On noninvertible mappings of the plane: Eruptions
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In this paper we are concerned with the dynamics of noninvertible transformations of the plane.
Three examples are explored and possibly a new bifurcation, or “eruption,” is described. A
fundamental role is played by the interactions of fixed points and singular curves. Other critical
elements in the phase space include periodic points and an invariant line. The dynamics along the
invariant line, in two of the examples, reduces to the one-dimensional Newton’s method which is
conjugate to a degree two rational map. We also determine, computationally, the characteristic
exponents for all of the systems. An unexpected coincidence is that the parameter range where the
invariant line becomes neutrally stable, as measured by a zero Lyapunov exponent, coincides with
the merging of a periodic point with a point on a singular curve. 1896 American Institute of
Physics[S1054-15006)00602-7

I. INTRODUCTION maps that we focused on. Section IX is a general discussion
of our findings for all three maps. In the Appendix we pro-

“Bairstow’s Methods” are best known as numerical vide explicit derivations of the maps from the factorization

tools that find roots of high degree polynomials. Developednethods that were discovered by Bairstow and Grau.

by Leonard Bairstow in 1916they decompose polynomials

into products of quadratic factors, thus finding roots without

using complex numbers. The methods define algorithms theH QUALITATIVE PROPERTIES OF B

have fixed points corresponding to quadratic factors. While” a

no general proof of convergence to these fixed points exists.  Bairstow’s method B,) for factoring P,(x) produces
There is value in exploring these mappings because of thethe following noninvertible transformations mapping the

richness as dynamical systems. plane into itself:
In this paper we focus on families of noninvertible maps
and the role singularities play in their dynamics. Such maps u 1 [(u*tu(v-atl)+a
always present themselves whenever Newton’s method is a T 2010 v(u’+a—1)+2au)’ @

used to find the stationary solutions to an evolution equation. 5 _ o
As we will see, there is an “eruption,” possibly a new type Where P,(x)=x"+(a—1)x—a. Th2|5 transformation is de-
of bifurcation, that produces a large locally attracting set thagigned to findu andv such thatx®+ux+v is a factor of
is an attractor in the sense of MilnbNoninvertible dynami- ~ Pa(x). For a detailed derivation, see Appendix 1.
cal systems, in general, have not been widely studied. How- ~Our dynamical systems are noninvertible, a consequence
ever, let us note in this regard, the ground-breaking work oPf using Newton’s method. This characteristic is clear from
Mira and his colleagué$ (see specifically Ref. 4 for exten- the Jacobian matrix defining the two-dimensional iterative
sive references Recent work has been carried out by method. It has determinant zero WheUZQFU:O_- Let us
Lorenz® Adamaitis and Kevrekidi§,and McGeheé. also note the preimages of points under the actioB pére
We will be concerned, for the most part, with Bairstow’s determined by the two transformations:

methods applied to the normalized one-parameter family of Ut i —ora1
polynomials,P4(x), given byx3+ (a—1)x—a. This family (u)

1%

=| (u+Ju?—v+a—1)(a—uw-vyu>’—v+a—1) |,
—ul+v—a+l-uyu’-v+a—1

includes all cubic polynomials having real coefficients ex-B_
ceptx3. This family makes the phenomenon presented, and

the dynamics, somewhat more accessible than a higher de- )
gree family of polynomials, however, we will also consider a

subset of a quintic family of polynomialg®+ax+b. For u

this second family we will only explore a one-parameterBa(v>

slice through the space of quintic polynomials.

The next two sections of this article focus on some of the u—Jul—pv+a—1
critical elements and qualitative properties of the family of
mappings,B,. We end those sections with a fairly lengthy ~ ~ (u—yu'-vt+a-1l)(a—uvtvyu'-v+a-1)
discussion and summary of our findings for the given family. —u’+v—a+l+uyu’—-v+a-1
We then proceed with the Introduction and discussion of two 3)

more related transformations. In Section VIII we present
computations of the characteristic exponents for the thre®, has several prominent features, detailed below.
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L. Billings and J. H. Curry: Mappings of the plane 109

A. Singularities C. Fixed points

An obvious aspect of the mdp, is the singular set of The fixed point set consists of the following three phase
{(u,v)|2u+v=0}. While we still do not fully understand space points:
the role played by the singular set for noninvertible maps in
guiding the overall dynamics, we will see in a later section —1+yJl-4a
that when fixed points and singular sets merge, the conse- (1) 2

I r = £ r = il

quences can pe unexpected and lead to, possmly, new dy- "1\ 4 N J1-2a
namical behaviordSee Ref. 8 for an algebraic characteriza- —
tion of singular sets for Bairstow's methgd.

. . and
B. Invariant lines

Perhaps the most interesting phenomenon of these maps
is the presence of invariant lines. Such lines are associated _
with the existence of linear factors in the underlying polyno- | —1+\V1—4al’
mial. (See Refs. 9—-11 for more detajl§.o explore the dy- - 2
namical behavior on these lines, specific valuea afust be
chosen. As the parametaiincreases through the valgethe ~ Any phase point on the vertical line through a fixed point
number of invariant lines drops from three to two to one. Butwill collapse to that fixed point in one iterate. Also note that
here, it is sufficient to note that one invariant line, r, andr are real for valuesi<j.

—1-y1l-4a
2

v=—u—1, is always present fd8, whether fixed points lie Stability of the fixed points is determined by examining
on it or not. Understanding the dynamical behavior on thishe eigenvalues of the Jacobian matrix(df. The Jacobian
line is a focus of this paper. matrix of B, is

2u*+(2a—2+v)u’—4dau+(l-ajv+v? (at+tu+ud)(u—1)

(u)_ (2u+v)? (2u%+v)?
Js, v 2(—2au’+(2v—2av+v?u+av) 2u(a+u+u?)(u—1) |- @
(2uZ+v)2 (2u%+v)?

An immediate conclusion is that the fixed points®f are  of the invariant line. Making the substitutian——u—1, we
contractive when they exist since all entries of the Jacobiahave forB, and its Jacobian matrix
matrix are identically zero when evaluated at such points.

u’-a
u 2u+1
lll. AN “ERUPTION” OF PERIODIC POINTS FOR B, Bal _u—1/7| —w—2u-1+a " ®)
In what follows, we focus on the dynamical behavior 2u+l
1 1
(ﬂl)y for a>3. (For a study of the parameter<; see Ref. y A U4 U2 ou—1 1
. o Bal —y—1/ (2u+1)(2u’—-u-1)\ 2  2u)
A. B, Restricted to the invariant line (6)

A simple exercise shows that the restriction of Bair-
stow's method to the invariant line=—-u—1 is a one-
dimensional Newton’s method applied to the polynomial
u’+u+a (see Refs. 12 or 13Whena exceeds, and initial a+u+u? 2(a+u+u?)
conditions are chosen on this line, the |t§rat|on_ does not con-  Ai(U)= urDu-1) and \p(u)= T(2u+1)?
verge. An analogous case for the one-dimensional Newton’s
method would be attempting to determine tfie 1 by iter-  Whena exceeds; there is a bifurcation, or an “eruption,”
ating from a “real” initial condition. While this reduction to which produces an infinite number of periodic and aperiodic
the one-dimensional Newton’s method makes some of therbits. In the following sections, we will provide numerical
dynamics more sensible, it is imperative that we keep irevidence of this, and then show tHy is conjugate on the
mind that we are studying a two-dimensional noninvertibleinvariant line to a piecewise linear mapping of the interval.
dynamical system. These observations will guide us in understanding the global

It is possible to linearize the iteration in a neighborhoodeffects of the “eruption.”

The eigenvalues of the linearization at any pairdlong the
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110 L. Billings and J. H. Curry: Mappings of the plane

Invariant Line
v=-ul
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Invariant Line
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Invariant Line Orbit

\ Singular
v Curve

FIG. 1. A schematic of the two fixed points Bf, merging into the singu-  FIG, 2. A schematic showing the period two points when the parameter

, 11 1 T
larity at (— 3,— 3) when the parameter= 3. Included are the invariantlines  a> . Included are the invariant line and the singular curvd-2v =0.
and the singular curvel®+v=0.

constant\ , associated with the eigenvector lying along the

invariant line, while\,, associated with the transverse ei-

genvector, approaches 0 asapproaches. Repeating the
Our analysis 0B, restricted to the invariant line contin- eigenvector calculation, the transverse eigenvector has a

ues with the consideration of the behaviorrgfandr; as  slope of 2 for any value o& greater thar;. Recall that this

they merge into a point that is on the singular curvewas also the slope of the transverse eigenvector associated

2u?+v=0. (See Figure 1 for a schematic diagrarthe  with the merged fixed point at the critical parameter value

eruption occurs at 3, —3) when the parametex just ex- a=3. (See Figure 2 for a schematic.

ceeds:. The other stationary solutiom,, apparently plays

no role in the eruption. A linear stability analysis at the 5 pgriod three

merged fixed points shows that the two eigenvalues are

N1=3 and \,=0. This confirms that the mapping is still

locally a contraction. Examining the resultant eigenvectoré'rOn of the bghawor of the glgenva[ues IS ;ummarlzed n
shows that one eigenvector lies along the invariant line able I.The e|g_enval_lue _assomated with the eigenvector lying
v=—u—1 and the other one has a slope of two. Fr(8n along the invariant I_me i34 and has a constant value of 8
and u=—1 we obtain the eigenvectorelz(,ll) and f(_)r both _orblts. Itis mdepen_dent @f. The eigenvalue asso-
e,=(1). ciated with the transverse eigenvectoy, de_pends o and
22 tends to zero aa approacheg for both orbits.
The transverse eigenvectors have a slope of 2 for both
period three orbits, as was also noted for the period two
In this section we continue to analyze the dynamics in #0rbit. This leads us to speculate that the local behavior of the
neighborhood of the invariant line by examining some of thestable manifold, in the neighborhood of an orbit of period
low order periodic points. The location of these orbits can be
determined explicitly, leading to a better understanding of

. ., TABLE I. Table of eigenvalues for the period three orbits on the invariant
the nature of the “eruption” that produces thefithese or- line v=—u—1 in the mapB,. \; is constant and, approaches zero as

B. Eigenvalues and eigenvectors for the critical fixed
point

There are two periodic orbits of period three. A tabula-

C. Periodic points on the invariant line

bits Only exist whera> %) a approaches}_
1. Period two Orbit 1 Orbit 2
The single period two cycle, defined by the formulas a Y s Ay Ay
1 Jd4a-—-1 0.3 8. —0.007077 8. 0.01592
Per2,(a)=— >~ —2\/5 0.29 8. —0.005233 8. 0.01076
0.28 8. —0.003531 8. 0.006571
and 0.27 8. —-0.002014 8. 0.003335
0.26 8. —0.0007588 8. 0.001082
1 Jda—-1 0.255 8. —0.0002811 8. 0.000361
Per2,(a)=— s+ ——, 0.254 8. —0.0002036 8. 0.0002546
2 23 0.253 8. ~0.0001341 8. 0.0001627
. 0.252 8. —0.00007421 8. 0.00008691
haS elgenvaluekl=4 and)\2= (_ 1+4a)/(a_7) . These 0.251 8. —0.00002682 8. 0.00003000

formulas indicate that the period two cycle is “born” with a
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L. Billings and J. H. Curry: Mappings of the plane 111

-4, 4,
@ a

1-a, 14,
-a) -4t

FIG. 3. The left picture shows the first few preimages of the singular curve for theBmapThe right picture is the basin map associated @gh,. The
white points have not converged to the fixed point (1,0.5) in 200 iterations. It is clearly visible that the preimages outline the regions of points in the basin
map that do not converge to the fixed point.

n is inherited from the merged fixed point. Further, the pe-g(x) is conjugate td_g(u) for all values ofa>3. The dy-
riod four orbits also mimicked the prominent characteristicsnamics ofg(x) are well understood from both a topological
of the period two and three orbits. and measure theoretical point of view. Further, as long as the
derivative ofg exceeds one in absolute value, a result due to
) _ ) _ Bowen'* allows us to conclude that there is an invariant er-
D. A conjugacy on the invariant line godic measure associated with the transformed family of
In the previous sections we have provided evidence thaihappings.
there is an “eruption” which produces periodic orbits. This
is not only reasonable, but fact, since we show in this section
there is a conjugacy betweddy and a well known degree E. Discussion of the dynamics of B,
two rational mapping when the dynamics are restricted to the
invariant line.
Denote theu component oB, restricted to the invariant
line, (5), by the functionLg:R—R,

The behavior ofB, asa exceeds; is somewhat more
sensible after an examination of the low order periodic or-
bits, their associated eigendata, and the existence of a conju-
gating map. Foa just slightly above; the formulas for the

ul—a periodic orbits and both numerical and symbolic computa-
Le(W =577 tion indicate that there is an “eruption” of periodic and ape-
riodic orbits all of which emerge from a point on the singular
anda> ;. Use the following transformation: curve. The periodic orbits are “born” with a zero eigenvalue
zyda—1-1 associated with the eigenvector that is transverse to the in-
f(z)= B e— variant linev = —u— 1. The existence of infinitely many pe-
riodic orbits on the invariant line is assured because there is
to determine the conjugacy a conjugacy between the one-dimensional Newton's method
1 1 (a degree two rational mappingnd a piecewise linear trans-
flolLgof(z)= —(z— _)_ formation of an interval presented in the previous section.
2 z We have not yet mentioned the role played by preimages

This function is conjugate to the map(x) on the interval Of the singular curve. Their role is more evident from the

I:[— /2, 7/2], where images displayed in Figure 3. The left image displays the
singular curve and a few of its preimages. Recall that each
ot Tyl T 0} point has two preimages, defined () and(3), so a binary
2’ 27 tree forms as we iterate the map backwards. The basin map
g(x)= (7)  on the right shows a black region corresponding to points
ox— ™ e Oj} converging to the fixed point located €&, a) and a white
2’ 2 region that is attracted to the invariant line= —u—1.
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112 L. Billings and J. H. Curry: Mappings of the plane

- (a,
4 4)

(-a, (a,
-4 -4

FIG. 4. The left image shows the first few preimages of the singular curve for th&mgapThe right picture is the basin mapping associated Bith. The
white points have not converged to the fixed point (1,1) in 200 iterations. The preimages still outline the region of points in the basin map that do not converge
to the fixed point. Notice the change of density in the basins.

When the images in the figure are juxtaposed, we seBinear map. A deeper mystery is why the periodic orbits on
that components of the basin of attraction of the only attracthe invariant line erupt as saddles. Indeed, it is certainly con-
tive fixed point touch the invariant line and are bounded byceivable that the “eruption” could have produced sources or
preimages of various components of the singular curves. Ia neutrally stable invariant set. It is reasonable to conjecture
particular, the immediate basin boundary of the attractiveahat there is some type of “transfer of stability” involved
fixed point is composed of such curve segments. These comvhere the fixed points that merge into the singular point
ponents may make the basin for the fixed point “riddléd” (—3% —32) have transferred their stability to all the saddle
because any neighborhood containing points which converggeriodic points along the invariant line.
to the invariant line also seem to contain points that must We shall see in the next sections, the “eruption” is
converge to the fixed point. present in other factorization methods. Additional rich dy-

We also note that as the parameter increases the densityamical structure is also present so the discussion is not sim-
of preimages of the singular curve in any region appears tply a repeat of what has already been said.
decrease(See Figure 4.Why this happens is not clear. But
we do have an explanation of the decrease in density of
points converging to the invariant lingsee the section on IV. QUALITATIVE PROPERTIES OF M,

characteristic exponents _ _ _ Other strategies for generating polynomial factorization
We were surprised that the eigenvalues associated Withathods were developed by GrduThe family which we
the transverse eigenvector should approach zera @ap- |l now consider is a generalization of Bairstow's method
proache:%_. Further, we have not seen this type of_blfurcqtlonand shares some of its properties. Much of the analysis of
or “eruption,” one apparently coming from a singularity, tnjs transformation parallels the discussiorBgfso we shall
reported in the literature. While we have presented only limproyige a more concise discussion than the one given for that
ited evidence, we conjecture that at the “parameter of birth mapping. Just as before, we shall focus on the dynamics as
all of the periodic orbits on the invariant line come into 4 exceedst. For a derivation of this mapping we refer the
existence having a zero eigenvalue, which guarantees th@dader to Appendix 2. Unlike Bairstow’s method, this itera-
the periodic points are all hyperbolic and that the invariankjon function restricted to the invariant line is not simply a
line is locally an attractor in the sense of Milnor. one-dimensional Newton’s method applied %3+ x+a.

There is also evidence that further bifurcations of thenowever, it does generate a degree two rational map when it
periodic orbits occur aa increases. It particular, the period js restricted to the invariant lineM, transforms pairs of
two orbit bifurcates into a new period four orlfé sourcgat  hoints as follows:

a=2 This new cycle does not lie on the invariant line. We

. . . oo 2
will not study such bifurcations further in this paper. M uy _ 1 a(autv—av+2v°)

The dynamics along the invariant line are sensible be- Ay vi+aw+a?|v(2al+auw —vit+avd))
cause we know that that map is conjugate to a piecewise (8)
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L. Billings and J. H. Curry: Mappings of the plane 113

A. Singularities and invariant lines

Members of this family have a variable singular set
{(u,v)|u+ alv+ v?a=0}, which represents a curve with
two branches(See Figure 5.Just as in the case &, there
___________ > are invariant lines, and one of them is always —u—1;
------ and other invariant lines connect two or more fixed points.

"z&fs/1 B. Fixed points
Invariant The three stationary solutions corresponding to quadratic
Lines factors are identical to those &,
—-1+J1-4a
u (1) Vz
r1: ] 2 ]
FIG. 5. A schematic of the the singular curve, invariant lines, and fixed a —-1-yl-4a
points when the parametar= 3. 2
and
This map is also noninvertible. Its preimages are governed —1-vi-4a
2

by the two transformations:

A N vy
2

l-a+v N \/5(u2—0+a—1)

M;<u) = ! Uva~tv , (9)  Here we encounter a new phenomena, a line of neutrally
v a—+aJa—uv stable fixed points corresponding to the axis. So for
u v=0, any point (1,0) maps to itself.
Convergence ta, r,, andrs is much the same as
1-a+v +a(u?-v+a-1) before. However, there is an interchange of the roles played
lu 0 ua—uo _by horlzontal and vert|c_al lines '_[hrough the f|xe_:d pomt_s. That
M, = ] (10) is, any point on the horizontal line through a fixed point will
v a+Jaya—uv map to that fixed point in one iteration, excluding the line of
T u fixed points mentioned above.

We will use the Jacobian matrix in a neighborhood of
M, has several prominent features similar to those present ithe invariant line as a tool for analyzing the dynamics of

the B, family of maps. M,. The Jacobian is as follows:
|
a%(a®—v?+av?-v?) a’(1—a—u?+4v)—auv’+2avi(a—1-v)
u (a’+auv—v°)? (a’+auv—v°)?
3 _ 11
Mal v avi(—a’+v?—av’+0v®) 2a*+2aduv+a??(u’—3+3a—4v)+auw(2a—v—2) (D
(a’+auv—v°)? (a’+auv—v°)?
V. AN “ERUPTION"” OF PERIODIC POINTS FOR M,
A. M, restricted to the invariant line
Along the invariant linev=—u—1, M, and the JacobiafilL1l) become
u 1 a(l1+2u)
P N e S 3 (12)
u—1 u—2uta—1\(1+u)(1—2a+u)
and
u a(a+u+u?) a —-2(u+1)—a s
Mal —u—1) (ut+a+1)(—u’-2u+a—1)\ —(1+u)? —u?+2a+1/ (13
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114 L. Billings and J. H. Curry: Mappings of the plane

TABLE Il. Table of eigenvalues for the period three orbits on the invariant

linev=—-u—1 in the mapM,. \; is constant and, approaches zero as
1
a approacheg;.
\r Orbit 1 Orbit 2
________ 1
P a Al A2 Al \2
v _S"-‘l— / _______ 0.3 8. ~0.007077 8. 0.01592
mgular / = £ XLL---77" . 0.29 8. —0.005233 8. 0.01076
\_ - I t
Curve __-= Rl 0.28 8. ~0.003531 8. 0.006571
' 0.27 8. —0.002014 8. 0.003335
Period Two 0.26 8. —0.0007588 8. 0.001082
Orbit 0.255 8. —0.0002811 8. 0.000361
0.254 8. —0.0002036 8. 0.0002546
0.253 8. —0.0001341 8. 0.0001627
0.252 8. —0.00007421 8. 0.00008691
0.251 8. —0.00002682 8. 0.00003000
u

FIG. 6. A schematic of the the singular curve, invariant line, and periodic

points when the parameter= 3. ues for the periodic orbits of period four behave similarly
and are also identical to the eigenvalues associated with the
period four orbits forB, .

Unlike B,, theu component oM , restricted to the invariant : . : .

S . - . ) C. Another conjugacy on the invariant line

line is not simply the one-dimensional Newton’s method ap-

plied to u?+u+a. The neutrally stable fixed point on this In Sec.(lll D) we proved there is a conjugacy between

line is located au= —1, and two of the singularities on the B, and a degree two rational mapping when the dynamics

line depend ora as followsu=—1+/a. From(13) we can are restricted to the invariant line. This is also truevbf.

find the eigenvalues at any poiatalong the invariant line Denote thas component oM , restricted to the invariant
from the formulas: line (12) as the functiorlLy, : R—R,
a(u’+u+a) a(2u+1)
MT T ar D@ (urD?) bu(W= "
and anda> 3. Use the following transformation,
y, o 2autruta) ., 2
2T @a—(u+1)?? h(z) 1+ 1+ da-12)

to conjugately, to
B. Periodic points on the invariant line

h™ o Lyoh(z) 1( 1)
oLyeh(z)==|z——].
1. Period two M 2 z

The single period two cycléor a>2) is always of the  Thus,Ly, is also conjugate tg(x) defined in equatiort7).
form

2—5a+a\/§\/T-H4a VI. DISCUSSION OF THE DYNAMICS OF M,
Per2,(a)= 2(a—1) As a exceeds the dynamics oM, parallels those of the
family B,, especially for periodic orbits and their associated
and eigenvalues. We also noted the existence of a persistent in-
2-5a—a\3/—1+4a variant line of neutrally stable fixed points. However, the key
Per2,(a)= . phenomena of study, the eruption of periodic and aperiodic
2(a—1) . ) . . X
orbits from the merged fixed points is present and again
The eigenvalues aré;=4 and A,= (—1+4a)/(a—7), leads to a gross change in the behavior of the dynamical
just the same as iB,. (See Figure 6. system. A further striking feature is presented in the tables of

eigenvalues for the periodic orbits. We noted that the loca-
tions of the periodic orbits varies but the associated eigen-
values are the same as those determinedfpand for the
Included in Table Il are the eigenvalues associated witlsame parameter values. We also note tgtrestricted to
the two periodic orbits of period three. Notice that the eigen-the invariant line is conjugate to the same one-dimensional
values for the corresponding periodic orbits are identical tanap asB, when restricted to its invariant line.
those corresponding to the equivalent orbits Ry. (See We can consider the preimages of singular curves. In the
Table 1) This was unexpected. The behavior of the eigenvalM , family such preimages either accumulate at infinity or at

2. Period three

CHAOS, Vol. 6, No. 2, 1996

Downloaded-25-0ct-2001-t0-132.250.149.65.-Redistribution-subject-to-AlP-license-or-copyright,~see-http://ojps.aip.org/chaos/chocr.jsp



L. Billings and J. H. Curry: Mappings of the plane 115

FIG. 7. The left image shows the first few preimages of the singular curves for theMygagp The right picture is the basin mapping associated with
Mgs. The white points have not converged to the fixed point in 200 iterations. The preimages still outline the region of points in the basin map that do not
converge to the fixed point. Notice the change in density in the basins as reflected by those points converging to the fixed point.

the neutrally stable line of fixed points along the horizontalfixed points, singular sets and the invariant line. We shall
axes. But the behavior of the preimages of singular curvefocus on the “eruption” discussed above. The new twist is
seems much more complicated than before. the presence of an additional fixed point in the phase space.
(See Figure 9.
In what follows we will be concerned with the one pa-
The final family considered is the most complicated offameter slice through the family of quintic polynomials
all and our understanding of it is by no means completegiven below. For a derivation of Bairstow’s method see Ap-

However, just as with the previous two families there arependix 3 of this article. In what follows we will be concerned
certain critical elements that we shall mention, including,with the one parameter family,

VII. QUALITATIVE PROPERTIES OF Q,

14
a

NN

\\\

X

ZAN

-,
ey

FIG. 8. The left image shows the first few preimages of the singular curve for theMnap The right picture is the basin mapping associated with

M1,. The white points have not converged to the fixed point in 200 iterations. The preimages still outline the region of points in the basin map that do not
converge to the fixed point. Notice the change of density in the basins.
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TABLE lll. Table of eigenvalues for the period two orbits on the invariant
linev=-u—1 in the mapQ,. \, approaches zero asapproache%.

a P1 P2 Ay Az
0.3 —0.68056 —0.41686 —0.03296 4.22838
0.29 —0.65753 —0.42212 —0.02593 4.16178
0.28 —0.63210 —0.42885 —0.01908 4.10457
0.27 —0.60332 —0.43806 —0.01245 4.05803
0.26 —0.56863 —0.45240 —0.00608 4.02304
0.255 —0.54626 —0.46433 —0.00300 4.01002
0.254 —0.54086 —0.46763 —0.00240 4.00778
0.253 —0.53488 —0.47150 —0.00179 4.00566
0.252 —0.52798 —0.47627 —0.00119 4.00365
0.251 —0.51934 —0.48280 —0.00059 4.00177

confirm our expectation that an “eruption” takes place, and
FIG._9. The_ basin map @0.5 ;how_ing three distinct basins. One each for jt produces periodic points. Further, sinQg is generated by
the fixed points and the invariant fine. Bairstow’s method its restriction to the invariant line is the
one-dimensional Newton’'s method applied to a quartic poly-
nomial equation that has no real roots. So that iteration must
also fail to converge to any point on the invariant line. We
The family has two natural factors: expect that there is a conjugacy between this restriction and a
(x2+1)(3+ (a—1)x—a), piecewise linear mapping on an interval, just as we saw for

B,, but we do not explore this possibility here.
therefore one Bairstow fixed point always has coordinates

(0,1).

x>+axi—ax’+(a—1)x—a.

VIIl. CHARACTERISTIC EXPONENTS OF B,, M,,

A. Fixed points AND Qa

In a 1977 article, Boydnoted in his study of Bairstow’s

The fixed points 0RQ, are method that for a “modification” of that method, an invari-

—-1++y1-4a ant line exhibited a type of “stability.” That is, an initial
1 2 condition chosen in a neighborhood of the invariant line
r{= , = , seemed to remain in a neighborhood of that line. In this
a —1-vi-4a section we revisit Boyd's observation; see also the paper of
2 Fiala and Krebs?3.
— Since we have explicit formulas for both the transversal
ﬁ and parallel growth rates associated with the linearizations
- 2 andr,— 0 along the invariant linevy=—u—1, it is a straightforward
| —1+v1-2al’ A\ numerical computation to determine the qualitative behavior
- 2 of those two eigenvalues asis varied. The results for the

maps are presented in Figure 11 and Figure 12.
The equation defining the singular set is a sixth degree poly- |n two of the images the horizontal line across the top
nomial inu andv and is given in the Appendix. portion of the graph is the characteristic exponent associated
The Jacobian is too long, and dense, to write down inyjth the rate of expansion along the invariant line. That

closed form, but restricting the map to the invariant lineyalue is constant and equal to log(2), while in the third figure
v=—u—1 [the restriction is the one-dimensional Newton’s i fluctuates about that value.

method applied to the polynomiali{+ 1) (u+u+a)] sim- In all figures the other curve is associated with the trans-
plifies the process of determining the parallel and transversglersal growth rate along an orbit and is roughly increasing.
eigenvalues: These curves indicate a decrease in stability of the invariant
Ay line to transverse perturbatiorfaoted by Boygd. As indi-

(U2+ U+ a) (U4 2u+ 2)(3UP+2u+a+2) cated in Table 1V, there is a c_ritical p_arameter_ val_ue near
= 3 5 , a=1, for bothB, andM,, for which the invariant line is, on
(Ut ustaut2u—2)(4u°+9u”+2aut8u+2a+t?) average, neutrally stable to transverse perturbations. How-
2(U2+u+a)(ud+2u+2)(6u+9u+a+4) ever, a clqser gxamination c_>f one of these grgphs also shows,
= possibly significant, fluctuations in the behavior of the trans-
verse characteristic exponent.
Table 11l shows the location and behavior of the eigen-  The loss of stability to transverse perturbations does not
values for the period two cycle for th@, family. These data necessarily imply that saddles no longer exist along the in-

2= (4u%+9u?+2au+8u+2a+2)>?

CHAOS, Vol. 6, No. 2, 1996

Downloaded-25-0ct-2001-t0-132.250.149.65.-Redistribution-subject-to-AlP-license-or-copyright,~see-http://ojps.aip.org/chaos/chocr.jsp



L. Billings and J. H. Curry: Mappings of the plane 117

FIG. 10. Two basin maps. The left is the basin mapQaf, while the right is the basin map @, ; The light grey points converge to the fixed point
(0,1), the dark grey points converge to the fixed poina)1land the white points do not converge in 200 iterations of the map. The second figure results after
a collision between the basin of a fixed point and a point whose preimage is on the singular curve.

variant line. For example, we know that the period two orbit,many new orbits that are not present in either Be or
discussed foB,, does not become a source urai-1.40, M, families. However, even with this added complexity, we
well above the threshold value indicated for neutral stability.do have the same qualitative behavior, an eruptiorg as-
(This also applies tov,.) ceedss.

For Q, the invariant line loses its stability at approxi- The computations presented in the graphs are consistent
matelya=1.30. Notice also that the characteristic exponenwith the the existence of an ergodic invariant measure asso-
on the invariant line fluctuates around log(2). This mean<iated with the dynamics on the invariant lifi&ee Refs. 14
that while we constructed the famil@, by simply adding and 17) Let us also note that the recent preprint of Ashwin,
one additional Bairstow quadratic factor, the results for theBuescu, and Stewartappears to address some of the behav-
dynamics along the invariant line was to add, apparentlyior of the characteristic exponents detailed in this section.

Ba: 10000 iterates, 300 divisions Ma: 10000 iterotes, 300 divisions
1.0 T e K A RS R R RARAS B
0.5F -1 05+ 4
0.0 0.0}
o o
© L3
° °
< [=
o o
- —0.51 o —0.5F
£ =
o o
2 Z
-1.0F -1.0F
-1.5F -1.5F
TN BN I EPUENE SN SPUNPU EN %] U N I B BT B
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
a a

FIG. 11. B, and M, characteristic exponents.
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Qa: 25000 iterates, 200 divisions has almost all of those critical elements plus an additional
N ARAAMLARRALAARRE AR MRS contractive fixed point.
In all cases we have observed a, possibly new, “erup-

tion” or bifurcation which produces infinitely many periodic
X and aperiodic orbits as a critical parameter is exceeded.
or ] These orbits are born as a consequence of two fixed points
! merging into a singularity for a critical parameter value. For
values of the parameter just below the critical parameter
value two contractive fixed points approach a point on a
-1 ] singular curve. As the parameter exceeds the critical value
[ there is a chaotic “eruption” along an invariant line. The
dynamics along the invariant line reduces in two cases to the
[ one-dimensional Newton’'s method applied to polynomials
-2f . having no real roots.

’ Chaotic regions in the plane are bounded by preimages
of the singular curves. On the invariant line these are preim-

ages of the critical points. While off of the line there are sets

T

Avg In o1 and 2

] PP I WIS U B FE of, planar, positive measure that are attracted to the invariant

00 05 10 s 200 25 30 lines and the fixed points. This indicates that the attractors
share properties with attractors defined in the sense of
Milnor.2

FIG. 12. Q, characteristic exponents. . ) . )
There is some evidence that1 is a special parameter

for bothB, andM ,. This may be associated with one of the
IX. DISCUSSION AND SUMMARY points on the perjodic two cycle having a pqint on a singular
curve as a “preimage.” Indeed, the mapping seems to be
In this paper we have reported the results of our study oflegenerate for this parameter value but we have little under-
three noninvertible dynamical systems in the plane. All ofstanding of the nature of this degeneracy. We hope to more
the maps arise from the study of factorization algorithmsfully explore its nature in a future paper.
The goal of the factorization algorithms is to produce qua- We have presented illustrations showing the behavior of
dratic factors that correspond to fixed points in phase spac¢he characteristic exponents for our systems. We observed
We have examined two test cases associated with factoringtavo types of behavior, a constant value of log(2) for the
family of cubic polynomials. This family contains all cubics parallel characteristic exponent along the invariant line, line
exceptx®. We have also examined a one parameter subset @ind a roughly monotone increasing behavior for the other
the family of all quintic polynomials. exponent. And we can certainly associate this behavior with
Our algorithms are based on applying the two-the lost of transverse stability of the invariant line. For two
dimensional Newton’'s method to a pair of functions of the mappings we have determined an explicit conjugacy
F(u,v) andG(u,v) to determine their simultaneous zero set.that shows that there must be chaotic dynamics present.
For B, the two functions are polynomials in two variables In this paper we introduce a class of noninvertible dy-
while for M, they are rational functions. Both of these itera- namical systems that arise naturally when attempting to fac-
tions have similar qualitative properties. Two of them shargor polynomials. These mappings have intrinsic interest be-
the same fixed points, invariant lines and characteristic exeause in certain cases they reduce to the one-dimensional
ponent behavior. They are even conjugate to the same mdpewton’s method and the one-dimensional dynamics, cer-
when restricted to the invariant line. The third famiy,, tainly influences, but may also “govern” critical transitions.
Understanding the role played by singular sets of such func-
tions seems to be important.
TABLE IV. Table of Lyapunov exponents f@&, andM , in a neighborhood

of a=1.
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APPENDIX: DERIVATIONS OF BAIRSTOW'S whereQ(x) is a first order polynomial. Note th&t and G
FACTORIZATION METHODS are multiplied byx? andx, respectively. Again, using New-

1. Derivation of B, ton’s method, equatiofA2) takes the following form:

In what follows we shall only consider a cubic family of u u
polynomials with real coefficients: al = v

P,(x)=x3+(a—1)x—a. a -1 a
Now divide P4(x) by the quadratid®(x) defined as -1 T2 —u+ v

D(x)=x?+ux+v, (A1) | a ua au

, . - —1-— a—1l-v+—
with real coefficientas andv. The roots oD (x) are roots of v v v
P(x) if and only if D(x) dividesP(x) without a remainder. 1 a(au+uv—av+20?)
We can writeP(x) in the general form =
(x) g vi+auw +a?\v(2a%+auw —v2+av?))

P.(x)=D(X)Q(x)+F(u,v)x+G(u,v),

whereQ(x) is a first order polynomial. This can be used to
find the partial derivatives df andG with respect tau and

v for Newton’s method:

dF(u,v)  dF(u,v)\ 1

u’ u) Ju dv F(u,v) Ta(X)=x>+Bx+A.
v’ \v] | 9G(uw) IG(uw) G(uw)/’

3. Solving the quintic using Bairstow’'s Method

Consider the quintid ,(x) with real coefficients:

Multiplying the quadratic xX>+cx+d, and the cubic

u ‘?U (A2) x3+(a—1)x—a, we can writeT,(x) in the general form
Now, equation(A2) takes the following form: T.x)=x>+cx*+(d+a—1)x3+(ac—c—a)x?
5 u u (Zu -1\ Ya-1-v+u? +(ad—ac—d)x—ad.
Ay o) Vv wu —a+uv

Solving fora, ¢, andd such that the coefficients of, x3,
andx? are zero results in the followingi=0, c=0, d=1.

: Keeping the parameteax, the coefficients result in the fol-
lowing:

ud+u(v—a+1)+a
v(u’+a—1)+2au

B 1
T 2ul+o

2. Derivation of M, T.(x)=x5+ax®—ax>+(a—1)x—a
a :

Again we consider the cubi®,(x) with real coeffi-
cients: In this case, the map takes the following form:

w=[(1+3u+2u?+v)a®+ (5u+6u*—10uv —8u?v —4v?)a+ (4ub—13u*v + 120202+ 40%)] 1,

of)

1+ u+3u—ud+3u*+4u—2v +4uv — 6u?v — 4udy +v2—5up?
4u®— v —6uv +3u?v + 3usv +4uv — 2v2—4uv?— 6U%v?— 3

—u+ul+ud+up

waZ+ wa
1+2u+v+uv+u

u+3u’—4uv —9u’v + 7udv?+4uv®
—3u? +3uby +2v2— 1002+ 9ucp 3+ 20
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