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Many mechanical systems consist of continuum mechanical structures, having either linear or
nonlinear elasticity or geometry, coupled to nonlinear oscillators. In this paper, we consider the class
of linear continua coupled to mechanical pendula. In such mechanical systems, there often exist
several natural time scales determined by the physics of the problem. Using a time scale splitting,
we analyze a prototypical structural-mechanical system consisting of a planar nonlinear pendulum
coupled to a flexible rod made of linear viscoelastic material. In this system both low-dimensional
and high-dimensional chaos is observed. The low-dimensional chaos appears in the limit of small
coupling between the continua and oscillator, where the natural frequency of the primary mode of
the rod is much greater than the natural frequency of the pendulum. In this case, the motion resides
on a slow manifold. As the coupling is increased, global motion moves off of the slow manifold and
high-dimensional chaos is observed. We present a numerical bifurcation analysis of the resulting
system illustrating the mechanism for the onset of high-dimensional chaos. Constrained invariant
sets are computed to reveal a process from low-dimensional to high-dimensional transitions.
Applications will be to both deterministic and stochastic bifurcations. Practical implications of the
bifurcation from low-dimensional to high-dimensional chaos for detection of damage as well as
global effects of noise will also be discussed. 2004 American Institute of Physics.

[DOI: 10.1063/1.1651691

Transition to chaos has been a fundamental problem in
nonlinear dynamics. The well known routes to chaos,
which include the period-doubling bifurcation route, the
intermittency route, the quasiperiodic route, and the cri-
sis route, are for transition to low-dimensional chaotic
attractors with one positive Lyapunov exponent. Transi-
tions to high-dimensional chaotic attractors with multiple
positive Lyapunov exponents have begun to be addressed.
Here we present a class of physical systems consisting of
linear continuum mechanical structures coupled to non-
linear oscillators. These systems arise naturally in many
important engineering and defense applications. Math-
ematically, such a system is typically described by a set of
coupled partial and ordinary differential equations,
which is generally not amenable to analysis. However, if
the system exhibits intrinsically distinct time scales, ap-
proximations can be made which mathematically reduce
the coupled system to a set of ordinary differential equa-
tions. Dynamically, this is equivalent to decomposing the
motions into those having slow and fast time scales, al-
lowing for numerical and physical analyses. If the cou-
pling between the continuum component and the nonlin-
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ear oscillator is small, the dynamics can be regarded as
being confined to a slow, approximately invariant mani-
fold exhibiting low-dimensional chaos. Motions away
from the slow manifold are typically fast in time, are
high-dimensionally chaotic, and they become important
when the coupling is large or when there is noise present.
The system thus represents a paradigm for investigating
fundamental phenomena in nonlinear and stochastic dy-
namics such as the transition to high-dimensional chaos
and noise-induced high-dimensional chaotic attractors.
Here we shall demonstrate that this is so.

I. INTRODUCTION

In many mechanical structures of significance, such as
ships, aircraft, and space vehicles, there arise problems in
multi-scale dynamics due to various physical factorsrirst
and foremost is that many of the structures we come to de-
pend upon are composed of many sub-structures covering a
wide range of size8as in aircraft carriers or the space sta-
tion. Second, several orders of magnitude in flexibility may
be present, such as a tether attached to a satediteliffer-
ent beam lengths in a large trdsSuch differences in spatial
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scales have recently led to a number of new multi-scale nueontrast, if one wishes to compute dynamical dimension,
merical modeling techniques, such as those applied to theuch as Lyapunov dimensiéhthe linear variational equa-
finite element method. tions need to be solved along the trajectory, which is prohibi-
As a result of such a wide range of sizes and stiffnesgively expensive even for a modest system of ordinary dif-
arising from coupled structures of differing elasticity, one ferential equationsODES.
expects that there should exist a range of corresponding dy- Although the KL methods are useful for quantifying a
namical responses in frequency. Therefore, incorporating thédimension change in dynamics, they do not necessarily ex-
relevant physics together in a complex model will generateplain the underlying cause of the bifurcation. In particular,
multi-scale dynamics. That is, there is a set of dynamicgvhen we think of a dimension bifurcation, we think of a
which may be complicated(such as high-dimensional change in dimension, abrupt or continuous, as a parameter is
chaos, but has definitive multi-scale structure. An excellentchanged. Normally, the parameter is changed deterministi-
example of such a model is the class of driven coupled coneally, resulting in a change in bifurcation structure. This may
tinuum mechanical structures which may be used to explorée explained as sufficiently sampling parts of an attractor off
nonlinear vibrations in mechanics. of an invariant manifold. Such bursting is typically observed
In analyzing the dynamics of coupled continuum me-to be chaotic, which arises from an underlying deterministic
chanical models, one must consider them as spatio-temporahaotic saddlé? However, another cause of dimension
systems which may support a range of dynamical timechanging chaos may be stochastic. That is, if sufficient noise
scales. Excellent examples of multi-scale behavior have bedf added to a low-dimensional attractor, it may generate a
studied in the flexible spherical penduldrthe dynamics of high-dimensional noise induced attractor with a new positive
a flexible beam-oscillator systeth,and a flexible rod— Lyapunov exponent. Noise induced chaos, when produced
pendulum systerit These examples demonstrate the ideadlong with a dimension changing bifurcation, could cause
that in addition to a temporal splitting between fast and slowmulti-scale behavior in continuum mechanics. Associated
time scales, there also corresponds a geometric splittingVith noise induced chaos is the idea of unstable dimension
Multi-scale behavior in mechanics is convenient since the/ariability (UDV).
model in many instances may be decomposed into a global Unstable dimension variability is the changing of the
singular perturbation problefi.Based on a well-developed number of local unstable directions along a typical trajectory.
theory, one may construct rescaled systems for which thMathematically, it can be described in terms of how a system
dynamics, under suitable hypotheses, may reside on an ifyiolates the properties of hyperbolicity. This nonhyperbolic-
variant manifoldt® Physically, this might occur if one struc- ity has been shown to be fundamental to chaotic dynamics,
ture is almost perfectly rigidfast time scalpand attached to ~Particularly for the problem of shadowing of numerical tra-
a flexible structureslow time scalg An excellent example jectories in higher dimensiorf€~*In Ref. 31, we reported
is the class of “fast—slow” continuum systems which con- On noise mduced chaosina pr.ellmlnary. r_nechamcs example.
sists of “soft” structures coupled to “stiff” structures. There, noise was used to excite a positive Lyapunov expo-
This class of “soft—stiff” engineering structures can Nent. _ _
have very complicated dynamics. Since the stiff part of the N this paper, we report on the status of dimension
problem may be considered an approximation to a perfectl?hang'”g bifurcations in both deterministic and _sto_chasnc
rigid body, it is reasonable to assume that part of the comMechanical systems. As such, some of the material is neces-
plexity originates within the soft, flexible structure. The geo- Saily review. The paper is laid out as follows: In Sec. II, the
metric splitting yields invariant manifolds which may in- full model of a rod—pendulum system is derived as a nonlin-
clude chaos within the soft structuteOn the other hand, for €ar coupled PDE-ODE system. A Galerkin projection is
critical parameter choices, the dynamics may leave the manflon€ 0 put the model in terms of an infinite system of
fold, and sample the rest of the phase space, generatingQaDE’S’ and then a finite dimensional model is extracted to

dimension changing bifurcation which includes both fast andstudy the dynamics. In Sec. Ill, the bifurcation structure is
slow time scaled? presented for the deterministic systems derived in Sec. Il

Since multi-scale engineering structures may have a di_Evidf_ence of UDV is pre_sented_ in the Contin_uation_diagrams.
mension changing bifurcation, techniques for statisticallyseCt'O” Il C explores dimension change blfurcat|ons_based
quantifying the dynamics in space are needed. One suci' KL methods, as well as Lyapunov spectra. Section IV
powerful method is that of the method of snapshots, based dfPlores the effects of noise on the dynamics.
the proper orthogonal decompositiROD), or Karhunen—

Loeve (KL) techniques®® First introduced to handle fluid | 5vNAMICAL CONTINUUM MECHANICS

dynamics, these methods have been successful in quantifying

the dynamics in fluid—structure interactiols, spatio- In general, the problems we consider here model linear
temporal feedback contrdf, nonstationary flow transition continua coupled to nonlinear oscillators. That is, the prob-
problems'® and aerodynamics foif®. They have been used lem class is that of linear PDE’s which are coupled to one or
to quantify a dimension change bifurcation explicitly in a more nonlinear oscillators represented by ODE's. Such
soft—stiff system operating near a resonant condition. Idinear—nonlinear coupled systems are ubiquitous in many ap-
quantifying the dynamics of a spatio-temporal system, theplications, and are observed to exhibit nonlinear vibrations in
KL technique is a powerful tool to describe the modal struc-experiments? In this section, we restrict ourselves to models

ture, not only analytically but computationally as well. In of linear elastica in one spatial dimension. Such examples
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include cantilevered beams and extensible rods. In general, if 0
we let W(¢,t) denote a measure of displacement as a func-
tion of space(é) and time €), and letx,(¢,t) be a forcing
function, then the general equations of motion may be rep-
resented as

L, W(ED =,(£1),
d?6 , do @
W+[1+G(W’tt)]sm 0+ na—o,

Forcing

plus the appropriate boundary conditions. In EL, 6 de-
notes the angular position of an attached pendulum at a free
end of the elastica. The ter@(W ) is the additional accel-
eration imposed on the pendulum from the structure. Since
there is an external driving body force on the structure, the
function G(W ) will also contain a time varying source,
which will in general depend on another oscillator, such as a
mechanical shaker or periodic electric potential.

The differential operator.,, is assumed to be linear,
and depends on a parameter which is a measure of specttdlq where
splitting of the relevant time scales. For a cantilevered beam,

FIG. 1. Rod—pendulum configuration.

it has the form Tp=ML,60%+My(g—Xa—Uig)cog 6),
L, W= M2K§Wm+v\/’§§§§+ 200 W gee (2)  denotes the t'ension acting along the rigid arm of thg pendu-
_ ) _ lum. The variableu(x,t) denotes the displacement field of
while for an extensible roddetailed below the uncoupled rod with respect to the undeformed configu-
L,W= MzW,n—W,gngZ{r,uW,tgg- 3) ration at equilibrium, relative to the poim, while ug de-

notes the relative position of the coupling eBdof the rod
Normally, the external drive is decoupled from the rest of thewith respect to poinf. See Fig. 1 for a schematic of the rod
structure. That is, it is assumed that the external drive isnd pendulum system.
one-way coupled to the structure. In this paper, we allow the  We further suppose that the drive At given by the
frequency dependence of the drive to depend weakly on thiinction x(t) in Eq. (4), is such that it comes from another
dynamics of the structure itself. oscillator. We suppose that the oscillator is weakly coupled
A. Full PDE—ODE system to the pendulum through its frequency. Specifically, we

model the drive oscillator by
In formulating the dynamics of such a mutually coupled

system, we follow Refs. 13 and 22 in formulating in detail a ~ ®1=P 1+ Q(1+ZP(U(X,1))) Dy~ D4(PT+ D)

system based on E3). We consider a specific mechanical —F (P, D, 3 O
.. . . . . . - 1( 1 214y )1
system consisting of a vertically positioned viscoelastic lin-
ear rod of density,, with cross-sectiom, and lengthL,, Dp=—Q(L+IP(U(X,1)) D1+ Dy— Do (D2+ D2)
with a pendulum of masM, and arm length., coupled at
the bottom of the rod and where the rod is forced from the =Fy(®,,9,,3,Q), 6)

top harmonically with frequenc§) and mggmtud_ex.“ The  \vhereP is a projection onto a Fourier modsee below,
rod obeys the Kelvin—\oigt stress—strain relaffoand E, and |3|<1 is the coupling term that modulates the fre-
and C, denote the modulus of elasticity and the viscosityquency_ Notice that wheB =0, the solution of Eq(5) con-
coefficient.C, is the cc_)eff|C|ent of w;cosn{zper unitlength  gists of sines and cosines of frequenegiven the appropri-
of the pendulum and is the gravitational constant of accel- gie initial conditions. In terms of the solutions to E&),
eration. The pendulum is restricted to a plane, and rotationgste thatx,(t) = ®,(t,3).

motion is possible. The system is modeled by the following Equations(4) and(5) are nondimensionalized by the fol-

equations: lowing variable rescalings:
M L8+ M [g—%a— Ug]sin(8) + C,L,6=0, X
&= e 7= wpt,
Arp U(x,t)—AEu"(x,t)—AC,U"(x,t) r
y X u u
_Arpr(g_XA):Oy (4) XA:—A’ U:—, UB:—B’
. Lo Lo Lo
where = g/dt, and’= aox, with boundary conditions :
and parameter rescalings
u(x=01)=0, AE et =l B cog ) @p w1 Mp
—Ul)= Y, r=r oy b T ) = — == =
IX|iet, X K= or P Tom1 BT AL
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1 C, 1 =°C, Finally, consider the finite set of ordinary differential
gpzzwp M, Z’:2_0)1 4L2p,’ equations obtained from E¢7) by truncating to the firsN

rod modes and applying the additional rescalifigs, , ¥ ,}
where ={0,6} and{u?uiZom—1.mmaZom}={ 7m, 7m}, Obtaining

g 77(2m—1)\/E\r 12 .
= JE— - B = o0 —
w, \/L, W L, o7 m=1,z...,%, v, =v,,

p

are the natural frequency of the uncoupled pendulum and the N
spectrum of natural frequencies of the uncoupled flexible ¥ ,=— 1_2 (=) \(P,2)— aW,|sin(P))
rod, respectively, whilg, and {, denote their damping fac- i=1
tors. _ - . +24,W,,

Using the parameter rescalings, and setting time deriva-
tives equal to zero, the stable and unstable static equilibrium .
configurations of the coupled rod and pendulum system are Wa=F1 (W3, ¥4,2,Q),
given by (9C,0) and (63+,0), where , ®

- W,=F,y(V3,7,,%,0),
0.=0, 605 ==*m,

2,2 ,LLZ m—1=2Zom>
A 201+ B2, s

U=
5
Zom=Tn(V,Z2), m=12,.. N,
The normalized equations are thus HbtinZam™= Tn( )
0+[1—Vg(7)— Xa(7)]SiN(0) +2£,0=0, where
pP (€, 7) =V (,7) = 8L uV" (£ 7)= — > mKa(7),

V(é=0,r)=0, V'(é=1,7)=—pu’Bm’[1-Tcog0)],
©) —(—1)™128[ Wi cod ¥y) —sinA (V)]

- 1
PN, 2) =L (V)| = 7 Zom- 17 24:Zom

where 4
%ﬂ— 1)™+128 coR(W,)

a‘lf4

V(g =UE—0(8), 0sésl, —o<r<+x,

and note that we redefine= /9= and ' = a1a¢ for the re-

W, W , bl f. i E
mainder of the paper. 3, ¥, are drive variables as defined in E¢p), and

L;LlN(e) is the inverse of theNX N truncation of operator

Ln(0). F, andF, are given by the right-hand sides of Eg.

B. Projection onto a finite model (5). Note that Eq(8) is an autonomous system, and the cy-
In carrying out our analysis, we will consider a reduction clic variables,¥'; and ¥, are introduced to account for the

of the ODE—PDE system in E@6). This reduction is ob- periodic forcing, WhiC'h has perio@ when the goupling pa-
tained by performing a modal expansion of the rod equationf@meter==0. For this paper, unless otherwise noted, we
where the displacementv is expanded asV(g7) — consider the truncated system obtained by takingl. We

=37 nm(7) bm(€). This results in an infinite system of @lso considered the system in E@) with N=2 and N
coupled oscillators, =10 and found qualitatively similar dynamics. Notice that

the termsZ,,,_, correspond to the rod displacement ampli-

- 1. o . . tudes, while the even indexed teris,, are the rod velocity
0=~ 1+J-21 (=1)7777; = Xa(7) | SIN(0) — 2,6, mode amplitudes. The functidi (¥, Z) is similar to the one
_ defined in Ref. 13 in the case wheXe-0, and the derivation
L Tm m may be found there.
Ln(6) 7=~ 4nPn, +24, i The primary parameter governing the coupling between
the rod and pendulum is the ratio of the natural frequency of
—(—=1)™123[ 62 cog 6) — Sir( )] the pendulum to the frequency of the first rod modge,

=w,/w;. In the limit w;—, the rod is perfectly rigidu
—0, and the system reduces to a forced and damped pendu-
lum. For O< u<<1 sufficiently small, global singular pertur-
bation theory predicts that system motion is constrained to a
slow manifold, and théfast linear rod-modes are slaved to

dpm
—+(—1)™*" 128 cog(6)
o

Xa(r), (7)

equivalent to Eq(4), whereL ,(6) is the infinite linear op-

erator the slow pendulum motiotf. For nonzeroe (the amplitude
* _ of the periodic forcingthe slow manifold is a nonstationary
Lu(0)=2, [ i+ (—1)™ 128 cod(6)]. (periodically oscillating two-dimensional surface.
=1 For our study, we set the number of modes in the struc-
See Ref. 22 for the details of this transformation. ture to be unity, and consider the following reduced system:
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\-I’j_:\lrz, \1}1:'\1/2'

. Vo= (7W,(—2¢,—4 (V) + Bsin(2¥,)¥

W y= (W5~ 20, 4L, COZ(W) + BSIN2Y )W) 2 (77.2( {p—4BLpcos (W) +Bsin(2¥,)V;)
—sin(¥,)(4aV ,+4aBmrcos (V) V¥,

—Sln(‘lfl)(4a‘1’4+4aﬁ77 CO§(‘P1)‘P4 /
14+2B+H, () +2LH, () +a¥ 5),
+m(L+2B+2Z1+20,Zo+ aW ) (7d), Flr 2B L) T 2L )+ b)) (W(l)o)

Wy=Wy(1—(V5+ VD) +Q(1+0V,) ¥,

9)
. 5 s ( It is important to note that the above approximation is
Wy=Wy(1-(V3+W¥9) - Q(1+0W¥;) Vs, valid only for u sufficiently small. In particular, it has been
noticed that whenu is increased, the dynamics of the full
Z,=Z,1u one rod—mode system given by Ef) no longer remains on

the slow manifold, but exhibits a bursting characteristic. This
] bursting is not directly observed in the system variables
Z,=—(2pm—2pmcog V) V3+7Z+ 27 Z, themselves, but rather when observing the variable defined

by A=\(Zy—H,a(-))?+(Z—H,(-))% where H,;(-)
T4a¥ 4+ 2pm coS(V)(~1+a¥y)/(umd), denotes théth cgmponent oH,. The variableA measures
the distance of the solution of the rod components of the full
where 6=1+2Bcos(Vy). In Eq. (9), ¥, and ¥, are the  proplem to the slow manifold. Fae sufficiently small, only
pendulum position and velocityy'; and ¥, are the drive  gma|| burstsA<O(u) are observed. However, asis in-

and velocity. Notice that the singular perturbation parameter  Examining the variable\,=Z, — H,1(-) gives the dif-

denotes the rod variables to have a fast time scale comparggrence between the actual rod displacement and the slaved
to the pendulum and drive. Also, the frequency of the drivergg displacement as calculated using the slow manifold ap-
oscillator is a function of the pendulum momentum, which isproximation. Asp increases so that is O(1) in amplitude,
a feedback term. The system in E@) is, therefore, fully A has the appearance of a relaxation oscillation. That is, a
coupled, which is a generalization of the more ideal case Olfarge excursion can be observed away from the slow mani-
having a perfectly isolated drive. fold approximation with succeeding bursts decaying in am-
plitude toward the slow manifold, and another large burst
may occur before the solution has reached the slow mani-
lll. BIFURCATION STRUCTURE OF THE fold.
DETERMINISTIC SYSTEM For smallu, solutions of Eq(10) agree well with solu-
tions of the full system modeled by E@). This ceases to be
We now consider the deterministic one rod mode modethe case ag is increased, and nontrivial fast dynamics de-
obtained in Sec. Il. It is useful to first consider the determin-yelop. We will consider two particular choices of the cou-
istic model, without any added noise. The underlying dy-pling parameter, to illustrate the nontrivial fast dynamics
namical structures of the deterministic system will determingyhich develop. In the next subsection we examine the dy-
in what way additive noise manifests itself in the dynamiCS.namics of Eq(g) when the Coup"ng is re|ative|y Smaul
While Eq.(9) is much less complex than the original PDE, it =(0.086 875. For this value qf, system motion is no longer
still exhibits a wide variety of complicated behaviors. In par-confined to the slow manifold. Instead bursting off the slow
ticular, when the amplituder of the forcing is sufficiently  manifold is observed. We will then examine the dynamics of
large, solutions of Eq(9) are chaotic, and such solutions gq. (9) for the relatively large value oft=0.5025 in the
with both one and two positive Lyapunov exponents haveollowing subsection. Near this value pfthere is an internal
been observed. In addition to the forcing amplituglethe  2:1 resonance, and the observed bursting is much greater in
behavior of solutions of Eq9) is dramatically affected by amplitude. For the simulations presented in the remainder of
the value of the coupling parameter this section, we seB=1, {,={,=0.01, 0=0.0001, and

Since Eq.(9) is singularly perturbed for @ u<<1, we  =1.9527 unless otherwise stated.
will obtain a description of the slow dynamics by closely

following the geometric approach adopted in Ref.
22. The slow manifold approximation, {Z;,Z,}
=H,(V,,¥,,¥;,¥,) is obtained for Eq(9) (with 0=0), Recall that asu—0, there ceases to be any nontrivial
using the method of Ref. 12. The slow manifdlgiven by  rod motion whatsoever, and E(®) reduces to a forced and
the graph ofH ) is a submanifold in phase space on whichdamped pendulum. Increasing amounts to increasing the
the slow dynamics reside, and which relates the rod motiofilexibility of the rod, and nontrivial rod motions independent
to the pendulum motion and periodic forcing. Whanis  of the pendulum motion are observed. For the simulations of
sufficiently small, the dynamics of E9) can then be ap- this subsection, we set=0.086 875, and vary, while the
proximated by the reduced system: other parameters are as stated in the introduction of this sec-

A. Lyapunov exponents and attractor bifurcation
structure: The singularly perturbed case
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u=0.086875, 6=0.0001
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FIG. 2. The attractor bifurcation diagram for=0.086875 ando
=0.0001, showing the rod displacemexy=7,—H ,(¥,,¥,,¥;,¥,) as
a function of the forcing amplitude. There is a stable periodic orbit for
a=<1.30.

tion above. We choose this value far because it is large

enough that there is significant motion on fast time scales,

Schwartz et al.
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FIG. 3. The continuation diagram.. The lower branch consists of a solution
in which the pendulum does not swing and only rod motion is present, while
the upper branch corresponds to nontrivial periodic motion of both the pen-
dulum and the rod. Solid dots denote a stable periodic orbit while open dots
denote an unstable periodic orbit. The upper stable branch exista for
€(0.044,1.29). Asxincreases through 1.29, stability of the periodic orbit is
lost, closely corresponding with the behavior seen in Fig. 2.

is that fore<1.75 chaotic orbits have one positive Lyapunov
exponent, while fore=1.75, chaotic orbits have two posi-
tive Lyapunov exponents, and the transition from one to two
positive Lyapunov exponents is smooth. This implies that as
the forcing amplitudea is increased, the chaotic attractor
increases in dimension.

Finally, we used the constrained invariant manifold

but small enough that our slow manifold approximation will (CIM) method exposited in Ref. 22 to compute the approxi-

be reasonably accurate.

mation of the stable manifold of the chaotic saddle con-

We consider first the attractor bifurcation structure of Eq.strained to the slow manifold. Briefly, the method works by

(9). In particular, we will use the bursting variable, as a
function of . We examine the Poincammap defined by
strobing the flow wheneve¥ ;=0 andW¥,=1. For « suffi-

finding those initial conditions on the slow manifold which
remain within e, of the slow manifold to timeT* under
evolution of Eq.(9). Figure 5 shows the projection of the

ciently small A;=0) the pendulum is stationary and only approximated manifold onto the pendulum variablesand
periodic motions on the fast manifold are observed.As WV,. This set gives an indication as to the structure of the
increases through 0.17, the pendulum transitions to periodic
motion, and the resulting periodic orbit slaves the system to
the slow manifold. For~1.29, there is the sudden onset of 2 ' ' ' '
chaos. See Fig. 2.
To further elucidate the bifurcation structure of the one r 1
mode model, we utilized the bifurcation continuation soft-
ware AUTO 97,32 using a as our continuation parameter. We
started the continuation calculation using a periodic orbit we g
calculated numerically fore=0.01. For this value ofy, we §
found the stable periodic orbit to consist of a motionlessé.
pendulum and an oscillating rod mode. Physically, this cor-H
responds to the pendulum hanging straight down, with theé
only motion consisting of deformations of the rod with the §
same period as the periodic forcing. There is a secondary>
branch which is born in a saddle-node bifurcation aat
~0.044. The saddle branch meets the first branch of nodes ¢
a period doubling bifurcation, while the upper branch of
nodes ends at a torus bifurcation @t=1.29. This agrees
closely with what is observed in the attractor bifurcation dia-

: L L |
gram. See Fig. 3. 20 0.5 1 L5 2 2.5 3

We additionally computed the Lyapunov exponents of o
the one rod mode model, E(), shown in Fig. 4. The most
notable feature of the Lyapunov spectrum fo+0.086 875

FIG. 4. The Lyapunov spectrum
Lyapunov exponent is not shown.

for =0.086 875. The most negative
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' 1=0.5025, 6=0.0001

2000

-4000 — 2
FIG. 5. The stable manifold of the chaotic saddle, constrained to the slow .
manifold, calculated using the CIM method and projected onto the pendu- F B
lum subspaceW¥,,V,). The parameters used were=0.086 875 andx '
=12, while g, o, {,, and{, are as noted in the text. _6000 ! | ! | ! | | ! | !
0 0.5 1 LS 2 2.5 3

invariants constrained to the slow manifold. The CIM FIG. 6. The attractor bifurcation diagram fgr=0.5025 ando = 0.0001,

method parameters used wdfé=8.0 ande, =0.1. showing the rod displacemeny, as a function of the forcing amplitude.
A stable periodic orbit is observed far<0.88.

B. Lyapunov exponents and attractor bifurcation

structure: The near resonance case Rather, we observed an apparent discontinous change in the
We next increasg: to 0.5025. For this value of the cou- distribution of Lyapunov exponents, similar to the behavior
pling, there is an internal 2:1 resonance in the system. observed in Ref. 34 where the sudden transition to hypercha-

As in the previous subsection, we consider the attractoptic behavior is observed in the same model with O, that
bifurcation structure of Eq9), measuring the bursting vari- IS, without feedback to the drive. The transition to hyper-
ableA; as a function ofx. We again use the Poindaneap  Cchaos occurs neat~0.88, which agrees well with the ter-
given by strobing the flow wheneveb;=0 and ¥,=1.  mination of the lowest stable branch of nodsse Fig. 7.
Sinceu is relatively large, we do not expect the slow mani-  We again apply the CIM method to E(@), this time for
fold approximationH ,(-) to be very accurate. Indeed far ~ ©=0.5025, as shown in Fig. 9. Since the system is in reso-
small, we observe thak, is no longer zero, but the slow nance and we are using the slow manifold approximation at
manifold approximation indicates the solution lies@1)  the edge of its applicability, we set the thresheld= 150,
distance from the slow manifold. However, we still expect
that the observed stable periodic motions are slow. &or
~0.88, there is the sudden onset of chaos, and the solutions

of Eqg. (9) move far from the slow manifold approximation, ¢ 00\
as shown in Fig. 6. | L e M

Using « as our continuation parameter, we started the O\Dooc"’
continuation calculation using a periodic orbit we calculated g, | 8 oooo°° X
numerically fora=0.01(see Fig. J. For this value ofx, we 5 11 /12 Oo\gooic’ 5 .7
again find the stable periodic orbit to consist of a motionless < ;_| A.- °:/:’ °°6 ° o, 00 ¢
pendulum and an oscillating rod mode. There is a secondar™ “Cog, :?\10 o 5a@® °
branch which is born in a saddle-node bifurcation aat 2. AR L
~0.044. The saddle branch meets the first branch of nodes ¢ .,.~:;ooo°°°
a period doubling bifurcation, while the upper branch of 15){0‘50“"
nodes ends at a torus bifurcation @0.27. This agrees 2
closely with what is observed in the attractor bifurcation dia-  ° . . . .

. . 0.0 0.5 1.0 1.5 2.0 2.5

gram, as shown in Fig. 6. o

Fma"y’ we examme. the. Lyapunov spectrum of Ea) FIG. 7. The continuation diagram. The lower branch consists of a solution
near resonance shown in Fig. 8. The most notable feature i which the pendulum does not swing and only rod motion is present while
this case, is the sudden transition from a stable periodic orbihe upper branches corresponds to nontrivial periodic motion of both the
to hyperchaos. In fact, in numerical studies on a mesp of pendulum and the rod. Solid _dot's den_ote a stable periodic orbit while open
values of width 0.021875 fromu=0.086875 to u d_ots denote an unstable perlodlc_: orbit. Note that the lowest stable branch

. . ictured ends in a saddle-node bifurcatitabel 4 at «~0.88, correspond-
=0.5025, we did not observe a smooth transition from on ng to the point in the attractor bifurcation diagrdfig. 6) where a chaotic

to two positive Lyapunov exponents for apy>0.086 875.  solution is first seen.
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FIG. 8. The Lyapunov spectrum fop=0.5025. The most negative 0 0.2 04 0.6

Lyapunov exponent is not shown.
FIG. 10. The attractor bifurcation diagram far=0.5025 ando=0.0001

while keepingT* =8. The large value foe, may be justi- for the 16 rod mode model, showing the rod displacement as a function of

fied by the fact that the burst extrema observed\inare the forcing amplitudex. A stable periodic orbit is observed far<0.32.

now much larger in amplitude. There is clearly an interesting

level of structure in the resulting set, though just how this se

. . . %lmplitude a. The behavior of the solutions is similar for
should be interpreted remains an open question.

what we observe in the one mode resonant case. There is a
periodic orbit that abruptly transitions to a chaotic solution
C. Dimension changing bifurcations neara=0.32. _
] o We again ramuTto on the 16 mode model as shown in
In order to examine the fidelity of the one rod mode kg 11 The saddle structure is somewhat different from that

model, we examine the same model, but this time truncatlng)f the one mode resonant case shown in Fig. 7, but some of
the rod expansion at 16 modes. We find that while the maifne essential features are still observed. In particular, the

attractor bifurcations occur for smaller values of the forcing|qwer-most stable branch terminates in a saddle-node bifur-

amplitude, the bifurcation structure has a similar qualita- cation neara=0.3, close to the value for at which we
tive appearance to the one mode resonant case. Due to tBBserve the first chaotic motion, as seen in Fig. 10.

expense of calculating the slow manifold approximation, i
Fig. 10 we plot the first position rod mode against the forcmg

15.0Q .
2
o
o
i 12.5] 8 oo"
}o
o]
00
b ElO.Q_ o
p- 7 o°
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| o
FIG. 11. The continuation diagram computed usigo. The lower branch

7 consists of a solution in which the pendulum does not swing and only rod
motion is present while the upper branches corresponds to nontrivial peri-
odic motion of both the pendulum and the rod. Solid dots denote a stable

FIG. 9. The stable manifold approximation of the chaotic saddle, con-periodic orbit while open dots denote an unstable periodic orbit. Note that

strained to the slow manifold, and projected onto the pendulum subspacte lowest stable branch pictured ends in a saddle-node bifurdédios 4

(¥,,¥,), calculated using the CIM method. The parameters used were at a~0.3, corresponding to the point in the attractor bifurcation diagram

=0.5025 andx=0.7, while g, o, {,, and{, are as noted in the text. (Fig. 10 where a chaotic solution is first seen.
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20 . . . . . . The sum of the\ is the total energy of the system, and the
sum is used to normalize the spectrum. That way, we can
- 1 choose a threshold, say 99%, and pick those modes that are
in the sum. We can then define a KL dimension of the dy-
15 - namics that consists of those modes that make up 99% of the
" —— energy.
""" ST i For a series of values af, we computed the number of
’ T Tt KL modes required to capture 99% of the system energy. We
find that asa increases into the chaotic regime, the number
of modes needed to capture the system energy increases dra-
matically. This implies that the underlying chaotic solutions
i are high dimensional.

10f - .

(# of KL modes)

IV. NOISE INDUCED CHAQOS

- 1 In the previous sections, deterministic bifurcations were
considered in which both low and high dimensional dynam-
0 P I IR IR NI R ics were observed. However, in many real engineering sys-
0 0.5 1 L5 2 25 3 tems of interest, noise plays a definitive role with far reach-
ing consequences, as seen in Refs. 35-37. In fact, it is
FIG. 12. The num_ber of KL _modes r_equired to capture 99% of the SyStEnpossib|e to generate chaos using additive noise in mechani-
energy, as a function of forcing amplitude cally driven systems, as seen in the example of driven sto-
chastic mechanics presented in Ref. 31. In this section, we
wish to take the liberty to quantify how noise induced chaos

It is expensive to calculate the Lyapunov exponents fors related to a novel mathematical quantity related to the
this system, since for a system bif equations, one is re- unstable dimensionality of the system. Once the dynamical
quired to integrate theN differential equations, plugy®  systems are sufficiently high dimensional, it will be seen
variational equations in order to approximate the Lyapuno0W noise interacts with unstable spaces to produce positive
exponents. For the 16 mode truncation, we instead compute/apunov exponents. Since flexible continuum mechanical
the KL dimension of the attractor as shown in Fig. 12.systems produce high dimensional dynamics, the role of
Briefly, the KL decomposition gives the optimal way to com- Noise will be seen to be play a prominent role in bifurcation
pute an orthogonal linear expansion, in an energy senséheory.

Thus, the first mode in a KL expansion will contain the o ynstable dimension variability associated with

maximal energy possible for a linear mode, the second wilhgjse-induced chaos and scaling law of Lyapunov

contain the second-most energy possible, and so on. Thenegponents

definition for KL dimension is the minimal number of KL
modes required to satisfy soméarge energy threshold.

Briefly, we describe how to compute the KL dimension, and ~ An interesting phenomenon associated with noise-
the reader should see Ref. 13 for details. induced chaos is that unstable dimension variability arises as

We consider the system given by H8), and define the SO0n as the attractor becomes chaotic. Unstable dimension
field to be the vector of continuous functions of time definedvariability means that, along a typical trajectory, the number
by of local unstable directions can change. This is the type of

nonhyperbolicity that has been shown to be fundamental to

U)=[V1,¥,,¥3,%4,Z1,Z;,...Zn-1.Zon] (D). chaotic dynamics, particularly for the problem of shadowing

of numerical trajectories in high dimensiofis3° Math-
Computing the KL modes is based on a method which maxi€matically, unstable dimension variability can be described
mizes the variance and minimizes the covariance. For tw# terms of the notion of hyperbolicitor nonhyperbolicity.

time sampling {,,,,t,,), we define thexm entry of the corre- Consider a chaotic set from ahdimensional map. The
lation matrix as set is hyperbolic if the following three conditions are met;

(1) At each point in the set the tangent space can be split into

an expanding subspace and a contracting subspace. Dis-

tances in the expandirigontracting subspace growshrink)

M is the number of time snapshots, and the indiogs exponentially in timej(2) t_he angle between the stable and

—12 M. the unstable subspaces is bounded away from Z8jahe
P expanding subspace evolves into the expanding one along a

The “energy” of the system is quantified by measuring ", . ) .
the number of active modes, which is done by gleaning in-typt')Cal traje\;':t?ri/. andf the jf?.rgé) IIS t:juet for thﬁ congrall_ctmg
formation from the spectrum of the correlation matdxi.e., subspace. vioation ot condit €ads 1o nonhyperbolic-

. . ity with tangencies, which occurs commonly in low-
by solving the eigenvalue problem ? . . . .
y soving 'genvalue p dimensional chaotic systems with only one unstable direc-
CA = NA. (13  tion. Nonhyperbolicity with unstable dimension variability is

1. Noise-induced unstable dimension variability

_ 1 T
Com=rg7 YTtV (k). (12
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caused by the violation of conditio(8), which occurs in  mix with each other densely in the phase space.
systems with more than one unstable direction, i.e., high- At a fundamental level, the appearance of unstable di-
dimensional chaotic systems. In high dimensions, commonlynension variability implies the disappearance of the neutral
there are systems that violate both conditi¢®sand (3). direction of the flow. Consider a three-dimensional flow in a
We can argue that when noise induces a chaotic attractoperiodic window, where the periodic attractor contains no
unstable dimension variability arises immediately. Consideunstable direction and the chaotic saddle possesses one un-
the common situation where there are two coexisting dystable dimension. The role of noise, when it is sufficiently
namical invariant sets with distinct unstable dimensions. Folarge ©>D,), is to link these two dynamical invariant sets
instance, in the simplest case of a one-dimensional map, inwith distinct unstable dimensions. Now examine the local
periodic window an attracting periodic orbit with zero un- eigenplanes that contain the neutral direction of the flow as-
stable dimensions coexists with a chaotic saddle with unsociated with the periodic attractor and the chaotic saddle. In
stable dimension one. Besides periodic windows, anothethe local eigenplane at the periodic attractor, there is a stable
situation is where there is a periodic attractor and severalirection and a neutral direction. Consider an eigenvector in
isolated saddle periodic orbits. The stable and unstable marifibe neutral direction. In the eigenplane of a point in the cha-
folds of these orbits are close to each other and are about @fic saddle, there is an unstable direction and a neutral direc-
form homoclinic or heteroclinic intersections. The presencdion. When a trajectory is driven by noise from the periodic
of noise can materialize the intersections, creating a chaotigttractor to the chaotic saddle along its stable manifold, the
set, the so-callegtochastic chaotic saddf&*° eigenvector can lie anywhere in the local eigenplane of the
For any periodic point on the attractor, under additivecorresponding point in the chaotic saddle. After a time, the
noise of amplitudeD a trajectory can be found in a ball of vector will be aligned in the unstable direction, due to the
radiusD. If D is small so that the ball does not intersect theexpanding dynamics of the chaotic saddle. Distances along
stable manifold of the chaotic saddle, the final attractor of théhe neutral direction of the original periodic attractor can no
system will simply be a fattened version of the original pe-longer be preserved. This feature of a noisy chaotic attractor
riodic attractor. This is so because a random initial conditiods fundamentally different from that of a deterministic cha-
leads to a trajectory that is confined in the vicinity of the otic attractor, where a neutral direction always exists. Thus
periodic attractor, although there can be transient chaos inlve see that unstable dimension variability plays a fundamen-
tially, in the sense that the trajectory may move toward thd@l role in shaping the topology of the noisy chaotic flow.
chaotic saddle along its stable manifold, wander near the
saddle for a finite amount of time, and leave it along its
unstable manifold. Assume that f@=D_, the noisy ball
begins to intersect the stable manifold of the chaotic saddle. We shall argue that for noise-induced chaos, the largest
ForD>D., there is a nonzero probability that a trajectory in Lyapunov exponent of the attractor obeys a universal alge-
the vicinity of the original periodic attractor is kicked out of braic scaling law:
the noisy bgll and moves toward the chaotic saddle along its \y(D)~(D—D,)¢, for D=D,, (14)
stable manifold. Due to the nonattracting nature of the cha-
otic saddle, the trajectory can stay in its vicinity for only a Where the scaling exponent depends on system details.
finite amount of time before leaving along its unstable mani-Consider anl+1)-dimensional flow in a periodic window.
fold and then, enter the noisy ball at the original periodic'n the absence of noise, the chaotic saddle kapositive,
attractor again, and so on. FDE=D,., the probability for the ~©On€ zero, andks negative Lyapunov exponents(+Ks
trajectory to leave the noisy ball of the original periodic at- =N) Which can be ordered as follows:
tractor is small. Thus, an intermittent behavior can be ex-  \>*=)\%* =..)\$">0
pected where the trajectory spends long stretches of time . .
near the periodic attractor, with occasional bursts out of it :)\5°>—)\1*>...>—)\§11>—)\§’. (15
wandering near the chaotic saddle. ° °
A consequence of the noise-induced intermittent behavIhe periodic attractor has one zero aNdnegative expo-
ior is that there is generally unstable dimension variabilitynents, as follows:
assocjated with a continuqu; trajecFor)'/. Under noise, both the  g_ ) Po~ _ Alp— S )\E— _ (16)
chaotic saddle and the original periodic attractor belong to a
single, connected dynamical invariant set. Since, in the abFor D<D., an asymptotic trajectory is confined in the
sence of noise, periodic orbits on the chaotic saddle are afleighborhood of the periodic attractor, so the largest
unstable and the attractor is a stable periodic orbit, noiselyapunov exponent of the noisy attractor is simply
induced intermittency means that a trajectory moves in re=\""=0. For D=D, (after the transition to chaps\; is
gions containing periodic orbits with distinct unstable dimen-approximately given by
sions. A feature that distinguishes this type of unstable ~ PO S+ _ S+
dimension variability with thgt in the Iiteratyug:é‘?’0 is that ha=Te(D)A +fS(D))\K“ fS(D))\K“ ' {17
here, the subsets with different unstable dimensions are lowherefp(D) andfg(D) are the probabilities that a trajectory
cated in distinct regions of the phase space, whereas in higlstays near the original periodic attractor and the chaotic
dimensional chaotic systems such as the kicked doublsaddle, respectively. Because of the averaging effect of noise,

rotor?>?* unstable periodic orbits in these subsets tend tave expect the dependence on noise of the largest Lyapunov

2. Scaling law of Lyapunov exponents
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exponenl?\ﬁ+ of the original chaotic saddle to be weak. Thus nate components with smaller magnitudes. We find the ap-

u

the main dependence af on noise comes fromg(D), the

proximate range of each variable when it is in its steady state

frequency of visit to the chaotic saddle, which is determinec@nd then scale the standard deviation of the noise by those
by the measure of its stable manifold in the noisy ball of thefactors so that it effects each component equally. Noise is not

periodic attractor.

Consider arN-dimensional Poincarmap corresponding
to the (N+ 1)-dimensional flow. For a ball of radius the

added to the components representing the drike and ¥,
in Eqg. (9)], so those variances are set to zero. We use the
standard second-order Milshtein metffddp integrate the

natural measure of the stable manifold contained within isStochastic differential equations. We also integrate the Jaco-

proportional to

6ds: (EN)ds/N’

whereeN is proportional to the volume of the ball anl is

bian and calculate the Floquet multipliers to find the
Lyapunov exponents based on time averaging. By fixing the
parameters of Eq9), we examine the dynamics of the me-
chanical random dynamical system as the noise amplitude is

the information dimension of the stable manifold of the cha-increased from zero.

otic saddle. Using the Kaplan—Yorke conjecfdrier chaotic

saddle$! d, is given by
HS—(ZTT+...+A5"

de=Ks+J+ ST , (18
)\\Hl
whereJ is an integer determined by
AT AT AT S HSEAS ST, (19

andHS is the forward entropy of the chaotic saddle:

K 1

First, we study the system with small coupling using the
parametersu=0.086 875 anda=1.8. With no noise, the
dominant behavior of the system is a chaotic attractor on the
slow manifold characterized by one positive Lyapunov expo-
nent. As expected with an autonomous flow, the second larg-
est exponent is the null Lyapunov exponent, which repre-
sents the neutral direction associated with the flow. The four
remaining Lyapunov exponents are negative. Adding noise to
the system excites a nearby high dimensional chaotic saddle
off the slow manifold and the potential number of unstable
(dynamical dimensions is increased from one to two. Nu-

u
S_ S+_ —
H ‘21 N T (20) merically, we observe that increasing the standard deviation

H is th lifeti f the chaoti 4d h of the noise D) increases the third Lyapunov exponent, the
erer1s the average |¢t|me ort ec aotic saddle on t eIargest negative exponent, in a continuous manner. When the
Poincaremap.(As a practical matterris in the unit ofT, the

fi that a tvpical traiect the Poi third exponent is close to crossing zero, the null exponent
average fime that a typical trajectory Crosses e FOINCaf o 5505 away from zero, leaving no zero valued Lyapunov
section) For D=D., the volume of the noisy ball in which

) . ol ) xponent within a small window. Define the beginning of
the stable manifold of the chaotic saddle lies is proportiona his transitionD,. This fundamentally disturbs the noisy
to: (DN—DY). We thus have ¢

flow, resulting in two positive Lyapunov exponents and the

)\1~(DN—D’C\')ds’N~(D—DC)“, third largest exponent approaching the zero value from the
L . . . . negative side. See Fig. 3 for a graph of this transition.

Whr'lcems ;[\tlensgallng law14) with the algebraic scaling ex- We approximate the algebraic scaling of the Lyapunov expo-
Po given by nent with a least squares fit as=1.5143, having a maxi-

1 HS—(\S"+...+A3") mum error of 0.5786, as shown in Fig. (b3
N KstJ+ )\Jsil : (21) Due to the small coupling parameter, the deterministic

system motion is constrained to a slow manifold, which is a
Numerical support for the scaling law can be found in Refsfoyr-dimensional surface. The chaotic attractor resides on
31 and 42. this surface, but random trajectories experience on—off inter-
mittency, which is characterized by a bursting behavior off
the surface. This is common for chaotic attractors having
periodic orbits with unstable eigenvectors transverse to the
We continue with two examples of how small, additive attractor. As an orbit approaches the attractor, it sometimes
noise induces chaos and unstable dimension variability ifands near one of these repellors, which ejects it from the
this mechanical system. In particular, we study the transitiomeighborhood of the attractor. Then, the trajectory visits the
to stochastic chaos when we add stochastic perturbations ehaotic saddle off the slow manifold for a period of time
the form until it begins its approach back to the attractor once again.
dy Measuring the distance of a trajectory off the slow manifold
T F(y,p) +DE(t), reveals the frequency of this process, and an average bursting
rate can be calculated. When noise is added to the system,
whereF is the deterministic vector field of the mechanical the bursting rate increases with the standard deviation of the
system defined in Eq9), p represents the vector of param- noise. This is expected since the noise facilitates the process
eters, andD ¢(t) is the additive Gaussian white noise with of a trajectory landing near a repellor. If we track the Euclid-
standard deviatioD. Note thaté(t) is an six-dimensional ean distance of the trajectory in the first two components
vector whose components are independent Gaussian randdrom the slow manifold, we can set a threshold to define
variables of zero mean and scaled variance. Explicitly, théursting rates. By recording the fraction of iterates in a long
noise is scaled in each component so that it does not domirajectory as a function of the standard deviation of the noise,

B. Noise induced bifurcation and chaos in mechanics
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FIG. 13. For the noisy system in the small coupling céaethe second and  FIG. 14. For the noisy system using the paramejers0.086 875 andx
third Lyapunov exponents versis about the transition, antb) algebraic =1.8, (a) the bursting rate, an¢b) algebraic scaling of the bursting rate.
scaling of the second largest Lyapunov exponent iithD.. The solid  The solid line in indicates the slope.

line in indicates the theoretical slope

. : . tinuous manner above zero and the third largest approaches

we see a change in behavior at the same critical vBIge . I .
I ) zero from the negative side in Fig. &. This is a new type

where the number of positive Lyapunov exponents increase, o o

. : .~ of transition to noise induced chaos. The largest Lyapunov

See Fig. 14. The data follow exponential growth, and using a . ; .

: e exponent follows an algebraic scaling similar to the one

least squares fit, we can fit line to the natural log of the data

with slope 11.6296, which has a maximum error of 0.21485hc.)Wn in the .smalll couplmg case. We use=0.002 93.8’
- Wwhich results in a linear fit with slope 1.4973 and maximum
as shown in Fig. 14.

. . : . error of 0.8087. The second largest exponent also follows an
Another quantity that we can measure is the interspike : . S .
algebraic scaling, but it increases from a negative value.

manifold. Recording the interspike intervals along a rando\r?1trher8fore’ we must translate the Lyapunov exponent by that
' 9 P 9 gative value so we can use the natural log. We use the

trajec_tory also |nd|cates_how noise increases the frequency_ ‘ngme of the Lyapunov exponent B, calledL ., and find
transients on the chaotic saddle. We calculate the interspike ; : : .
n(L—L.) as we increas® from D.. This results in a linear

mteryal using the same threshold as the burst rate._Bfa_cau%?With slope 1.5090 and maximum error of 0.8198. Note the
the distance measurement does not have a pattern in time or

amplitude, it is difficult to define the beginning and end of anS|m|Iar|tyt|nGth|s hscahfng tohtha:ct t%f the fTaxmumh Lyapynon_
individual burst. Therefore, we define the beginning of eachexponen. raphs of each ot these Hils are shown in Hg.
burst as the time when the distance increases above the burst
threshold. The interspike intervals are the intervals between IS histogram
these times. Consider the sequence of interspike intervals fo 15 . . . . . : .
a random trajectory using the parametgrs 0.086 875, «
=1.8, andD=0.25. The histogram of interspike interval
(ISl) sequence follows a semilog scaling law. The slope of g 10r.
the least squares fit is0.1275 with a maximum error of
1.9619, as shown in Fig. 15. 8
At larger coupling parameters, the dominant behavior of & 5[
the system is a periodic attractor. Therefore, with no noise,
all the Lyapunov exponents are negative except for the null »
exponent. The addition of noise emulates chaotic behavior  9[ . . . . L -
which is observed by the bifurcation in the Lyapunov expo- 0 10 20 30 40 5 60 70 80
nents from zero to two local unstable directions. We use the IStlength
parametersu=0.5025 anda=0.65 as an example in Fig. FG. 15 The interspike interval statistics for the parameters
16. Notice that the two largest exponents increase in a con=0.086 875,a=1.8, andD=0.25.

slope=-0.1275

stogra
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' ' ' : model was then derived for analysis, in which the system
was described as a slow—fast time scale system, which could
be analyzed using singular perturbation theory.

The deterministic system was analyzed for its bifurca-
tion structure, which included routes to chaos, as well as
torus bifurcations. However, one of the interesting bifurca-
tions observed was that of a dimension changing bifurcation.
When the singular parametésr) was small, one could ob-
serve chaos constrained in a neighbor of an underlying in-
variant manifold. However, increasing a parameter, such as

I
o
T
.

Lyapunov Exponents
[=]

|

o

o
T
.

0 0.002 0.004 0.006 0.008 0.01 0.012

D (standard deviation) amplitude a drive term in Eq9), would cause the dynamics
FIG. 16. The Lyapunov exponents of the noisy system. This is the largdO burst off the manifold into the ambient space. Accompa-
coupling case using the parametgrs:0.5025 ande=0.65. nying sufficient bursting was the appearance of an additional

Lyapunov exponent, signaling a change in dynamical dimen-

; . sion.
17(b). Because this example uses a large coupling parameter, Since the invariant slow manifold is an unstable object at
the dynamics are not dominated by the slow manifold anda

t te bursti tatisti imil h ; ppropriate parameters, constraining the dynamics to the
\e/,\v;a(r‘}?;zo compute bursting statistics similar to the PreVIoUnanifold reveals a chaotic saddle structure. Such a structure

is important when examining both deterministic and stochas-
tic bifurcations from low to high dimensions.
V. CONCLUSIONS One important aspect of the noise induced bifurcation
We have explored a class of linear continuum mechaniwas quantifying the relationship of the change in Lyapunov
cal systems coupled to a nonlinear oscillator from a dynamiexponents with respect to the standard deviation of the noise.
cal systems point of view. In previous work, such systemddere we used the unstable dimension variability of the sys-
were ideally driven from an outside source. In the modeltem to show explicitly in a mechanical system that the expo-
presented here, we considered a more general case where thnt obeys a universal scaling law. It is a remarkable fact that
frequency of the driver is slightly perturbed by the momen-the scaling actually persists over a wide range of noise am-
tum change of the mechanical system to which it is con®plitudes. It is also an interesting observation that the change
nected. We have derived an ODE-PDE system describint continuous, even when the deterministic changes from pe-
the physics, and then showed how to construct the modaiodic to hyper-chaotic behavior are discontinuous.
decomposition into an infinite set of ODE’s. A truncated Several areas of inquiry are suggested by the current
study. First, recent work has shown that sudden changes may
occur as a dimension changing bifurcation when mechanical
systems of sufficient complexity are operated near resonance.
Since we observe such changes in simple prototypical sys-
tems, as we do here, it appears that many other systems may
exhibit the same nonlinear vibrations. If so, novel controls
may be designed based on the invariant manifold theory.
Moreover, such control may be used to spread energy into
higher heat dissipative modes, or other governing devices,

0.15

2

0.1

Lyapunov Exponents
o
o
o1

~0.05 ‘ s - s - making energy transfer from one part of a structure to an-
2 2.5 3 3.5 4 45 5 -~ ;
D (standard deviation) = other more efficient and directed.
x 10 On the other hand, since additive noise modifies the dy-
o namics and its dimension continuously, it may be used a
):: o= ' ' better probe for nondestructive evaluation. By comparing the
§ pristine system to later use, one may use time series tests for
8ot o, nonstationarity to explore controlled frequency responses by
< adding noise.
g . Other areas of interest include nonlinear elasticity, dif-
E' ferent boundary conditions, such as clamping, and higher
— . .
z dimensional structures, such as trusses.
E L | ‘ D_=0.0029375
-8 -75 -7 -6.5
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