (3,1,3)
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Applying the Representation Cube:
Dodgson’s Procedure

e This material is adapted from Ratliff [4].

e Charles Dodgson [1] (in McLean and Urken [2]) describes an election pro-
cedure that generalizes the Condorcet winner. Consider the example:

5121413141
AACCBB:A>B B-A|A-C|C=A|B>~C|C>=B
B|C|A|B|C|A 11 8 8 11 10 9
C/IB/B|A|A|C

e Dodgson winner is the “closest” candidate to the Condorcet winner by
minimizing its Dodgson number: the minimum number of pairwise switches
for the candidate to become the Condorcet winner

e We can represent the profile by (da.p,dp-c,dc-4) = (3,1,3)
e Ratliff [4] relates the Dodgson winner to the ¢; metric (taxicab geometry).

— The ¢; winner is the Condorcet winner of the ranking corresponding
to the orthant that has the smallest ¢; distance to the point in the pairwise
space among all orthants that correspond to a Condorcet winner.

26



Applying the Representation Cube:
Dodgson’s Procedure

e Back to the example:

5121413141
AIA|IC|C|B|B A-B|B=-A|A=C|C=A|B=C|C+=B
B|C|A/B|C|A 11 8 8 11 10 9
C/IB/B|A|A|C

e Under the ¢; metric, we see that (da.p,dp-c,dc-a) = (3,1, 3) requires a
single change.
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